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Quantitative infrared intensity measurements on CO pressurized with Hz, He, A, Oz, and Nz for total 
pressures up to 700 psia have been carried out. The values of integrated absorption for the fundamental and 
first overtone of CO have been found to be 237 cm™ atmos and 1.64 cm™ atmos, respectively. The 
numerical] values of integrated absorption were obtained by using an indirect method for the interpretation of 
experimental] data, similar to the extrapolation technique of Wilson and Wells. r 

The experimental data obtained at very large values of the total pressure should yield correctly the 
numerical values of the spectral absorption coefficients. This statement is supported by the fact that the 
integral over the spectral absorption coefficients at a total pressure of 700 psia yields values for the in- 
tegrated absorption of fundamental and first overtone of CO which are in excellent agreement with results 


obtained by indirect methods. 





I. INTRODUCTION 


OST of the recently published measurements on 
integrated absorption of diatomic and poly- 
atomic gases involve the use of an extrapolation tech- 
nique which was introduced by Wilson and Wells in 
1946.' In particular, measurements have been reported 
on ethylene,’ nitrous oxide,” carbon dioxide,*? methane,’ 
ethane,’ aliphatic hydrocarbons,‘ cyanogen,> cyanogen 
hydrochloride,® nitric oxide,‘ and carbon monoxide.® 
Earlier infrared intensity measurements for carbon 
monoxide, using a novel indirect method, have been 
reported by Matheson,’ whereas infrared dispersion 
measurements, which also give information concerning 
the effective charge and integrated absorption, have 
been described by Havens.® 


* This paper presents the results of one phase of research carried 
out at the Jet Propulsion Laboratory, California Institute of 
Technology, under Contract No. W-04-200-ORD-455, sponsored 
by the U. S. Army Ordnance Department. 

(1948) B. Wilson, Jr., and A. J. Wells, J. Chem. Phys. 14, 578 
wn Wells, and Wilson, Jr., J. Chem. Phys. 15, 157 

* A. M. Thorndike, J. Chem. Phys. 15, 868 (1947). 

*S. A. Francis, J. Chem. Phys. 18, 861 (1950). 

* E. R. Nixon and P. C. Cross, Technical Report No. 15, Brown 
University, May 15, 1950. 

*H. L. Dinsmore and B. L. Crawford, Jr., Report NR-019-104, 
University of Minnesota, October, 1949. 

7L. A. Matheson, Phys. Rev. 40, 813 (1932). 

®R. J. Havens, Dissertation, University of Wisconsin, 1938. 


Compared with the work of Dinsmore and Crawford® 
and of Matheson,’ the studies described in the present 
report differ in several important details. In particular, 
the present studies have been extended to large values 
of the total pressure (up to 700 psia) in order to mini- 
mize the curvature in the Wilson-Wells extrapolation 
plot and thus yield a more reliable estimate of the 
limiting slope corresponding to the integrated absorp- 
tion. The use of pressures of this order of magnitude is 
not new, having been reported by Bartholomé,’ who 
attempted to measure the integrated absorption for 
three of the hydrogen halides. Bartholomé’s experi- 
mental technique was inadequate because very low 
spectral resolution was used,’° as explained in a previous 
discussion.” 

It is well known that pure gases, especially at ele- 
vated pressures, may diffuse so slowly as to require 
very long periods of time in order to produce a uniform 
mixture. The present investigation has yielded ample 
evidence of the prevalence of errors resulting from im- 
perfect mixing. These errors were ultimately eliminated 
by providing the infrared absorption cell with a grid to 
produce mixing by forced convection. Finally it ap- 
peared in the course of the present studies that the con- 
centration of gas mixtures may be falsified by the oc- 


* E. Bartholomé, Z. pot. Chem. B23, 131 (1933). 


10 E, C. Kemble, J. Chem. Phys. 3, 316 (1935). 
1. S. Penner, J. Appl. Phys. 21, 685 (1950). 
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TABLE I. Composition of gases. 








Nominal concen- 
trations of 
impurities 

Co, 0.36%; No, 
1.0%; Hz, 0.97%; 
saturated hydro- 
carbons, 0.8% 


Linde Air Products —_ 
Company 

Linde Air Products 99.8 
Company 

Linde Air Products 99.5 
Company 

Linde Air Products 99.7 
Company 


Air Reduction Com- 98.4+0.15 Ov, 0.01%; Hb, 
pany 0.08 to 0.12%; 
No, 1.4 to 1.6%; 
hydrocarbons 0 to 

0.01% 


Nominal 
purity 
Manufacturer 4) 





Matheson Company 96.8 


O2, 20 ppm (max) 
H2, 40 ppm (max) 
Ne, 0.25%; A, 
0.25% 

Oo, 0.3%; A, trace 








currence of selective adsorption on the walls of the 
infrared absorption cells. At small optical densities it 
is necessary to introduce suitable corrections for ad- 
sorption phenomena. These corrections can be esti- 
mated empirically by checking gas concentrations 
through independent analysis of the mixtures present 
in the cell. Gas analyses were performed by the use of 
a mass spectrometer at the Consolidated Engineering 
Corporation in Pasadena. The design of several high 
pressure, infrared absorption cells, together with the 
experimental technique used, is described in Sec. II. 
Infrared intensity measurements on mixtures of CO 
form the subject of Sec. III. As the result of careful 
studies on gas mixtures containing carbon monoxide 
with hydrogen, helium, argon, oxygen, or nitrogen as 
broadening agents, it is concluded that the integrated 
absorption for the fundamental of CO has the value 
237 cm atmos at 297+2°K (see Sec. III-B), a 
result which is in good agreement with the value 255 
cm~ atmos obtained from infrared dispersion meas- 
urements® but which is considerably smaller than indi- 
cated by the best previously published infrared in- 
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Fic. 1. Cross-sectional representation of high pressure gas cell for 
infrared-absorption studies (type A). 


tensity measurements.®? The integrated absorption for 


the first overtone of CO is 1.64 cm~ atmos at 
297+2°K (see Sec. III-C), which agrees reasonably 
well with the value of 2.30 cm~ atmos reported by 
Dinsmore and Crawford,® but which again is much 
smaller than Matheson’s value’ of 5.13 cm~ atmos“. 
The effective charge (see Sec. III-D), corresponding to 
an integrated absorption of 237 cm atmos™, is 
3.14X 10~” esu. 

Examination of experimental results obtained at a 
total pressure of 700 psia shows that significant values 
for the spectral absorption coefficients, as well as for 
integrated absorption, have been obtained. Thus it is 
found that the integral of the spectral absorption coeffi- 
cients leads to values for the integrated absorption 
which are in excellent agreement with the results ob- 
tained by other methods (see Sec. IV). 


Il. EXPERIMENTAL TECHNIQUE AND APPARATUS 


All of the experimental studies on infrared absorption 
by carbon monoxide were carried out with a model 12C 
Perkin-Elmer infrared spectrometer using a lithium 
fluoride prism. The spectral resolution obtained with 
the spectrometer slit widths employed for the present 
study corresponds to about 4 cm™ for the fundamental 
and 30 cm™ for the first overtone. Commercially avail- 
able gas supplies were used without further purification. 
The various gases, their source, and nominal composi- 
tions are listed in Table I. 

Pressure readings were performed by use of a Wallace 
and Tiernan precision mercury manometer for the pres- 
sure range 0 to 800 mm with a maximum error of +0.2 
mm. Pressures from 0 to 200 psig were read on an Ash- 
croft test gage 1850 with a precision of +0.3 psig. 
Pressures up to 1000 psig were read on a Marsh gage, 
model 100 FCPSR, with a precision greater than 
+2 psig. Several high pressure, infrared absorption 
cells have been constructed. 


A. Details of Cell Design 


The cells and window assemblies were machined from 
18-8 stainless steel stock. Neoprene O-rings and Neo- 
prene or Teflon gaskets were used to support the 
windows. The principal features of two similar cell 
arrangements are shown in Figs. 1 and 2. 

In the design shown in Fig. 1 the end plate contains 
two concentric O-rings which are aligned with the 
smaller ring A seating against the window and the 
larger ring B placed between the end plate and the 
body of the cell. A gasket C made of Neoprene or plastic 
such as Teflon was used between the window and its 
support in the body of the cell. A gasket rather than 
an O-ring was employed at this point in order to facili- 
tate the use of windows of slightly different thicknesses 
by merely varying the thickness of the gasket. 


In the design shown in Fig. 2 the window is housed: 


in the end plate and supported by an O-ring A and a 
gasket C. A second O-ring B is placed between the end 
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plate and the cell body. The design shown in Fig. 2 
has the advantage of facilitating the removal of the 
windows for cleaning and polishing, particularly if the 
circumferential surfaces of the crystals have been 
coated with Glyptal varnish or a similar cement. 

The end plates can be provided with special holes in 
order to permit flushing of the outside surface with Ne 
(see D in Fig. 2), thereby minimizing selective absorp- 
tion of light caused by atmospheric CO: or H,0. 

The cells shown in Figs. 1 and 2 were fitted with 
flanges to slide into the receptable for the gas absorp- 
tion cells provided on Perkin-Elmer infrared spectrom- 
eters. These cells have only one inlet. Since the mixing 
of gases at elevated pressures may take place very 
slowly, cells of the type shown in Figs. 1 and 2 may not 
be useful for studies on gas mixtures unless the chemical 
composition of the cell contents is determined by an- 
alysis after each measurement of infrared absorption. 
In practice it was found that significant concentration 
grad:ents existed over long periods of time in the gas 
handling system leading to the infrared absorption cell. 
As the result of such gradients, the gas composition in 
the cell is not related, in any simple way, to the partial 
pressures of the gases admitted to the system. For this 
reason cells of the type shown in Fig. 1 and 2 were used 
only for infrared transmission studies on pure gases. 

Incomplete mixing in the lines leading to the absorp- 
tion cell can be avoided by using a design of the type 
shown in Fig. 3, which contains separate inlets for each 
of the gases. This cell is provided with the window as- 
sembly shown in Fig. 1 and is large enough to permit 
incorporation of stirring equipment to assure uniform 
mixing. The stirrer shown in Fig. 3. consists of a flat 
plate containing a large number of small holes. Com- 
plete mixing by forced convection occurs very rapidly 
when the perforated grid is plunged along the axis of 
the cylindrical absorption chamber to the bottom of 
the cell. At elevated pressures the uncompensated pres- 
sure on the supporting rod of the perforated grid is 
sufficient to push the plunger to its topmost position. 
All of the experimental data on gas mixtures described 
in the present report were obtained in the absorption 
cell shown in Fig. 3. In each experiment care was taken 
to assure uniform mixing of the gases in the absorption 
cell by adequate use of the stirrer. It was assumed that 
a uniform gas mixture had been obtained when addi- 
tional stirring produced no measurable change in infra- 
red transmission. 


B. Operational Problems 


The principal problem in obtaining satisfactory per- 
formance of the high pressure gas cells is, of course, that 
of retaining leakproof window closures. No particular 
difficulties were encountered in the use of the quartz 
crystals, for they did not develop fractures or cracks, 
even at the highest pressures used thus far. On the other 
hand, at pressures exceeding about 300 psia the NaCl 
crystals (20X40 mm) tended to fracture on the sup- 
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Fic. 2. Cross-sectional representation of high pressure gas cell for 
infrared-absorption studies (type B). 


porting edges. The extent and further development of 
these cracks could be minimized greatly by painting the 
supporting surfaces with one or more thin coats of 
Glyptal varnish. Presumably difficulties of this sort can 
be eliminated by using larger and more expensive 
crystals with large supporting surfaces. Of four sodium 
chloride windows (20X40 mm) which were in almost 
continuous use for more than 12 months, none devel- 
oped cracks which were so large that the window 
could no longer be used for high pressure infrared 
studies. 

Selective adsorption of polar gases on the stainless 
steel walls may be an important factor in falisfying 
experimental results by altering the gas composition 
in the absorption cell. For example, absorption bands 
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caused by HCl were observed after several dozen 
repeated evacuations of the absorption cell followed by 
filling with HBr or HF. Similar difficulties were en- 
countered subsequently in the removal of HBr and HF 
from the infrared absorption cell. In order to facilitate 
the removal of adsorbed gases from the metal walls, 
it may be desirable to heat the entire cell assembly. 
Heating of the cell assembly can be accomplished con- 
veniently by using Nichrome heater wire covered with 
flexible glass sleeving around the metal cells. However, 
temperatures of 100 to 200°C are not sufficiently high 
to permit rapid removal of adsorbed hydrogen halides 


from the metal walls. For this reason the use of coated 


cells may be indicated in some cases. 

In the case of experimental studies on carbon mon- 
oxide the existence of adsorption of the gas by stainless 
steel occurred to an extent sufficient to cause significant 
errors, particularly at very low partial pressures of 
infrared active gas. This problem and suitable correc- 
tions are discussed more fully in Sec. III, which is 
concerned with a description of experimental results 
and calculation of integrated absorption. 


Ill. MEASUREMENT OF INTEGRATED 
ABSORPTION OF CO 


The integrated absorption a for a given vibration- 
rotation band is defined by the relation, 


a= [ Pa, : (1) 


where P, represents the spectral absorption coefficient 
at the wave number ». Although the limits of integra- 
tion in Eq. (1) should extend from —« to +, it is 
sufficient in practice to restrict the integration to a 
narrow wave number interval bracketing the band 
center. The reason for this simplification is to be 
sought in the fact that P, decreases very rapidly with 
v in the wings of vibration-rotation bands. The values 
of integrated absorption for the fundamental and the 
first overtone of CO are designated as ar and ao, 
respectively. 


A. Method of Wilson and Wells and Its Extension 
to Large Total Pressures 


According to the well-known absorption law for 
monoenergetic radiation, 

I,=Io, exp(—P,pl), (2) 
where J, is the transmitted intensity at the wave num- 
ber v when the incident intensity is Jo,, p is the partial 
pressure of the absorbing gas, and / represents the 
optical path length. Hence the integrated absorption 
becomes 


a=(1/pl) f In(Io,/I,)dv, (3) 


where the integration in Eq. (3) is to be performed over 
the entire vibration-rotation band under study. 
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The apparent intensities observed without absorber 
and with absorber, when the instrument is set at v, 
are not Jo, and J,, respectively, but rather 


To= [terse v’)dy’, (4) 


T,= fits, v’)dy’, (4a) 


where g(v, v’) represents the fraction of light of actual 
wave number »’ to which the instrument responds when 
it is set at v. The dependence of g(y, v’) on v’ can be 
approximated by a triangular distribution in a prism 
spectrometer, provided the prism has infinite resolu- 
tion.” Some of the difficulties inherent in the accurate 
calculation of P,, utilizing corrections discussed by: 
Dennison” and Slater, do not arise in the determina- 
tion of the integrated absorption. From the experi- 
mentally determined values of To, and of T, it is possible 
to determine an apparent absorption coefficient a’, 
which is defined by the relation, 


a! =(1/pl) f In(To,/T,)dv=@/pl. (5) 


It has been shown by Wilson and Wells! that 


lim a’=a, 
+ a’=a (6) 


provided a number of specified conditions are met. 
These conditions include the requirement that J), 
is independent of y in the resolved spectral range, a 
condition which can be approached closely by elimi- 
nating atmospheric absorption and using sufficiently 
narrow spectrometer slits to give high spectral resolu- 
tion. In addition to requiring constant Jo,, Wilson and 
Wells have shown that Eq. (6) will hold only if either 
the variation of P, with v can be neglected in the re- 
solved spectral range or the resolution of the instrument 
does not vary appreciably over the entire vibration- 
rotation band under study. Of these two requirements 
the latter constitutes an intrinsic property of the instru- 
ment and is not entirely met in practice. On the other 
hand, the variation of P, in the resolved spectral in- 
terval can be minimized by pressure broadening; i.e., 
as pl is decreased, a’ will approach a more rapidly, the 
larger the constant total pressure at which the observa- 
tions are made. 

In the experimental work described by Wilson and his 
collaborators,”* as well as in the studies of integrated 
absorption of NO and CO recently reported by Dins- 
more and Crawford,® the total pressure has not ex- 
ceeded a few atmospheres. As the result of the small 
total pressure the plots of @ vs pl may show consider- 
able curvature as the optical density is decreased. The 


2D. M. Dennison, Phys. Rev. 31, 503 (1928). 
13 J. C. Slater, Phys. Rev. 25, 783 (1925). 
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presence of this curvature introduces an appreciable 
error into the extrapolation required to determine a. 
Presumably the curvature and hence the experimental 
error can be minimized by increasing the total pressure. 
At sufficiently high total pressures p7, the variation of 
@ with pl should follow a linear relation in accord with 
the fact that the true integrated absorption is measured 
at every value of the optical density, whence Eq. (3) 
should apply directly. 

_ It is a simple matter to demonstrate the result, 


a'—a as pr is increased, (7) 


by proceeding according to the method of Wilson and 
Wells.! From Eqs. (3), (4), (4a), and (5) it is apparent 


. P 

Iu { Toa v’)dv’ 
1 

a—a’=—f In 


pl 











1, f Tors v’)dv’ 


= 


For the experimental conditions usually encountered it 
is not difficult to obtain a sufficiently small resolved 
spectral interval Av’ to make Jo, constant in the in- 
terval Av’. Hence Eq. (8) becomes, using Eq. (2), 


f exp(—Py-pl)g(v, »’)dy’ 
a—a’=— } In 


pl 











exp(—Prpl) { a, v’) dv’ 


The principal effect of increased total pressure is 
broadening of the rotational lines. That is, P,, becomes 
a slowly varying function of »’; for sufficiently large 
total pressures and sufficiently small values of Av’, 
the variation of exp (—P,-pl) with v’ can be neglected, 
and 


exp(— P,-pl)—exp(— P, pl), 
whence by Eq. (9) 
a’—a as pr is increased. 


As the result of these considerations it is apparent 
that the true value of the integrated absorption a can 
be obtained either by extrapolating a’ to zero values of 
pl at constant total pressure or by finding the limiting 
value of a’ at constant optical density as the total 
pressure is increased. Of these two alternate procedures 
the latter has proved to be the more reliable for carbon 
monoxide. Plots exemplifying both methods of ap- 
proach are described in Secs. III-B and III-C for the 
fundamental and the first overtone of carbon monoxide, 
respectively. 
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Fic. 4. Plot for the determination of £ log(7,/T,)dv. 


B. Experimental Measurements on the 
Fundamental Vibration-Rotation 
Band of CO 


Following the notation which is usually employed, a 
quantity @ is defined by the relation, 


@= pla’ = 2.303 f log(To,/T.)dv. (10) 


The quantity { log(T>,/T,)dv can be obtained con- 
veniently from experimental transmission measure- 
ments on an evacuated cell and the same cell filled with 
absorbing gas, by plotting log(100 T,/To,) vs v, using 
an inverted ordinate, as shown in Fig. 4 for a representa- 
tive transmission spectrum for CO. The area of the 


entire rectangle is 
2 f dv, 
Av 


where Av represents an effective width of the vibration- 
rotation band, which is chosen so large that log(100 
T,/To,) has increased to 2 in the wings of the absorp- 
tion band, corresponding to 100 percent transmission 
of light. The unshaded area in Fig. 4 evidently repre- 
sents 


f log(1007,/To,)dv, 
Av 


whence the shaded area equals 


f [2—log(1007,/,)}u»= f log(To,/T,)dv, 
Ar 


Ar 


which is the desired quantity. 


The experimental results for carbon monoxide pres- 
surized with hydrogen are summarized in Table II. 
Data for CO— He mixtures are given in Table III, and 
the results for CO containing added A, Oo, or Ne are 
represented in Table IV. The data shown in Tables II, 
III, and IV include results obtained at total pressures 
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TABLE II. Experimental results for CO— Hz mixtures 
(fundamental of CO). 








@/2.303 (cm~) 
at pr =50 psia at pr =100 psia at pr =700 psia 


3 0.0203 = 1.80 2.14; 2.03; 2.51 
5 0.0339 2.74; 3.22 3.32 
10 0.0678 5.40; 5.46 6.59; 6.65 
15 0.102 897 9.51 
20 0.136 —10.70;* 10.92 13.6 
40 0.271 18.96;* 18.16 26.4 
60 0.407  23.90:* 25.56 39.7 
80 0.542 32.28 53.6 
200 1.356 - 105.8 
40 0.271 18.48%» _ 
150 1.016 47.2 88.18» 


Results of analyses for CO in CO— Hz mixtures. 


p(mm_= pl (cm 
of Hg) atmos) 





= om 
ISI IIT1T&3sil 


i] 

bdo 
P 
co 


Nominal Analyzed P2—P; 100722! 
Pi (% CO) P2 (% CO) (% CO) Pi 
0.74 0.89 ; 20.3 
1.45 : ; 37 
2.21 F i 11.3 
1.45> é : —0.7> 
0.72> h Q> 
5.62» 5.50 : —2.1> 
0.40 0.43» : —7.5> 








® Gas mixtures analyzed by the Consolidated Engineering Corporation of 
Pasadena. The probable accuracy of these analyses is +0.03 percent. 
Absorption cell coated with Glyptal varnish. 


pr between 3.87 and 700 psia. Also indicated are the 
results of representative mass spectrometric analyses 
of the mixed gases. Duplicate listings in any of the 


TABLE III. Experimental results for CO— He 
mixtures (fundamental of CO). 








@ /2.303 


pl PT 
(cm atmos) (psia) (cm~) 
3 0.0203 1.88 


0.407 14.5 
0.407 15.6 
0.407 17.0 
0.407 21.5 
0.407 6; 22.2° 
0.407 29.4 
0.407 32.1 
0.407 41.0 
0.407 40.7 
0.407 


1.356 
1.356 
1.356 
1.356 
1.356 
1.356 
1.356 
1.356 
1.356 
1.356 
1.356 


Results of analyses for CO in CO—He mixtures. 


p 
(mm of Hg) 
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Nominal Analyzed P:-—Pi P2—Pi 
P: (% CO) P: (% CO) (% CO) a a 


2.24 2.42 0.18 8.0 
7.41 7.72 0.31 4.2 








*Gas mixtures analyzed by the Consolidated Engineering Corp. of 
Pasadena. The probable accuracy of these analyses is +0.03 percent. 
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tables indicate independent duplicate measurements, 
Reference to the experimental results shows that the 
absolute reproducibility (observed scatter about 5 to 
10 percent) is less than would be expected for the 
spectrometer used. Hence it must be concluded that 
errors introduced by faulty concentration readings and 
uncontrolled temperature fluctuations are, in general, 
much larger than errors resulting from inadequacies in 
pressure readings or infrared-transmission measure- 
ments. 

The analyses of the gas mixtures shown in Tables II, 
III, and IV show that the actual concentrations of CO 
in uncoated absorption cells invariably exceed the values 
calculated from the measured partial pressures. Further- 
more, the discrepancies are so large, especially for small 
concentrations of CO, that they cannot be attributed to 


TABLE IV. Experimental results for CO—A, CO—On:, 
CO—Nz mixtures (fundamental of CO). 








? pl oT @ /2.303 
(mm of Hg) (cm atmos) (psia) (cm~}) 


200 1.356 700 110.0 
1.356 107.7 
1.356 106.9 


0.542 26.1 
0.542 37.6 
0.542 47.9 
0.542 48.8 


0.678 30.6 
0.678 43.0 
0.678 59.0 
0.678 63.1 


0.271 50.0+0.2 15.7 
2.033 50.0+0.2 60.8 


Results of analyses for CO in CO—A mixtures 





Nominal 
Pi (% CO) P2 (% CO) % CO) Pi 


1.50 1.54> - 0.04 2.7° 
11.24 11.56 0.32 2.8> 


Analyzed & —P; 10002 : 








® Gas mixtures analyzed by the Consolidated Engineering Corporation 
of Pasadena. The probable accuracy of these analyses is +0.03 percent. 
b These data were obtained in a cell coated with Glyptal varnish. 


inaccurate readings of the pressure gauges. The probable 
cause of the excessively large CO concentrations is 
adsorption of the gas on the metal walls when it is first 
introduced into the absorption cell, followed by partial 
or complete desorption when He, He, or some other gas 
is added in order to increase the total pressure in the 
absorption cell. This mechanism explains not only the 
fact that the actual CO concentration exceeds the cal- 
culated value, but also the relative increase in the dis- 
crepancy which is observed as the partial pressure of 
CO is decreased or the total pressure is increased. It is 
at once apparent that any extrapolation technique to 
zero optical density, ignoring the occurrence of adsorp- 
tion and desorption processes of the type described, 
will inevitably yield excessively large values for the 
integrated absorption. This fact may explain some of 
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the discrepancies between the present measurements 
and those reported by other investigators. In support 
of this adsorption-desorption hypothesis may be 
quoted the results of gas analysis obtained after the 
absorption cell had been coated with Glyptal varnish. 
In particular, reference to Table II shows that the 
actual CO concentrations agree well with the calcu- 
lated values for coated cells and, furthermore, never 
exceed the calculated values.t For CO—A mixtures the 
discrepancies between calculated and observed analyses 
are also small for the coated absorption cell (see 
Table IV). 

Since the purpose of the present studies is the 
measurement of integrated absorption, not of selective 
adsorption of gases on metals, the validity of the sug- 
gested mechanism for the change in concentration is 
of no particular importance. It is important, however, 
to correct for or eliminate concentration errors in order 











Z. 
~~ 





w 





cs) 
a 


| 
N 


ae Fe 
a 





0 
°o 


'e 
~ 
” 
° 
wr 
N 
mh, 
+.) 





Z 
WHA 


Ze 






































005 010 015s 020 025 030 035 
el (cm otm) 


Fic. 5. ®/2.303 as a function of pl for CO pressurized 
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to permit correlation between partial pressures and 
concentrations. Since the development of suitable coat- 
ing material to prevent adsorption completely appeared 
to be a major task, it seemed preferable to abandon 
attempts at measurement of integrated absorption by 
extrapolating to zero optical density. Instead the al- 
ternate technique described in Sec. III-A, which in- 
volves application of large total pressures, seems to be 
more reliable. Thus it should be possible to obtain an 
absolute intensity measurement at optical densities 
large enough to permit neglect of concentration changes 
induced by adsorption-desorption phenomena. 

The data summarized in Tables II, III, and IV are 


tIt should be noted that for a nominal CO concentration of 
0.40 percent, for example, an error of 7.5 percent is within the 
mits of accuracy of the analyses, whereas for a nominal concen- 
tration of 2.21 percent an error of 11.3 percent is approximately 
ten times as large as the analytical error. 
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Fic. 6. @/2.303 as a function of pl at pr=700 psia 
(fundamental of CO). 


plotted in Figs. 5, 6, and 7 without correcting the 
nominal values of the optical density. Results for 
CO—H: mixtures are shown in Fig. 5 at total pressures 
of 50, 100, and 700 psia. In Fig. 6 the CO—H», CO— He, 
and CO—A data obtained at r= 700 psia are plotted, 
whereas in Fig. 7 the corresponding results obtained at 
pr=50 psia are shown. No data are shown for total 
pressures intermediate between 100 and 700 psia since 
experimental results at total pressures between 300 
and 700 psia are practically independent of the total 
pressure. This last statement is substantiated, for ex- 
ample, by the results shown for CO—A mixtures at 
300, 500, and 700 psia in Table III as well as by the 
representative transmission plot given in Fig. 8. 
Reference to Fig. 5 clearly indicates that the experi- 
mental results at pr=50 psia do not permit a reliable 
estimate of the limiting slope d@/d(pl) at zero optical 
density even if the nominal partial pressure of CO was 
a quantitative indication of the concentration in the 
absorption cell. On the other hand, at pr=700 psia the 
plot of ®/2.303 vs pl is seen to be very nearly linear for 
optical densities up to about 0.7 cm-atmos (see Figs. 5 
and 6), corresponding to a partial pressure of CO of 
approximately 100 mm of Hg. However, for partial 
pressures of CO as large as this, concentration changes 
produced by adsorption-desorption processes should be 
of minor importance and hence can be ignored in the 
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Fic. 8. Transmission spectrum of a 6.22-cm cell of CO (partial 
pressure of CO=60 mm) pressurized with Nz at room temperature 
(fundamental of CO). 


calculation of the integrated absorption. It is perhaps 
noteworthy that at pr=700 psia the experimental 
value of ® is almost independent of the nature of the 
added gas (see Tables II, III, and IV and Fig. 6). On 
the other hand, at r=50 psia, He is a more efficient 
broadening agent than either He or A (see Fig. 7). 
These results indicate that the optical collision diameter 
of He is greater than that of either He or A, which, in 
turn, should have approximately equal optical collision 
diameters with respect to CO.{ The fact that practically 
identical infrared transmission is obtained at 700 psia 
for gases of different optical collision diameter merely 
indicates that a total pressure of 700 psia is large 
enough, even for CO—He and CO—A mixtures, to 
broaden the rotational lines sufficiently in order to 
assure that the infrared transmission is practically 
independent of total pressure. 

The integrated absorption for the fundamental of 
CO, calculated from the experimental results obtained 
at pr=700 psia for CO—H:, CO—He, and CO—A 
mixtures, has the value 237 cm~ atmos“, a value which 
is probably accurate to within +5 percent. This experi- 
mental result is contrasted with the findings of other 
investigators in Table V. Reference to the data listed 
in this table shows that the results of the present in- 
vest igation§ agree with the infrared-dispersion meas- 


TABLE V. Experimental results for ar reported 
by different investigators. 








Dinsmore 
Present 
study 


419 237 


and 
Matheson* Havens> Crawforde - 


394; 4134 255 





ar (cm atmos~!) 








® Reference 7. b Reference 8. ¢ Reference 6. 
4 Recalculated by Dinsmore and Crawford (reference 6). 


t It is possible that selective adsorption-desorption of CO on 
the metal walls varies from one gas to another. In this case the 
apparent optical collision diameters would require correction for 
concentration changes. : 

§ In this connection it may also be of interest to note that 
n''merical emissivity calculations for CO based on the value 
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urements of Havens,* being appreciably smaller than 
the experimental values reported by either Matheson’? 
or by Dinsmore and Crawford.® 

The results of integrated-absorption measurements 
will be used in Sec. III-D to calculate the dependence of 
the electric moment of CO on internuclear distance. 


C. Experimental Measurements on the First 
Overtone of CO 


The experimental results for the first overtone of CO 
obtained with CO—He mixtures are summarized in 
Table VI. Large discrepancies were observed for the 
overtone data unless uniform mixing was assured by 
stirring of the gases, stirring being more important 
than for the fundamental because of the higher pres- 
sures of gas used, which, in turn, cause an appreciable 
decrease in the binary diffusion coefficients.’ A very 
simple experiment can be performed to demonstrate 
the need for mixing by forced convection. Thus, the 
observed infrared transmission when a pressure of 20 
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Fic. 9. Dependence of infrared transmission on the order of 
introduction of gases, illustrating the need for mixing by forced 
convection (20 psia of CO, 80 psia of He, /=5.15 cm; first overtone 
of CO). 


psia of CO is admitted first to the absorption cell and 
then pressurized with H2 to 100 psia is seen to be quite 
different from the results obtained when the same nomi- 
nal amounts of each gas are introduced into the absorp- 
tion cell in reverse order (see Fig. 9). In this particular 
case the mixture obtained when Hz is admitted first to 
the absorption cell is almost uniform, as can be verified 
by comparison of infrared-transmission records for 
stirred and unstirred cells. The transmission is, of 
course, independent of the order of admission of the 
gases if the gases are stirred. The larger transmission 
observed when the CO is admitted first to the absorp- 
tion cell is the result of imperfect mixing resulting in 
abnormally large CO concentrations at the bottom of 


a=237 cm atmos™ are in satisfactory agreement with the 
experimental findings. A value of a=419 cm~ atmos“ leads to 
emissivities much larger than the observed values. 

4B. L. Crawford, Jr., and H. L. Dinsmore, J. Chem. Phys. 
18, 983, 1682 (1950). 

16 R.S, Mulliken, J. Chem. Phys. 2, 400 (1934). 

16 J. L. Dunham, Phys. Rev. 35, 1347 (1930). 

17§. Chapman and T. G. Cowling, The Mathematical Theory 
of Nonuniform Gases (Cambridge University Press, Cambridge, 
England, 1939). 








INFRARED INTENSITY OF CO. I. 


TABLE VI. Experimental results for the first 
overtone of CO at pr=300 psia. 


TABLE VII. Experimental results for the first 
overtone of CO at pr=700 psia. 








@/2.303 


pl 
(cm atmos) (cm~) 


@/2.303 
(cm~) 


pl 
(cm atmos) 


p 
(psia) 





2.71 
5.43 
7.01 
14.0 
21.0 
28.0 
35.1 
7.01 


Nee 
1 99 5 HO oh wh 
BOM OSESS 
— 
© 
So 


7.73 2.71 
15.5 5.43 
20 7.01 
40 14.0 
60 21.0 
80 28.0 

100 35.1 
20 7.01 


2.20 
4.49 
4.60 
10.1 
14.9 
19.4; 19.7 
24.2 
5.50 








the absorption cell (see Fig. 3) and hence in the path 
of the light beam. 

Since the partial pressures of CO used for integrated- 
absorption measurements on the first overtone of CO 
are generally large, no measurable errors are introduced 
as the result of the occurrence of adsorption-desorption 
phenomena. 

The results of experimental measurements for the 
first overtone of CO are summarized in Table VII for 
pr=700 psia. The quantity @/2.303 is plotted as a 
function of pl in Fig. 10 for pr=300 or 700 psia. 
Reference to Fig. 10 shows that the observed infrared 
transmission is independent of pr for pr=300 or 700 
psia and furthermore is substantially the same for 
CO—H: and CO—He mixtures. These results are in 
agreement with those described in Section III-B for 
the fundamental of CO, where it was noted that at 
pr=300 psia the rotational lines of the fundamental 
of CO are sufficiently broadened to make the apparent 
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Fic. 10. @/2.303 as a function of pl for CO pressurized with He 
or Hz at r=300 and 700 psia (first overtone of CO). 


integrated absorption practically independent of total 
pressure. 

The slope of the plot of ®/2.303 as a function of p/ 
given in Fig. 10 leads to the conclusion that 


ao= 1.64 cm™ atmos, 


if allowance is made for the fact that the CO contains 
3.2 percent impurities. This experimental value, which 
should be reliable to +5 percent, is contrasted in 
Table VIII with the results of other investigators. 
Reference to Table VIII shows that the present study 
leads to a much smaller value of ao than was reported 
by Matheson, whereas the agreement with the results 
of Dinsmore and Crawford is almost within the claimed 
limits of accuracy (+20 percent for the work of Dins- 
more and Crawford). The value of ao has also been 
determined, entirely independently of the present 
studies, from an analysis of high pressure, infrared- 
absorption measurements on unpressurized CO.|| 


D. Determination of Electric Moment as a Function 
of Internuclear Distance for CO 


The electric moment can be calculated as a function 
of internuclear distance from the measured infrared 
intensities of the fundamental and overtones. Early 
calculations of this type have been carried out by 
Dunham" and Mulliken.’ Recently, Crawford and 
Dinsmore“ have reconsidered this problem in detail 
and have succeeded in obtaining a more rigorous solu- 
tion to the problem of the relation between infrared 
intensities and the coefficients occurring in the expres- 
sions for the electric moment and the potential energy 
as a function of internuclear distance. The experimental 
data described in Secs. III-B and III-C lead to the 


TABLE VIII. Experimental results for ao reported 
by different investigators. 








Dinsmore 
and 
Crawford> 


2.30 


Matheson*® 


5.13 





ao (cm atmos) 








® Reference 7. b Reference 6. 


|| Details concerning this work are described in Part II of the 
present investigations. 
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Fic. 11. P, as a function of v for the fundamental 
of CO at pr=700 psia (CO— Hy: mixtures). 


result 


p(é)~—0.118X 10-84. [3.55 10-8¢ 
+(9.785X10-8# or 0.165 10-82) ], (11) 


where p(£) is the electric moment as a function of 
internuclear distance, and 


§=(r—r,.)/Te. 


Here r equals the internuclear distance, and r, is the 
equilibrium value of the internuclear distance. In Eq. 
(11) a negative sign has been chosen for the permanent 
electric moment according to a suggestion by Mulliken." 
The effective charge ¢, corresponding to the value 
+3.55X 10-8 esu-cm for (dp/dé):~0, is 3.14 10~" esu. 


IV. DIRECT DETERMINATION OF INTEGRATED 
ABSORPTION AS INTEGRAL OF SPECTRAL 
ABSORPTION COEFFICIENTS 


At elevated total pressures each experimentally de- 
termined transmission value should give a valid result, 
since P, is no longer a rapidly varying function of »v. 
Hence the transmission data can be used directly to 
calculate P,. Thus 


d log(T,/To»)/d(pl)~d log(I,/To»)/d(pl) 


= — P,/2.303. (12) 


The results of calculations of P, according to Eq. (12) 
are plotted in Figs. 11 and 12 for the fundamental and 
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Fic. 12. P, as a function of » for the first overtone 
of CO at pr=700 psia (CO—He mixtures). 


first overtone, respectively, at pr=700 psia. It should 
be noted that each of the plots leading to the appro- 
priate value of P, has been found to be accurately 
linear at least for small values of 1. 

The statement that the values of P, determined from 
Eq. (12) and plotted in Figs. 11 and 12 are correct ab- 
solute values can be verified by referring to the original 
definition of a as the integrated absorption. Thus 


ar= P,dp, 


AvF 


ao= f P,dv. 
Avo 


The value of ay determined as the integrated absorp- 
tion for the fundamental is found to be 230 cm” 
atmos (see Fig. 11), which is in excellent agreement 
with the value of 237 cm~ atmos obtained in Sec. 
III-B. Similarly it is found from Fig. 12 that ao=1.68 
cm~ atmos™, which is in excellent agreement with the 
results deduced in Sect. III-C. The direct determina- 
tion of integrated absorption as the integral of the 
spectral absorption coefficients does not appear to have 
been attempted by other investigators. It is evidently 
a much more laborious procedure than the indirect 
methods discussed in Sec. III. Nevertheless, it is 
gratifying to obtain excellent agreement between re- 
sults deduced from a given set of experimental data by 
independent methods of calculation. 
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Quantitative Infrared Intensity Measurements. II. Studies on the First 
Overtone of Unpressurized CO 


S. S. PENNER AND D. WEBER 
Jet Propulsion Laboratory, California Institute of Technology, Pasadena, California* 
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Quantitative infrared absorption measurements on unpressurized CO have been carried out for the first 
overtone in cells of different lengths and at different pressures of gas. The experimental data lead to a value 
for the integrated absorption of the first overtone of CO of 1.69 cm~* atmos", which is in excellent agreement 
with results obtained previously from the study of mixtures of CO pressurized with infrared inert gases. 





I. INTRODUCTION 


NFRARED absorption studies on pure gases have 
the obvious advantage of eliminating the possibility 
of experimental error resulting from imperfect mixing or 
from the occurrence of adsorption-desorption phe- 
nomena. On the other hand, they possess the severe 
disadvantage of always involving the effect of signifi- 
cant self-broadening associated with increased pressure 
of the absorber. Since self-broadening of rotational lines 
is understood only imperfectly, the interpretation of low 
resolution data on pure gases involves serious diffi- 
culties, at least at low pressures. 

For low pressure and low resolution studies on pure 
gases, it seems possible, in principle, to determine the 
integrated absorption a by extrapolating to zero optical 
density at constant pressure for experimental results ob- 
tained in absorption cells of different lengths.'? Under 
these conditions Eq. (6) of Part I* should hold. The 
difficulty with this procedure is the result of large 
curvature of the extrapolation curve in the vicinity of 
zero optical density. It is therefore scarcely possible to 
obtain reliable values for integrated absorption unless 
the resolving power of the instrument is high, and very 
long absorption cells are used for measurement. On the 


TaBLE I. Experimental results for self-broadening on the first 
overtone of CO (l=6.22 cm). 








pl @/2.303 
(cm atmos) (cm~!) 
8.47 
12.7 
16.9 
25.4 
29.6 
42.3 26.7 
84.6 58.6 
127 87.2 
169 116 
212 147 
254 159 
296 174 





4.64 

6.39 

9.35 
14.1 
16.5 








TL 


* This paper presents the results of one phase of research carried 
out at the Jet Propulsion Laboratory, California Institute of 
Technology, under Contract No. W-04-200-ORD-455, sponsored 
by the U. S. Army Ordnance Department. 

'E. C. Kemble and D. G. Bourgin, Nature 117, 789 (1926). 

*D. G. Bourgin, Phys. Rev. 29, 794 (1927). 

*S. S. Penner and D. Weber, J. Chem. Phys. 19, 807 (1951), 
the preceding paper, hereafter referred to as I. 


other hand, if reliable measurements on pure gases can 
be carried out at sufficiently high pressures, then a’ will 
approach a according to Eq. (9) of I. Therefore, in this 
instance it should be possible to determine a from meas- 
urements on pure gases. Successful experimental studies 
of this type have been carried out for the first overtone 
of CO. 

The present investigations show that under suitable 
conditions self-broadening of the infrared-active gas can 
be utilized to carry out quantitative infrared absorption 
measurements. Unfortunately, the path length of the 
absorption cell must be so chosen that appreciable 
changes in infrared transmission are observed at pres- 
sures of absorbing gas which are sufficiently high to 
produce extensive overlapping of rotational lines. For 
weak absorbers such as the first overtone of CO this 
restriction is not serious. In particular, for the studies 
described in this paper, cells several cm in length were 
used (see Figs. 1 and 2 of I). In order to perform similar 
measurements on the fundamental vibration-rotation 
band of CO, it is necessary to construct infrared ab- 
sorption cells with path lengths of the order of 0.05 cm. 
Cells of this type have been built and are currently 
being used to measure integrated absorption of strong 
absorbers according to the technique described in this 
paper for measurements on the first overtone of CO. 


II. EXPERIMENTAL RESULTS AND INTERPRETATION 
OF DATA 

Experimental results obtained on the first overtone of 

unpressurized CO are summarized in Tables I and II for 


TABLE II. Experimental results for self-broadening on the first 
overtone of CO (/=3.57 cm). 








pl @/2.303 
(cm atmos) (cm~) 
3.64 
4.86 
7.29 
9.72 
14.6 
17.0 
24.3 
48.6 
72.9 
97.2 
121 
146 





2.32 
3.74 
4.26 
6.06 
8.00 
9.55 
15.5 
32.8 
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Fic. 1. Dependence of ®/2.303 on pi for the first overtone of un- 
pressurized CO. 


data obtained in cells 6.22 and 3.57 cm in length, re- 
spectively. Since the infrared absorption by the overtone 
is relatively weak, it is possible to study the dependence 
of absorption on pressure up to relatively high pressures. 
Accordingly the present investigations were extended up 
to 700 psia. 

In Fig. 1 the quantity @/2.303 is plotted as a function 
of optical density pl. As was pointed out in I (see 
Fig. 8), when the pressure is sufficiently high, the de- 


pendence of P, and hence of a on pressure becomes 
slight. It is, therefore, to be expected that, for suffi- 
ciently large values of the pressure, ® will depend on 
optical density uniquely and independently of the cell 
length. Furthermore, & will become a linear function of 
pl, and ap should be calculable from Eq. (10) of I; ice., 


ao=dB/d(pl). 


These predictions are completely verified by the data 
given in Fig. 1. At elevated pressures it is seen that 


d(@/2.303)/d(pl) =0.710 cm~ atmos—, 
whence 


ao= 1.69 cm atmos. 


Reference to I shows that this value for ao, obtained 
from the self-broadening of unpressurized CO, is in 
excellent agreement with the independently determined 
value of 


ao= 1.64 cm™ atmos“, 


based on absorption studies of CO—He and CO—H, 
mixtures. The method for the determination of ay 
described in this paper does not appear to have been 
used by other investigators. It seems to be a simple and 
reliable method for all absorbers provided a suitable cell 
length has been chosen. 
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Transport Phenomena in Dense Media. II. Thermal Diffusion in Compressed Gases*}{ 


W. L, Ross anp H. G. DrickamMeR 
University of Illinois, Urbana, Illinois 
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From the thermodynamics of irreversible processes, values of the thermal diffusion ratio a have been 
calculated using (1) the viria! equation of state, (2) generalized reduced enthalpies, (3) the Lennard-Jones and 
Devonshire “‘cage” model for liquids. These results are compared with experiment and with previously 
published calculations for a van der waals gas. Only the LJD model gave results markedly superior to van 


der Waals’ equation. The LJD model predicts very large positive values of a for compressed liquids. 


HE thermal diffusion ratio @ is defined by the 
transport equation 


Ji= — Dy gradx1+ axyx2 grad(In7) }. (1) 


For simple gases at low pressures, the kinetic theory 
of Enskog and Chapman! is adequate to predict the 
first-order transport properties (diffusion, viscosity, and 
thermal conductivity). Whether it adequately describes 
thermal diffusion at atmospheric pressure is still open to 
question.? The dense gas theory of Enskog reproduces 
the viscosity well and the thermal conductivity fairly 

* For Part I of the present paper see W. L. Robb and H. G. 
Drickamer, J. Chem. Phys. 18, 1380 (1950). 

+ This work was supported in part by the AEC. 

1S. Chapman and T. G. Cowling, Mathematical Theory of Non- 
Uniform Gases (Cambridge University Press, Cambridge, England, 


1939). 
2 E. W. Becker, J. Chem. Phys. 19, 131 (1951). 


well up to densities considerably greater than the 
critical. (It is now being tested for self-diffusion.) It has 
been shown** that this dense gas theory fails to predict 
the thermal diffusion ratio even qualitatively. The ex- 
perimental results from the previous work on the system 
ethane-xenon are shown in Fig. 1. A double sign change, 
from positive to negative below the critical density and 
then to positive again at high density, is noted. The 
dense gas theory as developed by Enskog predicts no 
sign change unless a clustering effect, really foreign to 
the theory, is assumed. 

In a previous paper® an equation for @ in terms of 

3 Pierce, Duffield, and Drickamer, J. Chem. Phys. 18, 950 (1950). 
as a Duffield, and Drickamer, J. Chem. Phys. 18, 1027 


5 W. L. Robb and H. G. Drickamer, J. Chem. Phys. 18, 1380 
(1950). ; 





THERMAL DIFFUSION 


thermodynamic quantities was obtained from the ther- 
modynamics of irreversible processes: 


A(H,\M,—H.M,)—BM\M, (2) 
saat AMx;(8M,/ dx) 





where H and u can be evaluated in terms of the equation 
of state from 
ws d Inf d dlnf 
-As-RP| +242— | (3a) 
oT OT 0x; 





0 
n= RI 1a (3b) 


Ox) 


3? “| 
ax? | 


For a mixture of isotopes, Eq. (2) reduces to 
a=[H(M2—M,)A—BM\M2|/AMRT. (2a) 


Since the molecular constants of xenon and ethane are 
not greatly different, Eq. (2a) is used in this work. Here 
A and B are phenomenological constants whose values 
cannot, at present, be calculated in general. To the first 
approximation, it will be assumed here that the ratio 
B/A is constant for any given system. It can be shown 
from experimental data that it does not vary radically 
from gas to liquid. . 

In the previous paper van der Waals’ equation was 
used, and the results were shown to be in qualitative 
agreement with the experimental data. The double 
change of sign obtained experimentally was reproduced 
by the theory, but the sign changes occurred at reduced 
densities considerably different than those found experi- 
mentally, and the absolute values of a were of the wrong 
order of magnitude. 

In this paper results are presented as calculated from 
Eq. (2a) for the following relationships: 


(1) The virial equation was used in the form, 
po/RT =1+[B(T)/VJ+(C(V)/V?], (4) 


with the second and third virial coefficients evaluated by Bird and 
Spotz® using the Lennard-Jones model for molecular interaction. 
For this case Eq. (2a) reduces to the form, 


M:—M,{ _.a(B(T)) 1/T aC(T) 
MV [7 ar t WN? ar -c)}. (5) 


(2) A generalized correlation’ for enthalpy as a function of 
reduced temperature and pressure was used. 

(3) The value of a was calculated using the enthalpy obtained 
from the values for thermodynamic variables given by Hirschfelder® 
el al. as evaluated using the Lennard-Jones and Devonshire “‘cage”’ 
model for liquids. Since this model is satisfactory for dense sys- 
tems, the results are presented only for densities greater than the 
critical. 





a=ag- 


The results are shown in Figs. 2-4. The dotted curve 
on each figure is the line for a=0 obtained from van der 


*R. B. Bird and E. Spotz, NOrd 9938 TASK WISC-1-C, Uni- 
versity of Wisconsin, CM-508. 

"0. A. Hougen and K. M. Watson, Chemical Process Principles 
(John Wiley and Sons, Inc., New York, 1946), Vol. II, pp. 494-495. 

* Hirschfelder, Wentdorf, Buehler, and Curtiss, J. fan. Phys. 
18, 1484 (1950). 


IN DENSE GASES 














, Fic. 1. p-—T,—a plot experimental. 


Waals’ equation. Although the virial Eq. (4) reproduces 
qualitatively the features found experimentally, the 
agreement with experiment is poorer than that obtained 
from van der Waals’ equation. Calculations were made 
using the second virial coefficient only, but these did not 
even reproduce the data qualitatively. 

The results obtained from the use of generalized 
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Fic. 2. pp— 7T,— a plot (using second and third virial coefficients). 
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Fic. 3. p-—7;—a plot (using generalized enthalpies 
of Hougen and Watson). 


enthalpies are shown in Fig. 3. Again, the agreement is 
no better than for van der Waals’ equation. 

In Fig. 4 the results using the LJD model for liquids 
are shown. It can be seen that the high density sign 
change is reproduced at very nearly the correct density. 
This would indicate that the use of this model is superior 
for predicting properties of dense systems, such as com- 
pressed liquids or highly compressed gases. The magni- 
tude is not of the same order as that obtained experi- 
mentally, but in view of the approximations involved, 
this is not surprising. 

An ‘interesting feature is the results predicted for 
highly compressed liquids by the LJD model. The 
calculations indicate that the value of a remains positive 
and gets very large. The magnitude at the highest 
density is over twenty times the largest magnitude 
calculated for the critical region. An experimental test 
of this feature is being prepared for liquids up to 12,000 
atmospheres pressure. 
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Fic. 4. p;—T,—a plot from Lennard-Jones-Devonshire model 
for liquids. 


NOMENCLATURE 


A, B=phenomenological constants. 
B(T), C(T) =virial coefficients (functions of temperature). 
D=diffusion coefficient. 
_f=fugacity. 
H ;=partial molar enthalpy of component i. 
H,;*=partial molar enthalpy of companent i in the standard state. 
J ;=flux of component 7. 
M;=molecular weight of component i. 
M=mean molecular weight. 
p=pressure. 
R=gas constant. 
T =temperature. 
T.=critical temperature. 
T,=reduced temperature 7/T-. 
’=molar volume. 
X;=mole fraction of component i. 
a=thermal diffusion ratio. 
ao=thermal diffusion ratio for ideal gas. 
ui=chemical potential of component 7. 
p=mean density of system. 
pce=critical density. 
pr=reduced density p/pe. 
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The Poisson-Boltzmann equation for the potential in an electrolyte is solved for the following cases: 


(a) Electrolyte bordered by a uniformly charged plane; (b) two semi-infinite electrolytes of different 
composition separated by a plane boundary; (c) electrolyte confined between parallel charged planes; (d) 
uniformly charged cylinder immersed in an electrolyte; (e) electrolyte in a cylinder with charged walls; 
(f) electrolyte between two concentric charged cylinders; (g) solid charged sphere in an electrolyte; and 
(h) sphere of electrolyte immersed in another electrolyte extending to infinity, and of different composition. 


All the problems discussed are of interest in the theory of colloids or emulsions. In each case a series solu- 
tion in powers of a parameter involving the charge or charges on relevant surfaces is given. The first term of 
each series is the solution of the Poisson-Boltzmann equation when the so-called Debye-Hiickel approxima- 
tion is applied to the equation. The additional terms are built up from the first by an iterative method. No 
restrictions on the compositions of the electrolytes are required. 





INTRODUCTION 
Section 1. 


N this note we shall obtain the solutions of some 
potential problems which are of interest in the theory 
of colloidal electrolytes. According to Debye’s theory,} 
the fundamental differential equation which must be 
satisfied by the electrostatic potential y in an electro- 
lye is 
4re « 


Vy= —— ¥ n; exp(—ezi)/kT, 


€ «=l 


(1.1) 


where ¢ is the electronic charge, ¢ the dielectric constant 
of the solvent, k Boltzmann’s constant, and T the abso- 
lute temperature. The summation extends over the s 
ionic species present in solution, ”; being the concen- 
tration of ions of type i when y=0, and 2; their valency. 
Equation (1.1) combines the poisson and Boltzmann 
equations; the complete nonlinear equation has been 
criticized,”* but a more correct equation has not so far 
been obtained. 

If we assume electroneutrality of the solution as a 
whole, then we have 


(1.2) 


8 
7 n2;=0. 
i=1 


Also, if the condition 
ey/kT<1 

holds everywhere, then Eq. (1.1) can be written 
Vy= ey, 


(1.3) 


(1.4) 
where 


e=Are > n27/ekT. 


i=1 


(1.5) 


A considerable amount of work has been done based on 
the approximate equation (1.4), which is associated 
1P. Debye and E. Hiickel, Physik. Z. 24, 185 (1923). 


*L. Onsager, Chem. Revs. 13, 73 (1933). 
*J. G. Kirkwood, J. Chem. Phys. 2, 767 (1934). 


with the names of Debye and Hiickel. The more exact 
Eq. (1.1) has received much less attention, doubtless 
owing to its nonlinearity. The most important develop- 
ment using (1.1) is due to Gronwall, LaMer, and 
Sandved,‘ who gave a theory for electrolytes in statis- 
tical equilibrium which is formally similar to the Debye- 
Hiickel theory. Their work was entirely confined to a 
study of ordinary solutions of strong electrolytes; but 
it is of interest to notice that the idea underlying their 
method can be adapted so as to furnish solutions of a 
wide variety of problems which arise in another field, 
that of colloidal solutions. Here, instead of all the 
charges in the assembly being associated with free ions, 
some may be attached to solid boundaries or solid or 
liquid particles, of dimensions which may be large on 
the atomic scale. In most cases it is not difficult to 
solve Eq. (1.4) for the potential, but quite impossible 
to integrate (1.1) directly. Experimental work on col- 
loidal systems indicates that the potentials may reach 
values as high as 200 millivolts, giving for e¥/kT a 
value of about 8 at room temperatures. For these cases 
it is obviously a very bad approximation to use Eq. 
(1.4) in view of condition (1.3). However, in the follow- 
ing paragraphs it will be shown how solutions of Eq. 
(1.1) can be built up from those of (1.4). The general 
method is to assume a series development for y in 
powers of a suitable parameter. Substitution of the 
series in Eq. (1.1) gives a sequence of differential equa- 
tions which can be handled without difficulty. Any 
term in the series for y can be expressed in terms of 
preceding terms. Since the first term of the series turns 
out to be simply the solution of Eq. (1.4), the members 
of the series may be calculated successively, and so a 
complete solution of Eq. (1.1) obtained. 

' Although the solutions developed should be more 
satisfactory than those derived from Eq. (1.4) unless 
y is very small, in which case both methods give the 
same result, it must be pointed out that the usefulness 
of the method is limited by three factors. In the first 


‘ Gronwall, LaMer, and Sandved, Physik. Z. 28, 358 (1928). 
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place, it has been shown that Eq. (1.1) is not strictly 
thermodynamically consistent.? It is of interest to 
notice however that in cases where it has been applied, 
better results have emerged than when the simpler 
Debye-Hiickel theory was used. For example, the Gron- 
wall-LaMer-Sandved theory gives a better account of 
the properties of electrolytes in equilibrium; in par- 
ticular, it gives more reasonable estimates of ionic 
radii. In another connection, Verwey and Overbeek® 
have shown that the Schulze-Hardy rule on the de- 
pendence of the coagulating properties of electrolytes 
on their valency can be explained if the analysis is 
based on Eq. (1.1), but not if Eq. (1.4) is used. Another 
difficulty arises in connection with the convergence of 
the solutions. Since in all cases a power series solution 
is derived, strictly it is necessary in each case to find 
the radius of convergence. This is difficult to calculate, 
since the method does not give the general term of the 
power series in a simple expression. It is easy in some 
cases to devise dominant series, but then it is found 
that these have finite radii of convergence which are 
less than the values sometimes indicated by experi- 
ment. A further difficulty lies in the mathematical 
complexity of the higher terms of the series for y. Al- 
though in theory it is possible to calculate any desired 
number of terms, in practice this becomes impracti- 
cable beyond a certain stage. 

In spite of the three limitations we have mentioned, 
however, it seems likely that the solutions should be 
suitable for a useful range of potential above the upper 
limit for which the simple theory based on Eq. (1.4) 
can be legitimately employed. The next section deals 
with problems involving plane boundaries. First, the 
potential near an infinite uniformly charged plane in 
contact with a semi-infinite electrolyte is found. The 
next solution given is the potential near the plane 
boundary between two semi-infinite electrolytes. Then 
follows the general solution for an electrolyte between 
two infinite parallel charged planes. The next section 
deals with similar problems involving cylindrical 
boundaries; finally, questions with spherical boundaries 
are examined. The cases we have dealt with do not 
exhaust all the problems which could be solved by the 
method. We have confined attention to those cases 
which are or are likely to be of interest in the interpre- 
tation of experimental data. For example, all the solu- 
tions involving solids may be useful in refinements of 
the theory of the stability of colloids. 


PROBLEMS INVOLVING PLANE BOUNDARIES 


Section 2. The Potential near an Infinite Uniformly 
Charged Plane 


Let o be the surface density of the charge on the 
plane and ¢ the potential at the surface, the potential 
zero being taken at infinity. If x denotes distance 


5E. J. W. Verwey and J. Th. G. Overbeek, Philips. Tech. 
Research Repts, No. I. 
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measured normal to the plane, the equation to be 


solved is 
dy 4re s 


ate ne Fs Cl ="), 


dx € i=l kT ms 


with the boundary conditions 
¥=0, x=; p=, dy/dx=—4no/e, x=0. (2.2) 


The solution is well known in the case i=2, 2;=—z, 
and m,=m2;° Eq. (2.1) is then immediately integrable, 
giving 

log. tanh(z:ey/4kT) = log, tanh(z:ef/4kT)—xx, (2.3) 


and 
sinh(z,e{/2kT) = 27e2z:0/xekT, (2.4) 
where 


c= Sre*nyz;"/ekT. (2.5) 


When ;, and gz, are not restricted in the above manner, 
Eq. (2.1) can be integrated once to give dy/dx. From 
the resulting equation, o and ¢ can be related: 


(2) aloo E2)-Af 0 


Unfortunately the integration cannot be carried a 
stage further to give y. For some purposes, for example, 
the determination of ¢ from measurements of the elec- 
trokinetic potential ¢, Eq. (2.6) gives all that is required. 
It is of interest, however, to be able to find the com- 
plete solution for y in the general case. 

Equation (2.1) may be written in the form, 


(Py /dx?)— erp= KW, 


- < —"~( e v1 
i" —) stad ‘ 


y! 


(2.7) 
where 


(2.8) 


Q=), n2i7t/>) nz. (2.9) 
i=] i=1 

x has been defined in Eq. (1.5); also it has been assumed 

that condition (1.2) is satisfied. The general solution of 

Eq. (2.7) is 


1 z 
va cettCot- f W(u)(ee-"—e*—*)du, (2.10) 


where we have put z= xx.’ The first tw » terms represent 
the general solution of Eq. (2.7), and it is easily verified 
that the third term is a particular integral. Using the 
boundary conditions (2.2), we may write Eq. (2.10) as 


= (4ra/Ke)e*+ f ° f(u, 2)%(u)du, (2.11) 


6A. J. Rutgers and E. Verlende, Proc. Acad. Sci. Amsterdam 
42, 71 (1939). . 

7 ABR. Forsyth, A Treatise on Differential Equations (Mac- 
millan and Company, Ltd., London, 1888), second edition, p. 78. 





SOLUTION OF POTENTIAL PROBLEMS 


flu )=-Hemte), O<u<s, 


=—Her“pe"), u>z. 


The expression on the right-hand side of Eq. (2.11) 
vanishes for x large, since it can easily be shown that 


| f(u, 2)| <e*-*. (2.13) 


To solve Eq. (2.11) we write y as an expansion in powers 
of o: 


y= e™"(xe)-"(—kT)-™(4r0)"On(z). (2.14) 


m=1 


The @m(z) are functions of z only, which must now be 
determined. From Eq. (2.8) we find that YW can be 
written in the form, 


Y= ¥ e™(xe)-"(—kT)-™(400)"W (2), (2.15) 


where 


qv 
V (2) = me —J] 6m,(2). 
mi+:+-my=m yp! s=l 
: v>2,my>1 


(2.16) 


Substituting from Eq. (2.14) for y in Eq. (2.11) and 
using Eq. (2.15), we can then determine the functions 
§m(z) by comparing coefficients of like powers of o: 


6;(z) =e~*, (2.17) 


ante) [ f(u, 2)Vm(u)du, m>1. (2.18) 


From Eqs. (2.18) and (2.16), it is clear that @m(z) for 
m greater than 1, can be expressed in terms of the same 
functions with smaller suffixes. Hence, since 6:(z) is 
known, all the @m(z) can be evaluated. By direct calcu- 
lation we find 


62(2) = go(ge**— e~*), 


93(z) = go*[ (1/48) e**— (1/9) e**+- (23/144 )e-* ] 
+qsL(1/48)e**— (1/16'e~*], 


04(2) = gs'[ (1/432)e##— (1/48)e-**+ (31/432) e2# 
— (13/144)e-* ]+-gogsl_(1/144)e**— (1/48) e** 
~(1/48)e2*-+ (11/144) e-*] 
+qaL(1/360)e**— (1/90) e~*], 


05(z) = go'[ (5/20,736)e-**— (1/324)e** 
+ (13/768)e-**— (31/648)e*+ (581/10,368)e-*] 
+ ge?gal_(5/3,456)e—>*— (1/108) e—* 
+ (5/384)e**-+ (7/216)e**— (2/27)e-*] 
+ gogal (11/8640)e-5*— (1/270) e** 
—(1/270)e**+ (137/8640)e-* ] 
+93 (1/2304)e-*— (1/256)e*+ (11/1152)e-*] 
+qs[ (1/2880)e-**— (1/576)e-*]. (2.19) 
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Although we have tabulated only the first five terms of 
Eq. (2.14), the series can, in theory at any rate, be 
carried through to any desired value of m, and so the 
potential completely determined. The terms soon 
become very complicated. 

To complete the solution, strictly we should examine 
the convergence of series (2.14), and either establish 
its validity for all values of o or find its radius of con- 
vergence. Unfortunately, the radius of convergence 
cannot be found directly, since the method does not 
give a general formula for any term. For the case of 
ions, Gronwall, LaMer, and Sandved use a dominant 
series to examine the convergence. The same method 
can be used in the present problem, but it is not very 
helpful. For example it can be shown that Eq. (2.14) is 
certainly convergent provided that 


| 4rez90/xekT | <2 log-2—1=0.386, (2.20) 


where zo> |2;|. This gives a low value for c. If we sub- 
stitute x=0 in the right-hand side of Eq. (2.14), and 
then revert the resulting series, so as to give o as a 
power series in ¢, then it can be shown that this series 
is certainly convergent provided that 


| e¢/kT | <4 log.2—1—2[log.2(3 log.-2—1) }! 
=0.0426. (2.21) 


This is a very small value; with this order of magnitude 
the first term only of series (2.14) should be sufficient. 
It seems very likely, however, that the series is con- 
vergent for much larger values of fe/kT. For it is easily 
shown that the corresponding series derived from 
Eq. (2.4) is certainly convergent provided 


et /kT <2/3. (2.22) 


The results embodied in Eqs. (2.20), (2.21), and (2.22) 
are significant, since they indicate that the series (2.14) 
cannot be used indiscriminately. The only safe pro- 
cedure in any particular case would seem to be a com- 
parison of the orders of magnitude of successive terms. 


Section 3. Potential at the Plane Interface between 
Two Different Electrolytes 


This is a simple variant of the above problem; in- 
stead of a plane solid boundary, the electrolyte is 
bordered by another semi-infinite electrolyte of differ- 
ent composition. For the case of simple electrolytes 
dissociating into two ions only, this problem has been 
solved by Verwey and Niessen.* At a large distance 
from the interface in either direction, the potential is 
uniform; but, in general, the potential for x large and 
positive will differ from its value for x large but nega- 
tive. We shall indicate all quantities to the right of the 
boundary by the superscript (1) to the left by the super- 
script (2). For complete generality it will be assumed 
that there is an adsorbed charge of surface density o,, 


and also a potential jump of y, due to oriented dipoles, 


8 E. J. Verwey and K. F. Niessen, Phil. Mag (7), 28, 435 (1939). 





824 F. BOOTH 


at the interface. The boundary conditions are 
y=0, w=—w; W=t, z=—; (3.1) 
YP=Yty, x=0. (3.2) 
edy /dx| >— eddy /dx| »>= 410s. (3.3) 


When the method of Sec. 2 is used, the series expres- 
sions for the potentials are 


yo = > e™—1(_(2) ¢(2))—m(_ kT) I-m 


m=1 


X (42Lo,—0])"Om(—Kx), x<0, (3.4) 
yo = cH > e™1(«) e))-m(— kT )!-™ 
m=1 


X (410)"Om(KP%x), x>O, (3.5) 


where @ is now effectively a parameter given by 
edy /dx| p= —4ro. (3.6) 


In general o will not be specified; to find it in terms of 
the known quantities ¢, ¥., and o,, the solutions with x 
set equal to 0 must be substituted in Eq. (3.2) and the 
resulting series solved by reversion. 


Section 4. Electrolyte between Two Parallel 
Charged Planes 


The potential in an electrolyte confined between two 
parallel planes whose inner surfaces have uniform charge 
densities o and o’ is required. This problem is of in- 
terest in the theory of the stability of colloids.® Solu- 
tions for the particular case s=2, o=0’, mi1=m2, and 
Z1=—2Z2, have previously been given by Corkill and 
Rosenhead” and Verwey." Equation (2.7) again holds, 
provided the potential zero is chosen in such a manner 
that the n; satisfy the electroneutrality equation (1.2). 
But instead of Eq. (2.2) the boundary conditions are now 


 d/dx|y>=—41e/e, dy/dx|a=4mo'/e, (4.1) 


where d is the distance between the planes. Integrating 
Eq. (2.7), we again get Eq. (2.10); but conditions 
(4.1) now give 





4me* oe =] 4me~*7 o+ =| 


‘ my | 1—e* KE L 1—e 


+ f o(u, 2)%(u)du, (4.2) 


9E. J. W. Verwey and J. Th. G. Overbeek, Theory of the Sta- 
bility of Lyophobic Colloids (Elsevier Publishing Company, Inc., 
New York, 1948), Part IT. 

10 A. J. Corkill and L. Rosenhead, Proc. Roy. Soc. (London) 
A172, 410 (1939). 

1 E, J. W. Verwey, Trans. Faraday Soc. 36, 192 (1940). 


where 
g(u, z)= —[1/2(1—e~) ] ) 
X[ev* em e 2(evtzteru)] Ocucz 
=—[1/2(1-e-) ] 
X [ez "em e*(ertet eu-2)] cud] 





and 
b=xd, 2=Kkx. (4.4) 


To solve Eq. (4.2), the potential y is expanded as a 
double series in powers of both o and o’, 


y= >> emtm’—1 (xe)-™—-™ (— k7)!-"—~’ 
m+m’>1 


X (4940)™(41r0")™' Om, m(z). (4.5) 


It can now be shown as before that Y may be written 


V(z)= > emtm’—1(cg)—m—m' (— kT) 
m+m’>0 
X (4940)™(41r0’)™ Vin, m(z), (4.6) 


where 


tide 2£- fiat on 


mi++++my=m y! s=l 
mi’ **+m,y! =m!’ 
v>2, my +m,’ > 1, 


Proceeding as before, we find 


61, o(2) (er-*+4- e*)/(1 say e*), (4 8) 
90, 1(2) = (e* *+-e-**)/1—e), 


and the functions of higher order are derived from 
61,0(z) and 6o,1(z) by the formula, 


b : 
Om, m'(Z) = f g(u, 2) Vn, m(u)du, m+m’>1. (4.9) 
0 


From Eqs. (4.8) and (4.9) the whole series of functions 
can be built up to any desired order of m and m’. 


PROBLEMS INVOLVING CYLINDRICAL BOUNDARIES 


Section 5. Infinite Charged Cylinder Immersed 
in an Electrolyte 


Let the charge on the surface of the cylinder be uni- 
formly distributed and of density o. If r is the distance 
from the axis of the cylinder, the equation for the po- 
tential is 


(@y/dr*)+-(1/r)(dy/dr)—Kep=ev, — (5.1) 
and the boundary conditions, 
dy/dr|.=—4na/e, y=0, r=”, (5.2) 


where a is the radius. The general integrals of Eq. (5.1) 
are Io(xr) and Ko(kr), the bessel functions with im- 
aginary argument of the first and second kind. The 





1 ne wna wm 


SOLUTION OF POTENTIAL PROBLEMS 


determination of the potential follows closely the 
method of Sec. 2, and so we shall only set down the 
principal results. Integration gives 


= —(4mo/xe)-Ko(z)/Ko'(6) J 
+ f f(u, 2)¥(u)udu, (5.3) 


where 
f(u, 2) = —Ko(z)[To(u) —Io'(b) Ko(u)/Ko'(6) ], 
b<uc<z, 
= — Ko(u)[To(z) —Io’(b)Ko(z)/Ko'(6)], 
s<u<o.] 





and 


xr, b=xa, Io'(z)=dIo/dz, Ko'(z)=dKo/dz. (5.5) 


If y is again expanded as in Eq. (2.14), the solutions 
for the @ functions are 


;(2)= —Ko(2)/Ko'(6), 
an(e)= fi f(u, 2)Vm(u)udu, m>1, (5.6) 
b 


where Wm is given by Eq. (2.16). Hence, the problem is 
completely solved. The integrals of the second of Eq. 
(5.6) cannot be evaluated in finite terms and resort 
must be made to numerical integration. 


Section 6. Cylinder Containing Electrolyte 


This problem might be of interest in the analysis of 
streaming potentials and electro-osmosis through tubes 
sufficiently narrow for the double-layer thickness to be 
comparable with the radius. The equation for the 





T(z) Ko'(b’)— Ko(z)Io'(6’) ) 
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potential is again Eq. (5.1), but the boundary condi- 
tions are now 


dy/dr|y=0, dy/dr| .=41a/e, (6.1) 


where a is again the radius and o the charge density 
on the inner surface. The final solutions for the 6-func- 
tions are 


61(z) = Io(z)/Io'(6); 


anis)= f f(u, z)Vm(u)udu, m>1, (6.2) 


where now 
f(u, 2)= —Io(u)[Ko(2)—Ko'(b)Lo(z)/Io'(b)], —) 
0<U<Z, 
= —Io(z)[ Ko(u)— Ko'(b)To(u)/To’(b) ], 
s<u<b,) 


+ (6.3) 





and 2, b, Jo’(z), and Ko’(z) have the same meaning as in 
Eq. (5.5). 


Section 7. Electrolyte Confined between 
Charged Coaxial Cylinders 


This problem is formally very similar to the one 
solved in section 4. The boundary conditions are 


dy/dr|a=—4mo/e, dy/dr|q=4ro'/e, (7.1) 


where a is the radius, o the charge density on the inner 
cylinder, and a’ and o’ the corresponding quantities for 
the outer cylinder. Assuming an expansion for y of 
the same form as Eq. (4.5), where z is now equal to 
xr, the Om, m’(2) functions are given by the equations 





91, o(2 


~ Tel(8)Ke'()—In' (0) Ku'(0') 
Io(z)Ko' (b) — Ko(z)Io'(b) 





0,1 Zz 


b’ 
ta w(s)= f £(u mw(wudn, -m-+m’>1, 
b 


where 


g(u, 2) =[To(z)Io(u) Ko’ (b) Ko’ (b’) + Ko(z)Ko(u)Io’(b)Io’(b’) — Ko(z)Io(u) Io’ (b’) Ko’ (b) 
— Io(z)Ko(u)Io'(b)Ko'(b’) /LZo'(b’) Ko’ (b) —Io'(b) Ko'(b’) J, 

= [To(z)Io(u)Ko'(b)Ko'(b’) + Ko(z)Ko(u)Io’(b)Io’(b’) — Ko(z)Io(u)Io'(b)Ko'(b’) 
—Io(z)Ko(u)Ko'(b)I0'(b’) |/L10'(b’) Ko’ (b) —Io'(b) Ko'(0’) ],  2<u<b’,} 


b= xa, b’= ka’, 


and V,, my is given by Eq. (4.7). 


~ Te!(b’)Ko'(b)—Io'(b)Ko'(0')’ 





b<uc<z, 
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PROBLEMS INVOLVING SPHERICAL BOUNDARIES 


Section 8. Solid Sphere with Uniform Surface 
Charge in an Infinite Electrolyte 


The solution in this case is of importance in the 
theory of cataphoresis.” If a is the radius of the sphere 
and Qe the total charge upon it, the potential in the 
electrolyte is given by 

(dy/dr?)+ (2/r) (dy /dr)—Kryp=KW, (8.1) 

y=0, r>0; dy/dr|a=—Q/ea’, (8.2) 
where r is the distance from the center of the sphere, 
and W is again determined by Eq. (2.8). The solution 
follows the lines of the previous cases, and so we shall 
merely give the final results. If the y is expanded as a 
power series in Q 


p= a e"-1(ea)-™(—kT)"0"On(r), (8.3) 


then the @m functions are given by the relations 


0,(x) = be’-*/(1+4)x, (8.4) 


am(x)= f f(u, x)Wudu, m>1, (8.5) 

b 

where 

(6-1) : 

f(u, “)= —_—— ev-z+ e2b-u-z ‘ U<X; 
2xL (6+1) J 

1f (b—1) . 

ae aw os e744 e2b-u-z u> x, 


2aL (b+1) 1 
and b=xa; Wm is again defined by Eq. (2.16). 


(8.6) 








Section 9. Sphere of Electrolyte Immersed in 
Another Electrolyte of Different Composition 


This may be regarded as an extension of the previous 
problem. It may be of interest in the study of the proper- 
ties of emulsions, which consist of liquids dispersed in 
small droplets in a medium formed by another liquid. 
The solution outside the sphere will again be given by 
a series of the type (8.3), if Qe is the total charge con- 
tained in the sphere; for the solution inside we have to 
obtain the appropriate series in powers of Q. Suppose 
all quantities for r<a, where a is the radius, are dis- 
tinguished by the superscript (1) and for r>a by the 
superscript (2). The potential y‘” obeys an equation of 
the form of Eq. (8.1), but the boundary conditions are 
different, 


(BY fdr?) + (2/1) (dV /dr) + eOYO= KO, (9.1) 
dy /dr|>=0, dy™/dr|a=—eQ/a’e™. (9.2) 
The first of Eq. (9.2) follows, since the charge density 


2 F, Booth, Proc. Roy. Soc. (London) A203, 514 (1950). 


BOOTH 


must remain finite at the origin. In the above equations 
the zero of the potential y™ is the potential which gives 
electroneutrality; this means that if ,(i=1, ---s) 
denote the concentrations when y is zero, then we 
have 


gf) 


E nis; =0. (0.3) 


i=l 
In general, the zero of the two potentials y and y® 
will differ ; but this raises no difficulties, as we shall see. 
The general solution of Eq. (9.1) is 
Cie" Coe~¥ 1 y 
yO= + med 


¥y y 2y Yo 





YOu(es¥—ev")du, (9.4) 
where 


y=Kr, (9.5) 


and C, and C; are constants. From the first of Eq. (9.2), 
it follows that 


Ci=—-C, (9.6) 


and from the second we find 


C\=—- #(0| o0¢/¢% 


1 c 
| WuLer(e+ I) +em(e—1) ju], (9.7) 
0 


where 
F(c)=[e(c—1)+e-“(c+ 1); c=xa. (9.8) 
If we now let 
Y= F(a) RT)" yi(KP), (9) 
then we find 


6,°°(y) =cF (6) Lee", 
(9.10) 


b 
Om (y) = f Vn f(u, yudu, m>1, 
0 


where 
J(u, 9) = 3F (OL (c+ Det (c+ Ie] 
X(e-“*—e"), O<u<y, 
= $F (c)[(c+1)e*-°+ (c—1)e™*] 
X(e¥—e"),  y<u<e. 


The potential is now completely determined. For any 
point with r greater than a, a series of the type (8.3) 
suffices. The potential at any point for r less than 4, 
referred to the potential at infinity as zero, is simply 


V(r) =9 (a) +y(n)-Y@. (9.12) 
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The third virial coefficient is calculated for a gas composed of spherical molecules whose intermolecular 


potential has a repulsive term proportional to r~”, an attractive term proportional to r~*, and which have 
point-dipoles at their centers. The calculated values are compared with the experimental results for steam 
and ammonia, using parameters previously calculated from the second virial coefficient. The agreement is 
good for ammonia but poor for steam. It is suggested that this is because of the neglect of the higher multi- 


poles in the interaction potential. 





INTRODUCTION 


HE equation of state of a gas may be written as a 
power series in the density, 


pV/RT=1+(B/V)+(C/V?)+---, (1) 


where V is the volume per mole. The second and third 
virial coefficients, B and C, are functions only of the 
temperature and of the intermolecular potential. They 
have been calculated for several molecular models, and 
the results have been compared with experiment to 
give information about the forces acting between mole- 
cules. It is simpler to use the second virial coefficient, 
as this is the more easily measured and calculated. 
However, the third has the advantage that it is much 
more sensitive to the shape of the potential, and so 
provides a more severe test of the molecular models. 
For example, the potential proposed by Lennard-Jones 


E(r)=ar-"—br-® (2) 


is sufficiently accurate to represent the second virial 
coeficient of most nonpolar gases, whether their 
molecules are symmetrical or not. However, recent 
calculations’? have shown that, for the third virial 
coefficient, this potential is only moderately satis- 
factory even for the simplest molecules such as argon, 
nitrogen, and methane. 

In this paper the third virial coefficient is calculated 
for polar molecules whose energy of interaction may be 
expressed by terms proportional to r-” and r~* (as in 
Eq. (2)) with an additional term to represent the inter- 
action of two point-dipoles. This is the potential first 
used by Stockmayer.* It has been used in calculations 
of the second virial coefficient,** where it was very 
successful even for molecules in which the charge dis- 
tribution differs considerably from that of a point- 
dipole. The change in the second virial coefficient due 
to the complexity and finite size of the charge distribu- 
tion has been calculated for water® and shown to be 





*This work was carried out under Contract NOrd-9938 with 
¢ Navy Bureau of Ordnance. 
'T. Kihara, J. Phys. Soc. Japan 3, 265 (1948). 

ft Spotz, and Hirschfelder, J. Chem. Phys. 18, 1395 


*W. H. Stockmayer, J. Chem. Phys. 9, 398, 863 (1941). 
‘J. S. Rowlinson, Trans. Faraday Soc. 45, 974 (1949). 
‘J. S. Rowlinson, Trans. Faraday Soc., 47, 120 (1951). 
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small. This, though, does not imply that it will be small 
for the third virial coefficient too. Another approxima- 
tion must be made whose effect it is hard to foresee. 
The third virial coefficient depends upon the simul- 
taneous interaction of three molecules; and, so that the 
mathematics shall not become too complicated, it must 
be assumed that the energy of interaction between 
any two of these is not affected by the presence of the 
third. This is strictly true both for the first-order London 
forces (r~* term) and for the interaction of permanent 
charge distributions. It is not true, though, for the 
forces between permanent charges and the charges they 
induce in polarizable molecules, the principal part of 
which is also included in the r~* term. However, these 
forces are known to be small. 


CALCULATION OF THE THIRD VIRIAL COEFFICIENT 


The third virial coefficient is given by 


c=—an'f f fafufadrdrs, (3) 


where 
fis=exp(—E;;/kT)—1 (4) 


and £;,; is the energy of interaction between molecules 
i and j, which depends on their distance apart r,;; and 
on their relative orientation. Z,; may be written 


Ey5/kT = (4/7)(Rij? — Rij (t/V2)-Riz*- Fis), (5) 


where 


Ri;=1%3/To, (6) 
ty=(1/2v2)(p?/erc?), (7) 
t=kT/e. (8) 


It is convenient to introduce another parameter with 
the units of volume per mole: 


b= 2aNr,’. (9) 


The expressions ¢ and fo are the energy and distance 
characteristic of the nonpolar part of the potential. 


t Unfortunately there are several contradictory notations for 
these parameters. The symbol 7o is often used (references 1, 4, 
and 5) for the distance at which E is a minimum. When ¢,=0, this 
is larger than the present ro by a factor of 2'/*, 
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If the dipole moment # is zero, then 7o is the distance 
at which E=0 and —e is the minimum value of E. 
The symbol /; is a pure number which may be called the 
reduced dipole-dipole energy,**® and 7 is the reduced 
temperature. 

F;; is a function both of the angles specifying the 
orientation of the two molecules and of the positions of 
their centers. Let the three molecules be arranged as 
shown in Fig. 1. The parameters «x and y fix the position 
of molecule 3. They are given by 


Ri?=Ri?(+y"), 
Ros = Ry? [(1—2x)*+9"]. 


Let the dipole of each molecule make an angle 6; with 
the line joining 1 and 2 and let the azimuthal angle 
which it makes with the plane of the three molecules 
be ¢;. Then one obtains 


(10a) 
(10b) 


F \2=2 cos0; cos@2—sin@; sin@, cos(¢1— $2), 


F 13= a cos6; cos03+sin@; sin83[ (1— a) cos¢1 cos; 
— sing; sing; ]+ 8 (cos; sin®; cos; 
+sin@, cos@3 cos¢;), (11) 
F3= y cos62 cos03+sin@2 sin8s[ (1—y) cose cosds; 
— sings sings |+6 (cos sin®s cosd3 
+-sin@2 cos@3 cos¢e), 


a- —y?)} C) T ° ° Qn 2 2x 
c= FE OS SSS SSS 
1-(1-y¥)§%9 Yo Yo Yo Yo Yo Yo 





Multiplying out the product of fi2fi3f23 gives 
fO—LO—fO—fOF fist fist fos, 


f@ = exp[ — (Eyo+ E 13+ E23)/kT |— 1, 
f®=expl— (Zit Eis)/kTJ—1, 
f®=exp[— (Ei2+ E23)/kT ]—1, 
f®=exp[—(E1st+ E2s)/kT]—1. 


When these expressions are expanded and integrated 
over Rj, all terms which are independent of ¢; may be 
dropped, as these can contribute only to the nonpolar 
part of C. Very accurate calculations were made of this 
by Bird, Spotz, and Hirschfelder.? This leaves for AC, 


where 


(15) 








ROWLINSON 


where 
a= (2%°—y")/(x?+y"), 
B=3zxy/(?+y"), 
y=[201—2)"—yVE—ayt yy, 2) 
§= —3(1—x)y/[(1—x)?+-9"]. 


The energy of interaction, given by Eqs. (5) and (11), 
is now put into Eq. (3) and the integral evaluated, 
There are several ways of doing this. The most con- 
venient is that of Kihara,' who expands in powers of 
Riz and integrates to a sum of I’-functions. This is the 
method by which Lennard-Jones first integrated the 
expression for the second virial coefficient. Kihara 
shows that 


1 
=f f are. 
3 
(1 —y2)4 
tert fac f as fi Ri2°d Ryo. 
—(1—y2)4 


The integration over x and y allows molecule 3 to move 
over the area shown in Fig. 1, in which Rjs> R43, Re. 
If the molecules are not spherical, then the integration 
must be taken over the six angles 61, 02, 03, $1, $2, $3. 
This gives 


(13) 


Siefisfes 
(14) 


*Ry25 sind; sin®, sin3d(y*)dxd R248 \d02.d03ddo2d93. 





the difference between the polar and nonpolar virial 
coefficient, 


o n 2" /n 1," 
= EE—(")—— i8) 


n=2 c=2 4! qi@ntnt2) 


If x is even, it follows that 
Qn, «= — (1/8x)*- 13 (2n— x—2)) 


PPL fff [css Gut eretarra) 


— Bn, (Fiat BF 13)*—Co, «(Piet 19°F 23)* a 
— Dn, (BF ist °F 23) "+ F 12° + EF 13°+ °F 23°] 
X sind; sinde sinO3d(y*)dxd01d02d03dbdg2d¢3. 
If x is odd, all the terms except the first, in the integrand 
of Q,,., vanish on integrating over angles. Here é and 1 
are’given by 
E= Ryo/Ris= (2? +y")-}, (18) 
n= Ri2/Rs=((i-«° +S, 
A ac™ (1+ £64 n°) n—«(1+ ge 7”) i(@2-2nt«) 
B,, .= (1+ £°) n—K(1- £12) i2-2nt«) (19) 
Cum (1+ af) H(t )i-tne, 
Dn, c= (°+7°) n—K(g12t 7?) }(2-2n+«)_ 





~» es 2 aa eee 2lCUuee COU 


GAS VIRIAL 


COEFFICIENT 


TABLE I. Qn... 








2 


5 





+0.4995 
+0.3364 
+0.3189 
+0.3008 
+0.0981 
—0.7378 
—4,259 
— 15.10 
— 53.68 
— 197.5 
— 754.3 
— 2995 
— 12340 
— 52650 
— 232400 


+0.9414 
+0.4305 
+0.4423 
+0.6383 
+1.145 
+2.407 
+5.744 
+15.10 
+43.41 
+135.1 
+450.4 
+1593 
+5950 
+23340 


CONIA Ui Wr | = * 


+22920 


+1.367 
+1.458 
+2.170 
+3.996 
+8.652 
+20.92 
+55.02 
+161.1 
+508.1 
+1710 
+6099 


+1.811 
+0.916 
— 1.050 
—7.147 
— 26.97 
—92.77 
—316.7 
— 1103 
— 3964 
— 14790 
— 57390 


+5.670 
+8.024 
+15.33 
+33.74 
+82.85 
+221.1 
+646.1 
+2032 
+6817 
+24100 


— 2.982 
— 14.42 
— 46.17 
— 140.8 
—462.5 
— 1401 
— 4689 
— 16380 
— 59710 








If n=x=2, then Q becomes indefinite as the I'-func- 
tion is infinite and the integrand zero. However, by 
putting x=2 and taking the limit as n—2, one finds 
that, after integrating over angles 


+ Az 
nf fin 
3 B3, 2° C3, 2° Ds, 2 


A3,.2 





(20) 





+ £ In 


+78 In 
3, 2° 4/3, 2 3, 2° 43,2 


frorae. 


Each value of Q,,, can be reduced to such an integral 
over x and y* by integration over the six angles. In- 
tegrals of the F;; functions (Eq. (11)) and their products 
will be written {F;;}. It may be shown that {F;;*} and 
\F (°F j."} vanish unless both g and r are even. Also, 
\F\2"F 13’F 23°} vanishes unless g, r, and s are either all 
even or all odd. If rotations of the whole system of 
three molecules are considered, it follows that { F;,°F j.."} 
= [Fi;"F jx%}, etc., and that 


\Pyo*} = {F132} = { Fos?} 
(82)* a/2 /g/2\ 3” 
ree 
i+q = 1+2m 


and so are independent of x and y. More complicated 
products of the F terms lead to cumbersome functions of 


(Stockmayer*) 
m 


a, B, y, and 6 (and so of x and y) which only varied 
slowly over the area accessible to the third molecule. 
And so for x>5 some of the more complicated products 
were replaced by simpler ones, e.g., {F13*F2;?} and 
{ F13?Fo34} by 30 { Fist is?} + { Fi24F 237} ]. This simplified 


. the computing. Where the terms for x=4 were worked 


out both with and without these approximations, it 
was found that they were unlikely to make the integrand 
more than one percent in error. Sufficient terms were 
worked out to give Qn. for x=2, 3, ---8 and n=2, 3, 
<< 

The last step is to integrate over x and y’. This can- 
not be done analytically. Only half the area shown in 
Fig. 1 need be considered as the integrand is symmetrical 
about «=43. Gauss’ method of numerical integration 
was used. Six values of y’ were taken and, for each, 
4, 4, 4, 4, 3, and 1 values of x. The integrands are well 
behaved and never have more than one point of zero 
slope with respect to changes of x or y*. As a check 
on the accuracy this method was used to find one value 
for a nonpolar molecule by Kihara’s method. The result 
agreed with the punched-card calculations of Bird, 
Spotz, and Hirschfelder within one part in 4000. The 
values of Q,,, are given in Table I. 

The value of AC/b)? was computed from these by 
means of Eq. (16) and added to the values of C/b,? for 
nonpolar gases’ to give the results shown in Table II 
and plotted in Fig. 2. It is hard to assess the accuracy 


TABLE ITI. C/d,?. 
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Fic. 2. The third virial coefficient as a function of the temperature 
(r) and the dipole energy (#,). 


of these numbers. The integrand of Q,,, changes with x 
more rapidly for the polar than for the nonpolar case. 
The values of AC/bo? are computed from sums of many 
terms of the Q,,,~, some positive and some negative. The 
sums over ” and x converge very slowly for low values 
of + and high values of ¢;. Hence, the figures may not 
always be accurate to as many places as they are given. 
This, though, is unimportant, as the experimental re- 
sults themselves are not very accurate. 


DISCUSSION 


The difference AB, between the value of the second 
virial coefficient for a polar and a nonpolar gas, is 
always negative and increases in size with increasing 4. 
The difference AC is positive for the temperatures shown 
in Fig. 2. However, at lower temperatures the terms of 
Q,n,% Which contribute most to the virial coefficient are 
those where 1 is large; and Table I shows that here the 
negative terms (& even) are larger than the positive 
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Fic. 3. The approximate form of the second and third virial 
coefficients of nonpolar and polar gases as a function of the re- 
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terms (& odd). That is, AC will become negative at low 
enough temperatures. This would be expected, as a 
negative C corresponds to increased compressibility. 
For 4;=1.0 it is estimated that C will become negative 
at about r=1.0. The trend of the curves is shown in 
Fig. 3. 

There are experimental measurements of the third 
virial coefficients of ammonia and steam. Those for 
ammonia may be calculated from the measurements of 
Beattie and Lawrence® by finding the slope at zero 
pressure of (V—RT/p) as a function of the density. 
The measurements of Meyers and Jessup’ are all at low 
pressures. Keyes, Smith, and Gerry* have determined 
the equation of state of steam. The third virial coeffi- 
cient may be found approximately from the equation 
which they fit to their results. The parameter (;, €/k, 
and by must be known in order to compare the observed 
and calculated values of C/bo?. These have been de- 
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Fic. 4. The observed and the calculated values of the third virial 
coefficient of ammonia and water. 


termined from the second virial coefficient 4 


Ammonia, 4;=1.0, «/k=320°K, b)=22.12 cm*/mole; 
Water, t;=1.2, €/k=380°K, 0)=23.42 cm*/mole. 


The comparison of theory with experiment is shown in 
Fig. 4. The agreement is good for ammonia but very 
bad for steam. This is undoubtedly due to the neglect 
of the higher multipoles in the interaction potential. 
Even for the second virial coefficient, the effect of these 
is several times larger for water than for a symmetrical 
molecule such as ammonia.® Apparently, this difference 
is even larger in the third coefficient. This effect is to 
make the water molecules cluster together more than 
would be expected, so that C becomes negative at 
temperatures below 7=1.8, instead of at about r= 1.0. 
The geometry of the water molecules is probably a 


6 J. A. Beattie and C. K. Lawrence, J. Am. Chem. Soc. 52, 6 
(1930). ’ 

7C. H. Meyers and R. S. Jessup, Refrig. Eng. 11, 345 (1925). 

8 Keyes, Smith,fand Gerry, Proc. Am. Acad. Arts. Sci. 70, 319 
(1936). 
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CRITICAL CONSTANTS OF POLAR GASES 


factor which favors this clustering, as it allows them to 
pack together to form a lattice of the wurtzite type 
where each molecule attracts all its neighbors equally. 
This is not possible with either point-dipoles or am- 
monia molecules. 
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The range of usefulness of the virial expansion is discussed. It is shown that this expansion closely re- 
sembles the Beattie-Bridgman equation if terms up to the third virial coefficient are included. This suggests 
that the ranges of validity of the two equations may be similar—namely, almost up to the critical density. 
The virial expansion is therefore used to calculate the critical constants of both nonpolar and polar gases. 
These constants are much less sensitive to the dipole-energy than are the virial coefficients. The agreement 


with experiment is satisfactory. 


O exact equation of state of dense gases has yet 
given numerical results. Two approximate meth- 
ods have been used. In the first, the gas is regarded as a 
rarified liquid in which molecules spend most of their 
time imprisoned by a cage of their nearest neighbors. 
The second method, which will be discussed here, 
starts from the equation of state of a perfect gas and 
considers the effect of interactions, first of pairs of 
molecules, then of triplets, etc. (the virial expansion). 
The first method has the advantage that the equation 
of state is formally valid over the whole range of density 
from solid and liquid to a perfect gas. However, the 
physical approximations, which have had to be intro- 
duced to give numerical results, are such that the equa- 
tion is good only at densities considerably above the 
critical.'-* These approximations have been improved 
recently and better results have been obtained.*:> These 
calculations are restricted, though, to nonpolar mole- 
cules. 
In the second method, the equation of state is ex- 
panded in a power series of the density, 


pV/RT=i+B/V+C/V?+D/Vi+:--. (1) 


The lower virial coefficients, B, C, etc., are functions of 
the temperature only. The very high ones will depend 
also on the volume, though the nature of this de- 
pendence is not known. The expansion is valid only in 
the gas region. Elsewhere, the series diverges. However, 
convergence is very rapid over most of the gas region; 


1 J. E. Lennard-Jones and A. F. Devonshire, Proc. Roy. Soc. 
(London) A163, 53 (1937). 

i * Prigogine and G. Garikian, J. chim. Phys. 45, 273 (1948). 

* Wentorf, Buehler, Hirschfelder, and Curtiss, J. Chem. Phys. 
18, 1484 (1950 3 

4S. Ono, Mem. Faculty Eng., Kyushu Imp. Univ. 10, No. 4, 
196 (1947); T. Sato and S. Ono, J. Phys. Soc. Japan 4, 103 (1949). 

5H. M. Peek and T. L. Hill, J. Chem. Phys. J 1252 (1950). 





and it is only close to the critical point that the sum of 
the terms beyond C/V? is important. Thus, although 
Eq. (1) cannot be used beyond the critical point, it 
might still be capable of giving reasonable values of the 
critical constants. This view is supported by its resem- 
blance to the well-known empirical equation of Beattie 
and Bridgman, which is also reliable up to, but not 
beyond, the critical density.* This resemblance will be 
examined a little more closely, before discussing the 
critical constants of Eq. (1). 

The Beattie-Bridgman equation may be written as a 
virial expansion where 


B=),-— (b./T)—b;/T*, 
C=c,+ (¢2/T)—c;3/T*, (2) 


Here ;---, c1:--*, and d; are compounded of five ad- 
justable parameters which are determined from the 
experimental measurements of the compressibility. 
These empirical expressions for the virial coefficients 
B and C show a similar dependence on temperature to 











TABLE I. 
Deb Ve DeVe 
~ (©) () (&) 
Mean value for Ne, A, No* 1.28 0.256 1.47 0.293 
From Eqs. (5)-(8) 1.45 0.376 1.29 0.333 
Lennard-Jones-Devonshire 1.30 0.909 0.84 0.591 
treatment* 
Peek and Hill’s® modification 1.18 0.547 1.55 0.72 
of L.J.D. 








® Reference 3. 
> Reference 5. 


6 J. A. Beattie and W. H. Stockmayer, Rept. Progress Phys. 7, 
195 (1940), give a good account of the validity and c aracteristics 
of the Beattie-Bridgman and similar empirical equations. 
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Fic. 2. The reduced critical temperature, 7., as a 
function of the dipole energy, hf. 
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Fic. 3. The reduced critical pressure, pcbo/e, as a 
function of the dipole energy, h. 
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Fic. 4. The reduced critical volume, V./bo, as a 
function of the dipole energy, 41. 


Polar gases 


@ Argon C8 Ethyl chloride gy) Ammonia 

O Neon &) Methyl chloride 7 | Water 

@ Nitrogen (.) Acetone pm Acetonitrile 
© Fydrogen = Acetaldehyde 


(Wherever the values of the nonpolar gases lie very close 


together, only the symbol for argon is shown.) 


the theoretical values (see Fig. 3 of preceding paper, 
reference 7). This resemblance between the Beattie- 
Bridgman equation and the virial expansion has been 
commented on before. Hirschfelder and Roseveare® 
compared the temperature-dependence of the second 
virial coefficient, and Corner? the dependence of the 
third. It is emphasized here because it suggests that the 
virial expansion up to the third virial coefficient should 
have as wide a range of usefulness as the Beattie- 
Bridgman equation. The fourth virial coefficient, D, 
which appears in Eqs. (2), may be ignored. In fitting 
the parameters, d; is put equal to zero for He, Ne, and A, 
and small but negative for Hz, N2, and CHy. Theoretical 
indications are that it should be small but positive for 


7 J. S. Rowlinson, J. Chem. Phys. 19, 827 (1951). 

8 J. O. Hirschfelder and W. E. Roseveare, J. Phys. Chem. 43, 
15 (1939). 
9 J. Corner, Trans. Faraday Soc. 37, 358 (1941). 





these gases.!° It is probable, therefore, that it has little 
effect except very close to the critical point.* 

A very sensitive test of any equation of state is the 
curvature of the isochores. Experiment shows that for 
nonpolar gases, (0%p/07?)y is always very small. It 
is negative in the gas region but becomes positive near 
the critical density.® (At the critical point it is identi- 
cally zero.) The sign of this curvature is given by vari- 
ous equations of state, thus—zero (van der waals), 
positive (Dieterici), and negative (Berthelot and 
Beattie-Bridgman). From Eq. (1), it may be shown 


10 R. B. Bird and E. L. Spotz, University of Wisconsin CM-599, 
Project NOrd 9938 (May 10, 1950). 

* Recent calculations have shown that even the exact theo- 
retical equation of state of Born and Green is accurate only to the 
third virial coefficient, when the “superposition” approximation is 
introduced. The apparent fourth virial coefficient is 78 percent of 
its true value for hard spheres. G. S. Rushbrooke and H. I. 
Scoines, Nature 167, 366 (1951) ; Hart, Wallis, and Pode, J. Chem. 
Phys. 19, 139 (1951). 
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that at low densities this curvature has the same sign 
as [27(dB/dT)+T?(@B/dT’) |. Bird and Spotz!® have 
computed derivatives of B for nonpolar gases. This 
function is negative over the whole temperature range. 
A similar term with derivatives of C becomes more im- 
portant at high densities. This is positive except at very 
low or very high temperatures. It is too small, though, 
to do more than reduce the amount of the negative 
curvature at any density below the critical. Equation 
(1), therefore, predicts isochores of nonpolar gases with 
negative curvature at all densities up to the critical. 
In this, it again resembles the Beattie-Bridgman equa- 
tion. 


THE CRITICAL CONSTANTS 
Equation (1) may be written 
p=RT(p+Bp?+Cp*+ ---), (3) 


where p, the density, is the reciprocal of the molar 
volume. The critical point is given by 


(0p/dp) r= (0°p/dp*) r=0. (4) 


Using subscript c to denote values at the critical point 
gives 


and 
3C.= Be. (6) 


Equation (6) determines the critical temperature." 
Tables of B'° and C7:!°-!8 have recently been computed 
for both polar and nonpolar gases. The intermolecular 
potential and the notation used to express it are the 
same as in the preceding paper. The critical tempera- 
ture +, was found from the tables of B and C by graph- 
ical interpolation. When 7, is known, the other reduced 
critical constants may be found from the two relations 
which may be derived from Eqs. (3), (5), and (6), 


(pebo/€) “east (r2bo/3B.), (7) 
(V./bo) saat (B./bo). (8) 


1 T. Kihara used this relation between the virial coefficients 
to determine the critical temperature in his discussion of the 
square-well potential. Proc. Phys.-Math. Soc. Japan 17, 11 (1943) 
(in Japanese). 

2 J. S. Rowlinson, Trans. Faraday Soc. 45, 974 (1949). 
aos” Spotz, and Hirschfelder, J. Chem. Phys. 18, 1395 


CRITICAL CONSTANTS OF POLAR GASES 











TABLE II. 
hh bo(cm*/mole) e/k(°K) 
Ethy] chloride 0.2 199.7 320 
Methy!] chloride 0.6 50.7 380 
Acetone 0.7 66.9 520 
Ammonia 1.0 22.1 320 
Water 12 23.4 380 
Acetonitrile a 82.0 400 
Acetaldehyde 1.4 62.8 270 








For nonpolar gases, Eqs. (5)—(8) lead to the values 
shown in Table I. 

It is seen that the approach to the critical point from 
the virial expansion gives better values for the constants 
than the crude treatment of Lennard-Jones and Devon- 
shire, and values which are as good as those of Peek 
and Hill, who modified their treatment to allow for the 
presence of “holes” in the liquid. 

Figures 1-4 show the predicted variation of these 
quantities with the reduced dipole-energy ¢;, which is a 
measure of the relative importance of the polar to the 
nonpolar forces.’"* Although both B and C change very 
rapidly with ¢;, it is found that the critical constants 
only change slowly. The critical ratio (Fig. 1) is de- 
termined by the form of Eq. (1) and so is independent 
of ¢;. The reduced critical temperature (Fig. 2) is almost 
independent of ¢;, and the critical pressure (Fig. 3) and 
volume (Fig. 4) tend to fall and rise, respectively. These 
predictions are compared with the experimental results 
for the gases for which the parameters /;, e, and bp have 
been derived. These parameters (Table II) were found 
by fitting the second virial coefficient.’"* Methyl alcohol 
has been omitted, as the value previously given to do is 
anomalous. It was smaller than that of water, owing to 
the unsymmetrical arrangement of the electric charges. 

The agreement with experiment is very satisfactory, 
in view of the approximations involved. The critical 
ratio apparently decreases slowly with /;, rather than 
remaining constant. The trends of 7,, ~., and V, are 
reproduced quite satisfactorily. Only the calculated 
critical volumes of water and ammonia are badly in 
error. 


14 Experimental values for the critical constants were obtained 
from the Tables of Landolt-Bornstein and from the Handbook of 
Chemistry and Physics (Chemical Rubber Publishing Company, 
Cleveland, Ohio). Values for steam are from the tables of J. H. 
Keenan and F. G. Keys (John Wiley and Sons, Inc., New York, 
1936). 
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The instabilities of FeO, NiO, MnO, and’ SiO» upon vaporization, and upper limits to the heats of dis- 
sociation of these oxides and SiO have been determined by effusion experiments. The data available in the 
literature have been treated to obtain the heats of dissociation, or the upper limits thereof, of the gaseous 


oxides SnO, ZnO, CdO, CuO, PbO, GeO, and TiO. 


The linear Birge-Sponer extrapolation of vibrational levels appears to give correct dissociation energies for 


the fourth-group oxides. 





INTRODUCTION 


HE vapor pressure of several diatomic oxides have 
been studied by the measurement of rates of 
vaporization from a free surface into a vacuum or by the 
rates of effusion from a Knudsen cell. In essentially all 
such studies the stability of the gaseous oxide has been 
assumed, and the vapor pressures and heats of sublima- 
tion have been calculated on this basis. 

Tf one considers the types of reactions that may occur 
upon vaporization of metal oxides, one can divide them 
into three classes. The first class, which is probably the 
most common, includes those oxides which have a high 
oxygen decomposition pressure and which decompose to 
a lower oxide with no appreciable loss of metal as the 
elemental vapor or as a gaseous oxide. These oxides may 
be readily distinguished experimentally by the observa- 
tion that heating causes a change in the x-ray pattern of 
the sample without any appreciable loss of the metal. 

The second class, which appears to be relatively 
uncommon, includes those oxides which vaporize to a 
stable gaseous molecule of approximately the same com- 
position as the condensed phase. The third class includes 
those oxides which vaporize by a process of decomposi- 
tion almost completely to the gaseous elements or to a 
stable gaseous oxide of considerably different composi- 
tion than the condensed phase. 

The three classes can be illustrated using oxides con- 
sidered in this paper. The decomposition of Fe,O; to 
Fe;O0, or of Mn3O, to MnO upon heating illustrates the 
first class. During the heating of these oxides, oxygen is 
evolved with no detectable amounts of iron or man- 
ganese vaporizing. The second class may be illustrated 
by the vaporization of PbO. The solid of composition 
approximately PbO vaporizes to a gas consisting almost 
entirely of PbO gaseous molecules. The third class may 
be illustrated by the vaporization of NiO and SiO». NiO 
appears to vaporize largely by decomposition to gaseous 
nickel and oxygen which are present in the gaseous 


* Abstracted in part from the thesis by Donald F. Mastick in 
artial satisfaction of the requirements for the degree of Doctor of 
hilosophy in Chemistry at the University of California. 
ft Atomic Energy Commission Fellow, 1948-1949; 
address: Technical Information Division, U. S. Atomic 
Commission, Washington 25, D. C 

t This document is based in part on work performed under 
Contract No. W-7405-eng-48B for the AEC, 
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phase in higher concentrations than any gaseous nickel 
oxide molecules. SiO, also appears to vaporize by 
decomposition, but elemental silicon is not the main 
species. SiO and Op» gases appear to be the main gaseous 
species when SiO» vaporizes. 

It is the purpose of this work to consider an experi- 
mental method for distinguishing between the second 
and third classes discussed above. In any case, the 
partial pressures of the elements in equilibrium with the 
condensed oxide phase can be calculated when the heat 
and entropy of formation of the oxide are known as a 
function of temperature. When stable gaseous oxide 
molecules are unimportant, the volatility of the oxide 
has thus been determined when the partial pressures of 
the elements are known. The effect of the existence of a 
stable gaseous molecule which would be present in 
higher concentration than the gaseous elements is to 
increase the total volatility. Thus, a clear distinction can 
be made between an oxide which vaporizes largely by 
decomposition to the elements and one which vaporizes 
largely to a stable oxide molecule. In the first situation 
the total volatility should agree with the decomposition 
pressures of the elements calculated from the thermo- 
dynamic data for the oxide. In the second situation the 
total volatility should be greater than that calculated on 
the basis of decomposition to only the elements. Using 
this in reverse as an experimental criterion, we can say 
that the existence of a stable gaseous oxide species has 
been demonstrated when the total observed volatility is 
greater than the calculated volatility due only to de- 
composition to the elements. When the total observed 
volatility is of the order of the calculated volatility due 
to decomposition to the elements, then any gaseous 
oxide molecules will be of smaller concentration than the 
elements or in a few intermediate cases will approach the 
concentration of the elements. When the gaseous oxide 
is more important than the elements, the vapor pressure 
data can be used directly to determine a heat of forma- 
tion of the gaseous oxide. When it is less important than 
the elements, only an upper limit to its stability can be 
given. Since it is not common to have experimental or 
thermodynamic data which will fix the pressures to 
better than a factor of two, the simplest way to fix the 
upper limit to the partial pressure of the gaseous oxide 
species is to take it equal to the decomposition pressure 
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of the elements. From this pressure value together with 
entropy values one can then calculate the upper limit to 
the heat of formation. In most cases it will be a very high 
upper limit, since the oxide gaseous species will be very 
much less important than the gaseous elemental species. 

When decomposition takes place to a stable gaseous 
species such as the vaporization of SiO2 as SiO and O» 
gases, the same procedure as described above can be 
used to determine if other oxide species such as SiO» gas, 
for example, are important if the thermodynamic data 
for the decomposition products are available. 

Of the oxide systems considered in this paper, stable 


gaseous oxide species have been demonstrated for the . 


Pb, Cu, Sn, and Si oxide systems. For the oxides MnO, 
FeO, NiO, ZnO, CdO, and TiO, the observed total 
volatility has agreed with the calculated decomposition 
pressure of the elements within experimental error. 
Thus, they clearly belong to the third class discussed 
above. Any possible gaseous oxide species in these sys- 
tems cannot be more important than the elemental 
species and undoubtedly are of negligible importance in 
reducing atmospheres. Also, the total volatility of SiO. 
has been shown to agree within experimental error with 
the decomposition pressure of SiO and Os, which 
demonstrates that SiO, gas cannot be more important 
than SiO and indicates that SiO» is most likely a quite 
unimportant gaseous species. 

If the spectroscopic value for the heat of dissociation 
is well established, one may combine this value with the 
heat of formation of the oxide and heat of sublimation of 
metal and of dissociation of O2 to calculate the vapor 
pressure of the gaseous oxide at the appropriate tem- 
peratures. If these values are much lower than those 
observed, further verification of dissociation is obtained. 
Actually, the spectroscopic values are rarely of value, 
because of the uncertainties in fixing the ground states 
of the molecule and resulting atoms and the difficulties 
in extrapolating observed vibrational levels to the true 
dissociation limit. In many cases, it is the chemical de- 
termination which allows one to decide which of several 
possible spectroscopic values is correct. 

The studies of FeO, NiO, MnO, and SiOz were con- 
ducted by measuring the rate of effusion from an inert 
Knudsen cell. The FeO, MnO, and SiO: were contained 
in platinum cells and the NiO in a BeO cell. These cells 
were crucibles with snug-fitting lids with concentric 
knife-edged effusion holes, about $ inch in diameter. A 
series of thin molybdenum spirals surrounded the 
crucibles, and a series of molybdenum disks supported 
on 7g-inch pins served to decrease heat,loss outward and 
downward from the crucibles. Heat flow out the top was 
decreased by having above the crucibles a series of 
tantalum disks, each of which had a hole in the center. 
The size of each hole increased regularly with the dis- 
tance from the effusion hole, so that an unobstructed 
cone was available for the escape of the molecular beam. 
Above these shields was a thin platinum collector plate 
suspended in a water-cooled copper holder. The geome- 


try was such that about five percent of the vapor leaving 
the hole was collected. 

The crucible and all the molybdenum and tantalum 
shielding were contained in a zircon crucible about 5.5 
inches tall, 2.25 inches in diameter at the bottom, and 
2.5 inches in diameter at the top. The zircon crucible 
rested on a zircon stand inside an externally water- 
cooled Pyrex tube. The vacuum within this tube was 
maintained between 1X10-° mm and 4X10-° mm 
during each run by a system of two oil diffusion pumps 
backed by a mechanical pump. 

Energy was applied to the crucible from a water- 
cooled copper coil which surrounded the Pyrex water 
jacket. This coil was in series with a 20-kw spark gap 
converter. The temperature inside the crucible was read 
with a calibrated optical pyrometer focused through a 
hole in the collector plate at the plane of the effusion 
hole. Because of the small ratio of hole area to total 
inside area, no deviation from blackbody conditions was 
assumed. The temperature measurements were cor- 
rected for reflection and absorption by the windows of 
the vacuum system. Details of the equipment and 
procedure are given elsewhere.! 


RESULTS AND CALCULATIONS 
FeO 


The instability of gaseous ferrous oxide has been 
indicated by the experimental work of Darken and 
Gurry.” They prepared the constant boiling oxide mix- 
ture at 1600°C, whose composition in atom ratio was 
O/Fe=1.116. From the known activity of iron in this 
mixture, the equilibrium oxygen pressure, and the vapor 
pressure of iron at 1600°C, they conclude the pressure 
of FeO(g) over this constant boiling mixture is negligibly 
small, since their calculation actually leads to a negative 
FeO(g) pressure. 

In attempt to establish an upper limit to the FeO 
vapor pressure by an effusion method, the stationary 
constant boiling composition mentioned above is un- 
satisfactory because of the relatively high iron activity 
at this composition. It is desirable, then, to utilize 
another stationary composition or composition range in 
the iron-oxygen system in which the iron activity is 
greatly reduced relative to the FeO activity. The two- 
phase system liquid iron oxide—solid magnetite (Fig. 1) 
affords such a situation as the activity of iron and the 
oxygen pressure are constant for all compositions in this 
region along any given isotherm, and the iron activity is 
quite low. 

The experimental data for the activity of iron and 
FeO and the equilibrium oxygen pressure in the iron- 
oxygen system are taken from Darken and Gurry’s 
comprehensive paper® for the purposes of the thermo- 
dynamic calculations made herein. 

1L. Brewer and D. F. Mastick (to be published). Brewer, 
Gilles, and Jenkins, J. Chem. Phys. 55, 707 (1948). 


2L. S. Darken and R. W. Gurry, J. Am. Chem. Soc. 68, 798 
(1946). 
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Fic. 1. Phase diagram for iron-iron oxides. 


In the liquid oxide-solid magnetite region the partial 
pressure of oxygen is 3.02 10-* atmos at 1773°K; and 
the activity of iron, relative to metallic iron as unity, is 
3.47X 10 at 1773°K. Combining this information with 
the hole area and given initial weight of FesO., one can 
calculate the time required to lose an amount of O2(g) 
from the cell sufficient to cause the disappearance of the 
solid magnetite phase. The duration of each run was 
accordingly at least a factor of two lower than this 
calculated time interval. This precaution was necessary, 
since one cannot determine the phases present at the end 
of the run by x-ray diffraction analysis, because a final 
composition either in the two-phase region or in the 
liquid oxide region upon cooling will pass into the solid 
wustite and magnetite region (Fig. 1) and result in the 
identification of the magnetite phase. 

The Fe3O, was prepared by heating Baker’s cp Fe203 
in vacuum to 1300°C. At this temperature, the partial 
pressure of oxygen is initially 1 atmos over Fe20;(s) and 
drops to 1.48 10~ atmos, at which point the Fe;0,(s) 
phase appears. The oxygen pressure remains constant at 
this value until the Fe,O3(s) phase disappears and then 
drops to 2.40 10-* atmos as the composition changes 
by loss of oxygen through the magnetite solid solution 


TABLE I. Observed volatility of liquid FeO and calculated vapor 
pressure of FeO and Fe from effusion data. 











Wt. Feon Preo (atmos), P¥e (atmos), 

Time collector assuming assuming 

Run °K sec X10" =.g X108 only FeO(g) only Fe(g) 
1 1776 1.20 4.38 1.01 10-7 0.89 X 1077 
2 a a 9.33 144X10-7 ~— 1.27 1077 
3 1776 240 178 2.05107 —:1.81 10-7 
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region until the magnetite-wustite edge is reached. By 
observing the pressure changes when Fe.Q; is heated in 
an open platinum crucible one can easily tell when the 
conversion to Fe;O, is complete. An added advantage of 
preparing Fe;0, by this method is that volatile im- 
purities are essentially excluded. This is quite important, 
since collections of the order of a few micrograms of iron 
are to be expected during the effusion runs and a small 
amount of chloride impurity, for instance, might intro- 
duce a great error by virtue of the high volatility of the 
iron chlorides. The weight change during the conversion 
was within 0.02 percent of the calculated stoichiometric 
value. Spectrochemical analysis showed less than 0.01 
percent platinum was present in the iron oxide after 
heating at 1778°K for 30 minutes in the platinum 
effusion cell. Analysis of the resulting Fe;O, indicated 
the following level of impurity: As, Co, Cr, Pb, Sn, not 
detected; Mo, Ni, 0.01-0.1 percent. X-ray diffraction 
pattern showed no iron oxide phases other than Fe;0,(s) 
to be present. The lattice constant determined with 
CuKa, radiation was a= 8.394+0.003A. 

The deposits on the platinum collector plates were 
very difficult to dissolve. Consequently, the collector 
plates were sealed in thick-walled Pyrex tubes with 
9N HCl and heated for six hours at 140°C. The resultant 
solutions were analyzed colorimetrically by a Carey 
recording spectrophotometer by 5100A, using ortho- 
phenanroline as the colorimetric reagent. 

Table I gives the essential results of these measure- 
ments. The vapor pressures were calculated by use of 
the expression provided by kinetic theory of gases: 


p=2(MT)}/44.383a-1, (1) 


where p is the vapor pressure in atmospheres, z is the 
number of moles of the particular species effusing, M the 
molecular weight, a the area of the effusion hole in cm’, 
and ¢ the duration of the run in seconds. The vapor 
pressures given in columns 5 and 6 were calculated by 
Eq. (1), assuming first that FeO(g) was the only 
vaporizing species and secondly that Fe(g) was the 
only vaporizing species. The average value for Pr 
= (1.320.47)X10-7 atmos agrees exceptionally well 
with the value Pre= 1.59X 10~7 atmos from the activity 
of iron? and the vapor pressure of iron at this tempera- 
ture.* Although it is apparent that the amount of iron 
collected may be accounted for by Fe(g) as the only 
important effusing species, the vapor pressures given in 
column five for FeO(g) serve as an upper limit for Pro 
in this system. 

If one takes the values of the (AF—AH))/T functions 
given by Johnston and Marshall‘ for the reaction 
NiO(s) = NiO(g) as being a reasonable approximation to 
the reaction under consideration, the average value for 
the upper limit of the vapor pressure of FeO, 1.50 107 
atmos, may be used to calculate an upper limit to the 

3K. K. Kelley, U. S. Bureau of Mines Bulletin 383 (1935). 


a on) L. Johnston and A. L. Marshall, J. Am. Chem. Soc. 62, 1382 
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heat of dissociation of FeO(g) at 0°K. Using the avail- 
able values for the heat of formation® of Feo.9sO(s), the 
heat of sublimation of iron,® and the heat of dissocia- 
tion® of O2(g), one obtains 


FeO(g)=Fe(g)+O(g), AHo<98 kcal/mole. 


A definitive determination of this quantity from 
spectroscopic data is not possible since the ground state 
of FeO has not been fixed. Gaydon’ has reviewed the 
spectroscopic data which give a linear Birge-Sponer*® 
extrapolation to AHyp=115 kcal/mole, which Gaydon 
reduces to AHy=92+23 kcal/mole to take into account 
the deviation from linearity. Comparison of this value 
with the upper limit AH)<98 kcal/mole indicates that 
the electronic state for which the Birge-Sponer ex- 
trapolation has been carried out must be the ground 
state or very close in energy to the ground state if the 
extrapolation is to the ground state atoms. 

NiO 

The apparent instability of FeO with respect to 
dissociation upon vaporization leads one to suspect that 
NiO would behave in a similar fashion by virtue of the 
close similarity in the chemical properties of iron and 
nickel. However, Johnston and Marshall’ report that 
gaseous NiO shows only a negligible tendency to dis- 
sociate between the temperatures 1438 and 1566°K. 
There are other reports in the literature which conflict 
with this,'° indicating in some cases a high dissociation 
pressure at lower temperatures. 

The stability of gaseous NiO has been investigated by 
a thermodynamic treatment of Johnston and Marshall’s 
excellent data and by experimental studies of the phase 
changes in solid NiO at high temperatures and the 
composition of the condensate resulting from effusion 
from a Knudsen cell containing NiO(s). 

Johnston and Marshall determined the vapor pressure 
of NiO by measuring the rate of vaporization from a 
nickel ring which was slightly oxidized on its surface to 
NiO. The ring was supported in high vacuum and heated 
by induction. A determination of total weight loss per 
unit time was supplemented by a determination of the 
weight of oxygen lost during each run by subsequent 
reduction of the oxide film by hydrogen. Thus, assuming 
the only species which transported oxygen from the 
solid to the gas phase was NiO(g), the weight loss of Ni 
and NiO per unit time was determined. 

5 L. Brewer, Atomic Energy Commission Declassified Paper 
UCRL-104 (1948). 

° L. Brewer, National Nuclear Energy Series (McGraw-Hill Book 
Company, Inc., New York, 1950), Vol. 19B, Paper 3. 

7A. G. Gaydon, Dissociation Energies and Spectra of Diatomic 
Molecules (John Wiley and Sons, Inc., New York, 1947). 

®R. T. Birge and H. Sponer, Phys. Rev. 28, 259 (1936). 

(1949) L. Johnston and A. L. Marshall, J. Am. Chem. Soc. 62, 1383 

°H. W. Foote and E. K. Smith, J. Am. Chem. Soc. 30, 1344 
(1908); R. N. Pease and R. S. Cook, ibid., 48, 1199 (1926); L. 
Wohler and O. Balz, Z. Elektrochem. 27, 406 (1931); A. Skapsky 


and J. Dabrowsky, ibid., 38, 365 (1932); A. F. Kapustinsky and 
L. Shamovsky, Z. anorg. u. allgem. Chem. 216, 10 (1933). 
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In the calculation of vapor pressures from these data, 
Johnston and Marshall used the expression, 


logp+loga=logm—} logM+4 logT—1.647, (2) 


in which p is the .pressure in atmospheres, a is the 
sticking coefficient, m is the weight loss in grams per cm? 
per second, and 7 is the temperature in °K. In their 
treatment a was assumed to be essentially unity, which 
is in accord with other results in the literature." 

They combine their calculated free energy functions 
for Ni(s) and NiO(s) with the free energy functions for 
O.(g) given by Johnston and Walker” and the standard 
heat of formation of NiO(s) at 298.1°K as given by 
Roth" in order to calculate the dissociation pressure of 
oxygen to be expected under their experimental condi- 
tions. The pertinent results of their treatment of the 
NiO vapor pressure data and their calculated Oz dis- 
sociation pressure are given in Table II. 

By using the (F—H»)/T functions of NiO(s) and 
NiO(g) in conjunction with the AF values as calculated 
from the NiO(g) vapor pressures given in Table II, 
Johnston and Marshall calculated the AH» for the 
sublimation of NiO(s). This value, AHo= 117,055 1000 
cal, was found to be essentially constant over the 


TABLE II. Observed vapor pressure of NiO reported by H. L. 
Johnston and A. L. Marshall (reference 9). 








Evap. 





Initial loss Residual Time, NiO PNio Poo 
T°K O2g total,g Og sec evap. g atmos atmos 
1438 0.01424 0.01732 0.01381 6930 0.00200 2.43 x10-9 
1441 0.00759 0.01160 0.00722 7001 0.00173 2.09X10-* 7.76107 
1495 0.01840 0.01803 0.01770 2286 0.00327 1.23 X10°% 3.29 X10°9 
1511 0.00917 0.00465 0.00877 609 0.00187 2.66107 5.00x10™ 
1529 0.00921 0.01139 0.00837 1340 0.00392 2.72 X10°* 7.37 X10™* 
1566 0.0044 0.01893 0.00289 759 0.0070 8.51X10°% 1.8410 








temperature range investigated. This fact and the 
calculated low values for the oxygen dissociation pres- 
sures were taken as definite indication that the dissocia- 
tion of NiO(s) was quite negligible at these temperatures. 

Now it was found that during their NiO vapor pres- 
sure runs the underlying Ni continued to vaporize 
essentially unimpeded through the NiO layer. Actually, 
their analyses show that the weight loss assumed to be 
due to NiO(g) varied from 12 to 46 percent of the total 
loss in their heatings. Thus, since the weight loss of 
oxygen is quite small relative to the total, it would be 
exceedingly difficult to fix the actual species responsible 
for the transference of the oxygen to the gas phase from 
their data alone. 

In regard to their derivation of oxygen dissociation 
pressures it should be pointed out that the ratio of 
PNio to Po: is not actually as large as is indicated by 
their calculated pressures given in Table II. It will be 

11 T, Langmuir, Phys. Rev. 2, 329 (1913), and subsequent papers; 
F. H. Verhoek and A. L. Marshall, J. Am. Chem. Soc. 61, 2737 
tian’ Brewer, Gilles, and Jenkins, J. Chem. Phys. 16, 797 
’ 2H L. Johnston and M. K. Walker, J. Am. Chem. Soc. 55, 172 


(1933) ; ibid., 57, 682 (1935). 
13 W. A. Roth, Z. angew. Chem. 42, 981 (1929). 
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seen that the pressure which is obtained by Eq. (2) is a 
rather sensitive function of the molecular weight of 
species chosen for the calculation, this choice affecting 
the terms m and M. For instance, given the weight loss 
of oxygen per unit time, one can assume that either the 
species NiO(g) or O2(g) is responsible for the loss of 
oxygen from the solid NiO. The same oxygen weight 
loss then allows a calculated PNio or Po: which will have 
the ratio Po2=0.327Pnio. The ratio of Po2 to PNio as 
calculated by Johnston and Marshall (Table IT) varies 
from 0.373 to 0.187. Thus, actually, the oxygen pres- 
sures which they have calculated from thermodynamic 
data appear to agree reasonably well with those which 
they would have obtained if they had treated their ex- 
perimental data for the species O2(g) rather than NiO(g). 
In other words, the AH» of formation of NiO(s) which 
they used would agree very well with the average AHp 
which one would obtain by a treatment of their oxygen 
loss data assuming only dissociation to be occurring. 
From their calculated O2 pressures (Table II) and the 
free energy functions which they used, one finds they 
had used AHo=59.5 kcal. Again using the same func- 
tions and the O: pressures derived from their experi- 
mental data, one obtains AHyp=59.3 kcal. 

The second point to be made concerning the ratio of 
Pnio to Poe given by Johnston and Marshall concerns 
the AH» which they have used in calculating their 
dissociation pressures. The National Bureau of Stand- 
ards" gives (AH 2o93— AH») =0.6 for the reaction NiO(s) 
= Ni(s)+ 302(g). The heat of the reaction is greater at 
298.1°K than at 0°K. However, Roth’s value, which 
they use as AH 29g, is 58.9 kcal. The only explanation for 
the AHy=59.5, which they apparently use in calculating 
their O2 pressures, is that they added the (AH 293— AH) 
correction to Roth’s heat rather than subtracting. This 
then introduces an error of about one kilocalorie in their 
AF of dissociation and results in O2 pressures which are 
roughly a factor of two lower than would result from the 
proper use of the (AH2s—AHp) correction. In view of 
these two factors, one is no longer justified in concluding 
that dissociation is negligible relative to direct vapor- 
ization. 

A recent evaluation by Brewer' of existing data on the 
heat of dissociation places the most probable value at 
AH = 57.5 kcal. If this were used instead of Roth’s 
value, even higher dissociation pressures would result 
from such calculations. However, it will be recalled that 
the treatment of Johnston and Marshall’s experimental 
data gave the still higher heat AH29s=59.9, which, of 
course, means that the oxygen pressures calculated from 
their data will be lower than those calculated by the use 
of Brewer’s heat and the free energy functions used by 
Johnston and Marshall. Thus, use of either value 
supports the dissociation mechanism. Therefore, it ap- 
pears that the dissociation mechanism is the only 


4 Selected Values of Chemical Thermodynamic Properties, Na- 
tional Bureau of Standards (U. S. Government Printing Office, 
Washington, D. C.), 1947 et seq. 
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hypothesis by which Johnston and Marshall’s data as- 
sumes the best fit to existing thermodynamic data. 

With respect to the discrepancy between the heat 
of formation of NiO(s) derived from Johnston and 
Marshall’s data and that which Brewer gives, it should 
be mentioned that there is apparently some error in the 
high temperature heat capacity data’® which Johnston 
and Marshall used in calculating the free energy func- 
tions for NiO(s).!* However, the main difference is 
probably due to the greater heat of formation of nickel 
oxide of a composition saturated with Ni (as in the 
experiments discussed above) compared with the heat of 
formation of nickel oxide compositions of high oxygen 
content which would be expected to be present in 
systems at lower temperatures. 

The NiO used in the experimental studies reported 
below was obtained from a bottle of Baker’s cp NiO and 
gave the following spectrochemical analysis: Be, Co, Fe, 
Ti, and V, not detected. The carbon content, determined 
by microcombustion, was 0.006 percent. No further 
purification was attempted. All samples were air dried 
at 140°C for 48 hours prior to use. 

While, in general, it is desirable thermodynamically 
to use refractory metal containers for oxides at high 
temperatures, it was found that W was very unsatis- 
factory as rapid reduction of the NiO occurred, forming 
the volatile tungsten oxides and the low melting W-Ni 
eutectic. By this one could rule out Ta and Mo, as the 
former was quite unstable towards FeO at 1600°C 
within one hour, and the latter has essentially the same 
electronegativity as W, oxides of high volatility at these 
temperatures, and a low melting eutectic. Considering 
the high difference in the ionic radii of Bet* and Ni**, 
which would lead one to expect only slight solid forma- 
tion between BeO(s) and NiO(s), and the fact that the 
minimum in the NiO-BeO liquidus curve occurs at 
1890°C, which is well above the temperature range in- 
vestigated, BeO was used as the container. 

Three effusion runs were made, two at 1816°K for 60 
minutes each, and one at 1782°K for 100 minutes. After 
the first run tiny globules of metallic Ni were found on 
the crucible walls as a result of condensation. Otherwise, 
the walls and lid were clean except for a continuous 
blue coloration. X-ray diffraction and spectrochemical 
analyses were made of the effusate which collected on a 
water-cooled Pt plate and of the solid remaining in 
the crucible. 

The effusate, aside from large amounts of Ni, showed 
the following spectrochemical analysis: Co, V, Ti, not 
detected; Be and Fe, ~0.01 percent. X-ray diffraction 
showed the existence of two phases: Ni(s) and NiO(s). 
The same analyses carried out on the solid remaining in 
the crucible after heating for 220 minutes showed 
spectrochemically: Co, V, T, not detected; Be, Fe, 


16 A. F. Kapustinsky and Novoseltsev, J. Phys. Chem. (U.S.S.R.) 
11, 61 (1938). 

16 Personal communication from K. K. Kelley, U. S. Bureau of 
Mines, Berkeley, California. 
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<0.01 percent; by x-ray diffraction, two phases were 
present: Ni(s) and NiO(s). It is seen that BeO is a 
satisfactory container for NiO(s) at these temperatures. 

At first inspection, these results appear to show dis- 
sociation occurring in such a manner to bring about a 
continuous production of a Ni phase by virtue of the 
loss of oxygen. However, from Johnston and Marshall’s 
data one calculates that at 1438°K, for example, the 
ratio of oxygen atoms to nickel atoms vaporizing from a 
surface mixture of nickel and nickel oxide or from an 
effusion chamber containing both nickel and nickel oxide 
phases should be about 0.1. Thus, if one vaporizes such 
a mixture at constant temperature, the nickel phase will 
eventually disappear, leaving a nickel oxide phase which 
will continue to lose nickel. As the nickel content of the 
nickel oxide solid solution decreases, the nickel partial 
pressure will decrease and the oxygen partial pressure 
will rise until the composition of the solid is equal to the 
composition of the vapor. When this is reached, one will 
have a constant vaporizing mixture which will vaporize 
without change in composition. If one starts well inside 
the nickel oxide solid-solution range, the rate of escape 
of oxygen is higher than the rate of escape of nickel and 
the oxygen content of the solid solution decreases until 
the constant vaporizing mixture is reached. 

Thus, upon heating NiO one should not form any Ni 
metal phase at the high temperature. However, if the 
solubility of Ni in the nickel oxide phase or the extreme 
limit of the nickel oxide solid-solution range decreases 
with decreasing temperature sufficiently, and if the 
constant vaporizing composition is close enough to the 
Ni-rich limit of the nickel oxide solid-solution range, 
then one can obtain a nickel phase upon cooling the 
single phase constant vaporizing nickel oxide solid solu- 
tion due to disproportionation to metallic nickel and a 
nickel oxide solid solution higher in oxygen content. 
This appears to be the case for nickel oxide, since one 
obtains a mixture of nickel metal phase and nickel oxide 
phase upon cooling the constant vaporizing nickel oxide. 
Also, one obtains nickel and nickel oxide phases in the 
sublimate because of the disproportionation of the same 
constant vaporizing composition. 

No data are available in the literature on the Ni-NiO 
phase diagram, but these results indicate that study of 
this system will show a wide solid-solution range for the 
nickel oxide range with an increasing solubility of nickel 
in the oxide phase with increasing temperature. 

In order to establish definitely the absence of reducing 
agents in the Baker’s NiO which could account for the 
presence of nickel after heating, the nickel oxide was 
heated for 90 minutes at 1302°K. In a second run, the 
NiO was heated to 1629°K for 4 minutes, cooled to 
1296°K over 12 minutes, and held at 1296°K for 60 
minutes. Under these conditions, essentially no change 
In composition will result from volatilization; and if a 
metallic nickel phase is found after the heating, it must 
be due to a reducing impurity in the NiO. In both cases 
the x-ray diffraction pattern was exactly similar to that 
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of the original nickel oxide with no metallic nickel lines 
being visible. These results exclude the possibility of 
reducing agents being responsible for the appearance of 
the metallic nickel phase in the effusion runs. Further- 
more, the second heating to 1629°K and subsequent 
slow cooling shows that the NiO was not originally a 
metastable phase as no metallic nickel phase resulted 
from this treatment. Since analysis indicates the com- 
position of the starting nickel oxide is NiOo.995, the 
constant vaporizing composition at 1800°K must be 
richer in nickel than NiOo.995 and the nickel-rich solid- 
solution limit at 1800°K must be even richer in nickel 
content. 

From these results one is led to conclude that 
vaporization by dissociation is the major way in which 
NiO vaporizes, since loss of only the species NiO(g) 
would not account for the observed phase changes. 

Taking the vapor pressures for NiO(g) given by 
Johnston and Marshall as an upper limit, the upper 
limit to the heat of dissociation of NiO(g) at 0°K is <99 
kcal/mole. Spectroscopic Do values for this reaction are 
not available for comparison. 


MnO 


Relatively little is known concerning the manganese- 
oxygen phase diagram. Le Blanc and Wehner" have 
found that MnO prepared in a vacuum takes up oxygen 
up to the composition MnO,.13 with no change in phase. 
Assuming the activity of MnO to be essentially unity 
throughout the MnO solid-solution range, one may in- 
vestigate the volatilization of MnO by measuring the 
rate of weight loss from an effusion cell containing 
manganese oxide whose composition falls within this 
range. Such measurements may be conducted by heating 
Mn;0, to high temperatures in vacuum. At 1767°K the 
partial pressure of oxygen over Mn;Q, is about 1.9 
atmos; and therefore, the composition changes rapidly 
by loss of oxygen until the MnO solid-solution edge is 
reached. During this time interval a negligible amount 
of Mn will volatilize, since the Mn activity is very low 
in the Mn;O, region. Owing to the high decomposition 
pressure of Mn;Q,, it is not possible to determine the 
vapor pressure of an invariant two-phase system con- 
taining both Mn;0, and MnO in a manner similar to the 
above study of the FeO— Fe;0, system. 

The Mn;0, used in these determinations was prepared 
by heating Merck’s Reagent grade MnO, at 950°C in 
vacuum. Kriill'* has observed that dissociation of MnO2 
and Mn,O; occur readily in the range 900-1000°C, 
whereas Mn;0O, was not observed to dissociate to MnO 
at an appreciable rate below 1300°C. The MnO» was 
consequently heated at 950°C until the pressure in the 
vacuum line dropped to a value which indicated that 
rapid gas evolution was occurring no longer. The re- 


sultant Mn;O, was a deep rust color and upon x-ray 


( 033). Le Blanc and G. Wehner, Z. Physik. Chem. A168, 59 
1933). 
18 F, Kriill, Z. anorg. Chem. 208, 134 (1932). 




















840 i. 





TABLE III. Observed volatility of MnO and calculated pressures 
of MnO and Mn from effusion data. 








Wt.Mn = Pwn (atmos) Pano (atmos) 





Time _ collected assuming assuming 
Run °K sec X1073 (gX108) Mn(g) species MnO(g) species 
1 1767 1.80 49 6.7 X1077 7.6 X1077 
2 1767 2.40 73 7.551077 8.551077 








diffraction examination was shown to contain no other 
phases than Mn;0,. The tetragonally distorted spinel 
structure had the lattice constants a=5.76+0.01A, 
c=9.44+0.01A with CuKa; radiation. Spectrochemical 
analysis indicated the following level of impurities: As, 
Co, Ni, Sn, Pb, Cr, not detected; Mo, 0.1-1 percent; 
Na, 0.2 percent; Fe<0.01 percent. 

Spectrochemical analysis of the resultant MnO after 
a 40-minute heating at 1767°K showed <0.01 percent 
platinum was picked up from the container. The deposit 
was dissolved from the 2-mil platinum collector plate 
with 36N H2SOx,, oxidized with KIO, and determined 
colorimetrically as permanganate on a Carey Recording 
Spectrophotometer. X-ray diffraction patterns of the 
residue in the effusion cell after each run showed that 
only the MnO phase was present. The lattice constants 
for the face-centered cubic phase were a)=4.438 
+0.004A and ap>=4.441+0.002A for the MnO resulting 
from runs 1 and 2, respectively (Table III), as deter- 
mined with CuKa; radiation. 

Table III gives the results of the effusion measure- 
ments. Columns 5 and 6 were calculated from the data, 
assuming the gaseous manganese species in equilibrium 
with MnO(s) to be Mn(g) and MnO(g), respectively. 

In view of the agreement between the results of runs 
1 and 2 the average values Pun=7.1X10~" atmos and 
Pyno=8.1X10~" atmos are used in the calculation of 
the value of AF/T for the two possible reactions under 
consideration : 

MnO(s)= Mn(g)+302(g), (3) 


MnQ(s) = MnO(g). (4) 


Within the desired accuracy of this research it is as- 
sumed that PMn=2P0z in reaction (3) and that the 
pressures of Mn(g) and MnO(g) given above are upper 
limits. For reaction (3), AF/T=42.23 kcal/mole. Com- 
bining this value with available (F—Ho)/T values®!*” 
for the species in reaction (3), one obtains the heat for 
the reaction: AHes= 161.5 kcal/mole. Brewer®*® gives 


TABLE IV. Observed vapor pressure of SiO». 








Wt. on 





Time collector Psio 
Run °K sec X1073 g X10* atmos AF 
1 1840 2.40 0.5 4.06X 10-6 69.3 
2 1933 3.72 1.4 7.47X 10-6 69.5 
3 1951 6.60 2.3 7.02X 10-6 70.2 








"K. K. Kelley, U. S. Bureau of Mines Bulletin 434 (1948). 
2K. K. Kelley, U. S. Bureau of Mines Bulletin 476 (1949). 
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AH 23= —92.0 kcal/mole for the reaction Mn(s)+4302(g) 
=MnO(s) and AH23= 68.63 kcal/mole for the heat of 
sublimation of manganese. Thus, for the reaction (3) the 
thermochemical value for the heat is AH29s= 160.6 
kcal/mole. Since the difference of one kcal/mole is 
probably within the accuracy allowed by the assump- 
tions made herein, this constitutes very good agreement 
between the value calculated on the assumption of a 
dissociation mechanism and the thermochemical value 
for the same reaction. 

The AF/T value for reaction (4), as calculated from 
the experimental Pmno, is AF/T=27.8 kcal/mole. As- 
suming the (F—H)/T functions for MnO(g) to be 
essentially equal to those for NiO(g),® allowing for the 
difference in molecular weights, the experimentally de- 
termined lower limit to the heat for reaction (4) is 
AH»> 113 kcal/mole. Combining this value with those 
for the heat of formation of MnO(s),® the heat of 
sublimation of Mn(s),®° and the heat of dissociation of 
40.(g),® one calculates the value AH)<107 kcal/mole 
for the reaction 


MnO(g)= Mn(g)+O(g). 


The value given for this reaction by Gaydon’ from an 
inspection of spectroscopic data is Dy=92 kcal/mole. 
The divergence between these two values is indication 
that the vapor pressure of MnO(g) is much lower than 
the upper limit given above if the value given by 
Gaydon is for the dissociation of the MnO molecule 
from its ground state. The upper limiting value obtained 
in this work establishes Gaydon’s value as resulting from 
the ground state or one quite close to the ground state. 


SiO 
The results obtained by heating high purity SiO, in a 
platinum effusion cell are given in Table IV. After each 
run the deposit on the platinum collector plate was 
heated in air to 600°C. No weight increase was observed, 
showing the deposit to be SiO». The vapor pressures for 


SiO(g) were calculated assuming SiO, vaporizes chiefly 
in accord with the reaction: 


SiOo(s) = SiO(g)+40>. 


The calculated AF for this reaction for each run is 
given in column six. 

From these data the heat of reaction for the dis- 
sociation of SiO(g) is calculated : 


SiO(g) =Si(g)+O(g), 
AH»= 165 kcal/mole or 7.2 ev/molecule. 


Since this agrees within experimental error with the 
AH, of SiO(g) obtained from the data described below, 
it would appear that SiO» molecules are less important 
than SiO molecules in the vapor. The SiO and O: 
molecules apparently recombine on the collector plate 
to give SiOz. 

The vapor pressure of SiO(g) over the mixture 
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Si(s)+SiO2(s) has been studied by Geld and Kochnev,” 
who measured the rate of weight loss from a quartz 
effusion cell in which the mixture was heated in vacuum. 
The existence of SiO(g) as a stable gaseous species was 
established by the observed volatility under conditions 
where neither Si(s) nor SiO.(s) has appreciable vapor 
pressure.” Their observed entropy of vaporization, 35 
eu, indicates that at the temperatures 900-1155°C the Si 
and SiO: solid phases may react to form a SiO(s) phase, 
since the expected entropy of sublimation SiO(s) 
= SiO(g) should be about 34 eu, whereas for the reaction 
$Si(s) + 3Si02(s) = SiO(g) the entropy is about 42 eu. 
Because of the uncertainty of the actual reaction 
occurring under their experimental conditions, it is not 
possible to make a conclusive calculation of the heat of 
dissociation of the SiO molecule from their data. As- 
suming only the SiO(s) phase present during volatiliza- 
tion, one calculates Do(SiO)=170 kcal/mole or 7.4 ev; 
and assuming the phases Si(s)+SiO.(s) present, one 
calculates Do(SiO)=160 kcal/mole or 7.0 ev. From a 
linear Birge-Sponer extrapolation of the ground !Z-state 
of SiO Herzberg” obtains Do(SiO) = 7.4 ev, and Gaydon’ 
gives Do(SiO)=7.8 ev (correcting for slight positive 
curvature) assuming unexcited atomic products. Linear 
extrapolation of the 'II-state of SiO yields Do(SiO) = 8.9 
ev for the ground '2-state if the 'II-state goes to unex- 
cited atoms as Gaydon suggests. However, Do(SiO) may 
assume lower values if the 'II-state goes to excited 


atoms. Gaydon chose 8-1 ev but indicated it as very 
uncertain. 

The chemical values of 7.0, 7.2, and 7.4 ev indicate 
that the linear extrapolation of the 'Z-state gives a 
reasonably correct value for the heat of dissociation 
of SiO(g). 


The Remaining Oxides 


In the calculations of reported experimental results on 
the vapor pressure of SnO and the oxides which follow, 
the sources of thermochemical data are as follows: heats 
of formation of solid oxides, Brewer ;> National Bureau 
of Standards, Selected Values of Chemical Thermodynamic 
Properties ;* thermodynamic properties of the elements, 
Brewer ;® entropies of inorganic compounds and ele- 
ments at 298.1°K, Kelley ;!° Sp—So29g and Hr— Ho and 
heat capacity values for inorganic compounds and 
elements, Kelley ;?° dissociation energies of diatomic 
oxides, Gaydon’ and Herzberg.” 


SnO 


The recent investigation of the stability and volatility 
of tin oxides carried out by Vesselovsky”™ essentially 
establishes the fact that SnO is a stable gaseous species. 
The volatility of a mixture of SnO.(s)+Sn(/) was 


*t P. V. Geld and M. I. Kochnev, Repts. Acad. Sci. U.S.S.R. 61, 
No. 4 (1948). : 

G. Herzberg, Molecular Spectra and Molecular Structure (D. 
Van Nostrand Company, Inc., 1950), second edition, Vol. I. 

* B. K. Vesselovsky, J. Appl. Chem. (U.S.S.R.) 16, 397 (1943). 
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studied in vacuum at temperatures where neither 
SnO.(s) nor Sn(/) have an appreciable volatility (721- 
893°C).% The thirteen vapor pressure measurements 
were combined with high temperature heat content and 
entropy data to yield 


Sn(s)+SnO,.(s) = 2SnO(g), 
AH on3= 136.9+0.7 kcal/mole. 


The heat of dissociation of the SnO molecule was calcu- 
lated by use of the following thermochemical data: 


Sn(s)+02(g)=SnO2(s), AHogs= — 138.8 kcal/mole; 
2Sn(g)=2Sn(s), AHo93=—140.0 kcal/mole; 
20(g) = O02(g), AH o93= — 118.6 kcal/mole; 
Sn(g)+O(g)=SnO(g), AHo9s= —130.2 kcal/mole; 
AC,= — 1.4 cal/mole/deg, 
AHo= — 131.6 kcal/mole, 
D,(SnO) = 131.6 kcal/mole, 
= 5.70 ev/molecule. 


It is of interest that Herzberg obtains the value 5.6 ev 
by a long linear extrapolation of lower vibrational levels 
and that Gaydon reduces this value to 3.2 ev by 
empirical methods to correct for nonlinearity of the 
vibrational levels. It appears that an uncorrected linear 
extrapolation of the vibrational levels gives the correct 
dissociation limit. 


ZnO 


Although the experimental techniques employed by 
Feiser™ in the determination of the volatility of ZnO are 
not commensurate with high accuracy, the values so 
obtained are the only ones available. The volatility was 
measured by the rate of weight loss from an open 
sample heated in a static atmosphere. The vapor pres- 
sure of metallic zinc was calculated from the heat of 
formation of ZnO and the heat of sublimation of Zn at 
the temperatures which Feiser reported. The calculated 
Zn partial pressures over ZnO are a factor of 2-3 greater 
than the ZnO pressures reported by Feiser. This is 
undoubtedly due to presence of oxygen in the atmos- 
phere used. Therefore, one can conclude that the Zn 
partial pressure over ZnO is much higher than the ZnO 
partial pressure in an inert atmosphere. 

Taking Feiser’s values as upper limits to the vapor 
pressure of ZnO(g), the calculated value for the heat of 
dissociation of ZnO(g) to the gaseous atoms is AHy< 92 
kcal/mole. 


CdO 


Ueno” has reported the results of measurements of 
the vapor pressure of CdO which were made by the 
effusion method. Since his experimental techniques were 
of an accurate nature and he gives a comprehensive 
report of the data taken, a more extensive treatment of 
his results has been made. 


4 J. Feiser, Metall u. Erz 26, 269 (1929). 
25 K. Ueno, J. Chem. Soc. Japan 62, 990 (1941). 
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TABLE V. Vapor pressures of CdO and Cd calculated from effusion 
data, and heat of formation of CdO. 











T°K Pcao (atmos) Pca (atmos) —AH 298 
1003 1.27X10-§ 1.45X 10-6 66.03 
1013 1.68X 10-6 2.00 10-6 66.08 
1023 1.271076 2.46 X 10-® 65.90 
1033 3.00X 10-6 3.17X10-® 65.89 
1043 4.16X 10-6 4.27X 10-6 65.80 
1053 5.30 10-6 5.76X 10-® 65.95 








In Table V, column 2, the vapor pressures of CdO(g) 
reported by Ueno are given. Column 3 gives the vapor 
pressures of Cd(g) as calculated from thermochemical 
data. The calculated values for Pca are in very good 
agreement with tiiose for Pcao. Thus, the CdO vaporiza- 
tion falls in the third class of vaporization and must 
vaporize largely by the reaction CdO(s) = Cd(g)+302(g). 

From the weight loss of the effusion cell per unit time 
which Ueno reports, the standard heat of formation of 
CdO may be calculated. In order to do this it is neces- 
sary to have some knowledge of the ratio of escaping 
O2(g) molecules to Cd(g) atoms in order to apply the 
reported weight losses to such a calculation. During the 
vapor pressure measurement the composition of the 
solid necessarily falls within the CdO solid-solution 
range because at the Cd—CdO edge the vapor pressure 
of Cd is about 0.9 atmos and Po2=3.0X 10~ atmos and 
at the CdO—O:, edge, Pca=7.3X10-* atmos and 
Po2=1 atmos at 1000°K. It is assumed that the 
composition change in the solid is so small that its 
composition is essentially stoichiometric CdO. Since the 
Cd atoms and O: molecules are escaping in the ratio 
Cd:302, the square-root dependence of the rate of 
escape will not give pressures of Cd(g) and O2(g) of this 
same ratio. This effect has been taken into account in 
the calculations. The equilibrium constants obtained in 
this manner have been combined with available free 
energy functions to give the standard heat of formation 
for the reaction Cd(s)+302(g)=CdO(s). The value for 
each experimental temperature is given in column 4, 
Table V, the average value being AH2s= —65.9+0.1 
kcal/mole. Bichowsky and Rossini** give for the same 
reaction AH29s= —65.2 kcal/mole, whereas the Bureau 
of Standards Tables give AH29s= — 60.86 kcal/mole. 

If one takes the vapor pressures given by Ueno as an 
upper limit to Pcao at the reported temperatures, the 
calculated upper limit to the heat of dissociation of the 
gaseous CdO molecule to gaseous atoms is AH)<88 
kcal/mole. 


CuO 


The stability of gaseous CuO is indicated by the 
measurement of the vapor pressure of solid CuO by 
Mack, Osterhof, and Krauer.”” Although their experi- 


26 F. R. Bichowsky and F. D. Rossini, The Thermochemistry of 
1986." Substances (Reinhold Publishing Company, New York, 
1936). 

2" Osterhof, and Krauer, J. Am. Chem. Soc. 45, 617 
(1923). 
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mental methods are subject to large error, the vapor 
pressures of Cu(s) which they determined in conjunction 
with those of CuO(s) agree reasonably with those given 
by Kelley ;? and, therefore, it is assumed that the values 
given for CuO are reasonably accurate. The values given 
by Mack ef al. for the vapor pressures of CuO(g) be- 
tween 873° and 1223°K are a factor of 10%-108 higher 
than the vapor pressure of Cu(g) in equilibrium with 
CuO(s) as calculated from the heat of formation of 
CuO(s). Since these experiments were conducted in 1 
atmos Os, it must be concluded that the principal 
gaseous species is CuO(g). ; 

Since this stability is out of line with that of FeO(g) 
and NiO(g), it is possible that polymerization to 
Cu,0.(g) is contributing to the observed stability. 

From the vapor pressures given by Mack ef al. one 
calculates the heat of dissociation of CuO(g) to gaseous 
atoms to be AHy= 113 kcal/mole. 


PbO 


Feiser* also reports measurements of the volatility of 
PbO by the same method used to determine the vapor 
pressure of ZnO described above. The values given for 
temperatures between 1023° and 1323°K are at least a 
factor of 10? higher than those which one calculates for 
the vapor pressure of Pb(g) in equilibrium with PbO(s) 
at those temperatures. Thus, one is led to conclude that 
PbO(g) is a stable gaseous species under these conditions. 
From the vapor pressures given by Feiser one calculates 
the heat of dissociation of PbO(g) to gaseous atoms to be 
AH )=98 kcal/mole. Herzberg gives for this value 
Do(PbO)=99 kcal/mole from a linear Birge-Sponer 
extrapolation, and Gaydon gives Dp(PbO) = 76 kcal/mole 
by correction of the extrapolated value for nonlinearity 
by empirical methods. As in the case of SnO, it appears 
that the linear extrapolation gives the better agreement 
with the chemical value. 


GeO 


No experimentally determined values for the vapor 
pressures of GeO are available. However, Herzberg 
gives Dy(GeO)=159 kcal/mole by a linear extrapola- 
tion, and Gaydon gives Do(GeO)=127 kcal/mole. Al- 
though the results for PbO and SnO indicate that the 
linear extrapolation given by Herzberg is probably a 
better value than that given by Gaydon, the latter is 
taken as a lower limit to the stability of the GeO(g) 
molecule. If the standard heat of formation of GeO(s) is 
taken as AHo3= —64 kcal/mole, one then may calcu- 
late that at 1000°K the vapor pressures of GeO(g) and 
Ge(g) in equilibrium with GeO(s) are, respectively, 
6.2X10-§ atmos and 3.6X10-“ atmos. If the values 
given by Herzberg and Gaydon are for the ground state 
of GeO molecule dissociating to unexcited atoms, then 
the stability of gaseous GeO at 1000°K is strongly indi- 
cated by these calculations. 
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TiO 

From Ehrlich’s** observation that about 1 percent of 
a sample of TiO volatilized in 15 min at 1600°C and 
from the dimensions of the containing vessel, one can 
calculate an approximate vapor pressure of TiO at 
1873°K: Prio=1.1X10~ atmos. Using AHogg= — 124.2 
kcal/mole for the heat of formation of TiO(s)?9 for its 
entire homogeneity range, one calculates Pr;= 2.5 10-® 
atmos and Po= 10" atmos at 1873°K for the TiO phase 
saturated with titanium metal. That the oxygen partial 
pressure will not increase greatly across the homogeneity 
range can be seen by calculating the oxygen partial 
pressure for the composition saturated by Ti,O; using 
AHo3= — 367 kcal for Ti,O3." Thus, the solid TiO must 
lose more Ti atoms than O atoms, and the composition 
must change towards an oxide of lower Ti content. 
Therefore, there is no invariant vaporizing composition 
within the TiO homogeneity range. The factor of four 
between the Prio calculated from Ehrlich’s observation 
and Pr; over the TiO solid solution must be attributed 
to the very crudeness of the observational data. 

An upper limit to the heat of dissociation of TiO(g) to 
gaseous atoms is AH)<184 kcal/mole, calculated by 
assuming Prio=1.1X10-° atmos as a generous upper 
limit. That the actual partial pressure of TiO(g) must be 
much smaller is shown by comparison of the value 
AH <184 kcal/mole with the spectroscopic values 
D,(TiO) = 159 and 127 kcal/mole given, respectively, by 
Herzberg by a linear Birge-Sponer extrapolation and by 
Gaydon, who corrects the extrapolation for nonlinearity. 


SUMMARY 


The results of the above investigation are sum- 
marized in Table VI. The first column gives the oxide, 
the second column the temperature or temperature 
range for which the vapor pressure has been measured 
or calculated, the third, the predominate gaseous species 
in equilibrium with the oxide at the indicated tempera- 
ture; the fourth, the calculated upper limit to, or the 
value for, the heat of dissociation as determined by 
chemical means; the sixth, the values given by Herzberg 
(LB) and Gaydon (LBC), in which the former has used a 
linear Birge-Sponer extrapolation of vibrational levels 
and the latter corrected the linear extrapolation by 
empirical methods. 

It is evident that a large uncertainty is inherent is the 
spectroscopic values for Do for two reasons: (1) when 
only a few lower vibrational levels are available for 
extrapolation to the dissociation limit, one cannot be 
certain of the linearity of the change in energy between 
successive levels, and (2) in many cases it is not known 
whether or not the particular set of vibrational levels is 
for the ground-state molecule dissociating to unexcited 
atoms. Chemical determination of the Do are necessary 





*8P. Ehrlich, Z. Electrochem. 45, 362 (1939). 
*K. K. Kelley, U. S. Bureau of Mines, Berkeley, California, 
private communication, 


TABLE VI. Gaseous species in equilibrium with solid diatomic 
oxides, temperature ranges, chemical and spectroscopic heats of 
dissociation of the gaseous oxides. 








Spectroscopic Do 





Temp. Gaseous (kcal/mole) 
Oxide range, °K species Do (kcal/mole) LB LBC 
FeO 1776 Fe, O2 <98 92+23 
NiO 1400-1566 Ni, O2 <99 tee tee 
MnO 1767 Mn, O2 <107 101 92413 
SiO. 1173-1428,1900 SiO 160,165,170 170 184+23 
SnO 994-1166 SnO 132 129 74423 
ZnO 1673-1748 Zn, O» <92 ery 
CdO 1003-1053 Cd, Oz <88 tee see 
CuO 873-1223 CuO 113 156 104+35 
PbO 1023-1323 PbO 98 99 76+ 9 
GeO 1000 GeO see 159 127423 
TiO 1873 Ti, O2 <184 159 127423 








in many cases to establish the ground state dissociation 
energy. 

Such is the case for PbO; Table VI gives D)=99 
kcal/mole in which Herzberg chose the 'Z-state as the 
ground state and applied a linear extrapolation to the 
seven available levels. On the other hand, Gaydon 
assumed the 'Z-state probably goes: to the Pb (*P) 
atom, which would give Dp=78 kcal/mole, which he 
lowered to 76 kcal/mole by empirical methods. It is 
evident that if the chemical evidence is correct, the 
linear extrapolation of the '2-state to unexcited Pb and 
O atoms is the proper interpretation. Vago and Barrow* 
give the heat of dissociation of PbO, which is in agree- 
ment with the value given by Herzberg, and give the 
reasoning by which they conclude PbO dissociates to the 
unexcited atoms. 

Another conclusion which may be drawn from 
Table VI is that for the oxides of the fourth-group 
elements the linear extrapolation appears to be correct, 
rather than Gaydon’s application of an empirical cor- 
rective factor to the extrapolation. This is shown par- 
ticularly by the chemical Dy values for SnO and PbO, 
and less conclusively by SiO. While not discussed in this 
paper, it is of interest to note that the Do for CO ob- 
tained by a linear extrapolation is in good agreement 
with thermochemical values obtained from a recent 
determination* of the heat of sublimation of graphite. 

Of course, this behavior cannot be a general one, since 
Gaydon’ has clearly demonstrated that many molecules 
display a linear decrease in vibrational spacing only for 
a relatively small number of levels, and the correction 
factors that he applies for nonlinearity should, in 
general, give better Do values. As more Do values be- 
come firmly established by direct chemical studies, it 
should become possible to give a firmer basis to these 
correction factors. It is encouraging that a group of 
related molecules like CO, SiO, SnO, and PbO show a 
similar behavior in regard to the correction to the Birge- 
Sponer extrapolation. 





30 FE. E. Vago and R. F. Barrow, Proc. Phys. Soc. (London) 59, 
449 (1947). 
3 Brewer, Gilles, and Jenkins, J. Chem. Phys. 16, 797 (1948). 
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Photoneutron Fission Analysis for U-235 in High Purity U-238*}{ 


VOLUME 19, NUMBER 7 SULT, i931 


R. L. Mackin ann J. H. Lykins 
K-25 Laboratories, Carbide and Carbon Chemicals Division, Union Carbide and Carbon Corporation, 
Oak Ridge, Tennessee 


(Received March 22, 1951) 


The photoneutron method for the analysis of U-235 in high purity U-238 is described. Special samples 
have been found to contain as little as 5 parts per million U-235. An upper limit for the thermal neutron 


fission cross section of U-238 can be set at 5X 10-28 cm?. 





INTRODUCTION 


QUANTITY of high purity U-238 was prepared 

in 1946 for use in special research problems. The 
analysis of residual impurities, particularly U-235, 
was achieved by the photoneutron fission method to be 
described. 


METHOD 


The use of moderated radium gamma-beryllium pho- 
toneutrons for the analysis of U-235 had been suggested 
earlier by Beyer.! The advantage of this method lies in 
the virtual elimination of U-238 fission, so that the 
fission rate is strictly proportional to the U-235 content 
of the sample measured. The threshold for U-238 
fission? is 1.0-+0.1 Mev, while the maximum energy of 
the neutrons from the radium C-beryllium, gamma- 
neutron reaction’ is 0.69 Mev. 

Fission counters of the parallel plate ionization cham- 
ber type were used. A central well in a six-inch cube of 
beryllium contained the radium source (usually 2 
grams). The ionization chamber containing the sample 
was placed at a face of the beryllium cube. The whole 
assembly was surrounded with about a six-inch layer 
of petrolatum and an outer lead shield. The ionization 
chamber was continually flushed with a slow stream of 
dry nitrogen to permit electron collection. This gave 
pulses with a quite fast rise time. The electronic am- 
plifier incorporated a filter to cut off lower frequencies 


TABLE I. 

















Total Rate F test 95% 
Sample counts (counts/min) value F limit %L.E. 
N 627 41.80 7.8 
KX 56 0.055 109 1.70 26.2 
N 2776 42.06 3.7 
N 2429 43.38 4.0 
Bkg* 17 0.0049 48 
(Av N) (5832) (42.57) 1.35 3.69 2.56 











* The background was taken with the KX material in the counter but 

with the radium source removed. It represents stray neutron fission from 

— fast neutron sources as well as electrical transients and spontaneous 
ssion. 


* This is a revision of the report A-3654 issued October 23, 1946. 

t This document is based on work performed for the AEC by 
Carbide and Carbon Chemicals Division, Union Carbide and 
Carbon Corporation, at Oak Ridge, Tennessee. 

1H. G. Beyer, Report A-1235, Part III, April 4, 1946. 

2 W. E. Shoupp, and J. E. Hill, Phys. Rev. 75, 785 (1949). 

3B. W. Sargent, “Photoneutron sources,” NRCC Declassified 
Report PD-206, 
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and thereby eliminated almost all spurious counts due 
to circuit “noise.”’ The total background count, includ- 
ing also any spontaneous fission in the sample and 
fission by stray neutrons from nearby radium alpha- 
beryllium sources, was held below 0.3 counts per hour. 

The samples for counting were electrolytically de- 
posited by the method of Cohen and Hull* on 22-cm’ 
circular nickel disks used as the collector plate in the 
ionizatien chamber. Because of the low counting rates 
anticipated, the maximum weight of U;Os available as 
an adherent layer by the electrodeposition method was 
used for both the U-238 samples and the natural 
uranium standards counted for calibration. 

Because of the very low counting rates found (about 
4 counts per hour) it was convenient to record pulses on 
a strip chart recorder. The chart from an overnight run 
could then be examined to determine whether the dis- 
tribution of pulses had been abnormal by applying 
statistical tests. The procedure was to find the mean 
time interval between counts and the sample variance. 
These were checked with an F test to demonstrate the 
improbability of malfunction of the recording equip- 
ment, and the mean counting rate and its precision at 
the 95 percent probability level (L.E.) were computed. 
The calibration standards were counted before and after 
the samples and the rates checked statistically for 
possible change in sensitivity of the counting equipment. 
Fortunately, these precautionary tests showed no 
abnormalities after the first few exploratory runs. 


DATA 


A sample set of counting data is given in Table I. 
The F test ratios obtained, the average counting rates 
for sample background and standard, and the 95 per- 
cent confidence intervals (L.E.) for each count are 
given. For the particular sample shown, the indicated 


TABLE II. 











Batch U-235 (parts per million U-238) 
K-1 4.5+1.5 
K-2 13.5+1.4 
K-3 16.24+2.2 
K-4 10.0+5.0 
K-5 18.5+2.1 








‘D. E. Hull, “The counting method of isotopic analysis of ura- 
nium,” parts i and ii, Declassified Report MDDC 387, 
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U-235 content is 1/851 that of natural uranium or 
about 8.4 ppm. The precision is about 2.5 ppm (L.E.) 
for this single measurement. Several other batches of 
U-238 were analyzed by the same method, some 
repeatedly. Values obtained are listed in Table IT. 


DISCUSSION 


As can be seen from Table II, at least one batch of 
high purity U-238 practically reached the limit of 5 
ppm impurity expected, but several were not as pure as 
expected. Slight errors in adjustment of the electro- 
magnetic separators or contamination in subsequent 
chemical processing are likely causes. Contamination of 
the counting samples was feared but check determina- 
tions, in some cases several months apart and on 
samples prepared in different laboratory rooms, failed 
to show any significant differences. Analyses of U-238 
containing thirty to forty times as much U-235 im- 
purity by the photoneutron method have shown ex- 
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cellent agreement with mass spectrometric assays and 
the emulsion track counting of pile neutron fissions. 

High purity U-238 offers several attractive research 
applications. It has been used in the preparation of 
synthetic standards for high precision isotope analysis.® 
The specific alpha-activity of U-238 has been remeas- 
ured by Kienberger.® U-238 fission has been employed 
as a fast neutron detector with a sharp cutoff at 1 Mev. 

From a comparison of the minimum U-235 content 
found with the quoted limit of the method of prepara- 
tion, it is apparent that the U-238 fission cross section 
for thermal neutrons is less than about one-seven- 
thousandth that of natural uranium. Taking the 
natural uranium thermal fission cross section’ as 
3.9X 10-*4 cm?, the U-238 thermal fission cross section 
is less than 5X 10-*8 cm’. 

5 W. W. Boardman and A. B. Meservey, “U-235 content of nat- 
ural uranium,” Carbide and Carbon Chemicals Divisions, K-25 
Plant, Report K-248 (1948). 


6C. A. Kienberger, Phys. Rev. 76, 336 (1949). 
7 Chem. and Eng. News 28, 4470 (1950). 
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Compressibility of Gases at Pressures up to 50 Atmospheres. V. Carbon Tetrafluoride in 
the Temperature Range 0°-400°C. VI. Sulfur Hexafluoride in the Temperature 
Range 0°-250°C 


K. E. 


MacCorMack* AND W. G. SCHNEIDER 


National Research Council, Ottawa, Canada 
(Received April 12, 1951) 


The gaseous compressibilities of carbon tetrafluoride in the temperature range 0-400°C, and sulfur 
hexafluoride in the temperature range 0-250°C have been measured at pressures up to 50 atmospheres by a 
method employing gas expansion. The data have been fitted to a series equation of the type, 


PV (Amagat units) =A 7+BrP+CrP?+DrP*‘, 


and the virial coefficients are tabulated. 


INTRODUCTION 


HE primary object in making compressibility 
measurements on carbon tetrafluoride and sulfur 
hexafluoride has been to provide accurate values of the 
second virial coefficients which could then be used in the 
computation of intermolecular force fields pertaining to 
each of these substances. In order to minimize the 
complexity of the series of equations involved, the maxi- 
mum working pressures were confined to the neighbor- 
hood of 50 atmospheres, where terms involving powers of 
pressure greater than the second become very small. 


METHOD 


The experimental procedure followed closely that de- 
scribed in earlier publications.!~* The main features of 


* National Research Laboratories Postdoctorate Fellow. 
'W. G. Schneider, Can. J. Research 27B, 339 (1949). 
1949) G. Schneider and J. A. H. Duffie, J. Chem. Phys. 17, 751 
*K. E. MacCormack and W. G. Schneider, J. Chem. Phys. 18, 
1269 (1950). 


the method involved the measurement of the pressure 
and temperature of a gas confined in a stainless steel 
pipet whose volume need not be known accurately. The 
gas was then expanded into a smaller pipet maintained 
at the same temperature and the new pressure de- 
termined. After evacuation of the second pipet, further 
expansions could be performed and a series of pressure 
ratios determined therefrom. Assuming that the equa- 
tion of state of a gas may be adequately represented by 
the equation, 


PV=Ar+BrP+CrFP’+ DrP*, (1) 


it is easily shown that the following relation exists for an 
expansion of the type described: 


Py Br 
—=N+(N— NP 
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Fic.:1. Plots of pressure ratio P;/P2 vs initial pressure P, for CF,. 


In the foregoing equations, P; and P2 represent the 
pressures before and after expansion from the first pipet 
of volume V;, to the second pipet of volume V2. N is the 
ratio of the volumes (V;+V2)/V1; Br, Cr, and Dr are 
the second, third, and fourth virial coefficients at tem- 
perature T. Amagat units are used throughout so that V 
in Eq. (1) is the ratio of the true volume, vrp, to the 
normal volume, V y, defined at 0°C and 1 atmosphere as 
the volume occupied by one mole of the gas. Thus, 


V=vrp/Vy. 
It follows from Eq. (1) that at 0°C and 1 atmos, 
PV =1=Ao+Bot+Cot+ Do. (3) 
In addition, for an ideal gas, 
PV=RT)/Vy, 


where V is expressed in Amagat units, and R is the g- 
molecular gas constant in liter-atmospheres-deg—. 
Therefore, 

Ao=RT)/Vn (4) 


and Ar=Ao7/T». The series evaluations have been 


TABLE I. Virial coefficients for CF, (Amagat units). 











K. E. MacCORMACK AND W. G. 


Max’m 
deviations 
(P1/P2)cale 
7*K AT 10°Br 106°C 7 10°Dr —(P1/P2)exp 

273.16 1.004988  —4.977 — 10.64 —_ 0.00015 
323.16 1.188944  —3.155 +1.06 +0.81 0.00007 
373.16 1.372900 —1.931 +3.52 +0.50 0.00006 
423.16 1.556856 —1.164 +5.98 _— 0.00005 
523.16 1.924768 +0.056 +3.63 — 0.00005 
573.16 2.108724 +0.416 +3.18 _— 0.00005 
673.16 2.476635 +1.056 +1.63 —_— 0.00005 
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performed by a method employing least mean squares 
which has been fully described in a previous publication® 
relating to work on carbon dioxide. The probable error 
in Br has been estimated to be approximately 1 percent 
at 0°C and 1.5 percent at 200°C and higher tempera- 
tures. R 


CARBON TETRAFLUORIDE 
(a) Purity of Gas 


This gas was supplied by the Minnesota Mining and 
Manufacturing Company with a purity of at least 99 
percent. A further sample was kindly prepared by Mr. 
H. W. Dale which had the following approximate com- 
position: CF4, 95 percent; C2Fs, 2-3 percent; C;Fs, 1 
percent ; C, upward, present as traces. These compounds 
have boiling points which differ by approximately 50°C, 
and it was thus possible to effect a reliable separation 
employing a low temperature Stedman column. A mass 
spectrogram of the fractionated sample compared with 
the unfractionated commercial sample indicated that 
the latter was free from air, water, and compounds of 
fluorine containing two or more carbon atoms. Frequent 
comparison of samples during the course of compressi- 
bility experiments provided reliable means of checking 
the purity of the gas. 


(b) Corrosion 


Carbon tetrafluoride is extremely stable to heat and 
to most reagents, but it was considered necessary to be 
sure that no chemical reaction would occur with stainless 
steel over the temperature range to be investigated. A 
steel vessel with removable screw head and pressure 
seating was constructed for testing various metal 
samples at high temperatures and pressures. Since the 
compressibility apparatus had already been made from 
stainless steel (Carpenter Type 304), only the results of 
tests on this sample will be quoted here. After a period 
of 20 hr at 425°C, and at a pressure of 400 Ib/sq in., only 
very pale brown coloration of the sample was noticed. 
A fresh sample treated for the same period at 500°C was 
much more noticeably attacked, being covered by a dull 
gray film. It was therefore considered impossible to 
make reliable measurements at temperatures exceeding 
400°C. In order to provide a protective film, the appa- 
ratus was filled with CF, at 500 Ib/sq in. pressure and 
420°C for a period of 24 hr prior to making compressi- 
bility measurements at 400°C. 


(c) Results 


Figure 1 shows pressure ratio vs pressure curves for 
CF, over the pressure and temperature range studied. 
Experimental points have been omitted for the sake of 
clarity, though scatter about these curves would not be 
evident on the scale used. Contrary to observations 
made on carbon dioxide’ and also on sulfur hexafluoride 
of the following section, it will be noted that in no case 
could linearity of the isotherms be assumed over the 
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CF, AND SF, 
whole pressure range employed. It was necessary, there- 
fore, to express the P-V-T relationships by a series equa- 
tion which incorporates the third, and in some cases, the 
fourth virial coefficient, as shown in Eq. (1). The virial 
coefficients of this equation at seven temperatures be- 
tween 0° and 400°C are presented in Table I. These 
coefficients are expressed in units of Amagat volume and 
may be converted to units of cm*/mole by multiplying 
by the normal volume Vy of CFy. This may be calcu- 
lated from the standard volume of a perfect gas, viz., 
22414.6+0.6 cm*/mole,‘ using the relation given in 
Eq. (4) 
22414.6 


Vy= 





cm*/mole. 
A 0 


Ay was found to have the value 1.004988, giving the 
normal volume the value 22303.3; cm*/mole. 

The final column of Table I indicates the maximum 
deviations encountered between an experimental value 
of P;/P2 and a value calculated from Eq. (2) by 
substitution of the calculated coefficients. 

The second virial coefficient Br (Amagat) has been 
plotted as a function of temperature in Fig. 2. Computed 
coefficients for 200°C have been omitted from the 
tabulated data because of their unreliable nature. As can 
be seen from Fig. 1 the isotherm at 200°C is very nearly 
horizontal over the central portion of the pressure range 
and forms a very shallow U-shape for which experi- 
mental points could not be accurately measured below 
10 atmospheres. The mean deviation of the P;/P»2 ratios 
relative to the total change in P;/P2 over the whole 
pressure range is thus too large to warrant a reliable 
fitting of the data by mean squares. 

Also included in Fig. 2 is the plot of Cr (Amagat) vs 
temperature ; this may be found useful for interpolation 
purposes though the accuracy of these data cannot be 
assumed to be better than that shown by the graphical 
deviations. 


SULFUR HEXAFLUORIDE 
(a) Purity of Gas 


The samples of gas used in the earlier part of this 
work were kindly prepared by Mr. H. W. Dale. These 
had been purified chemically for removal of all fluorine 
compounds of sulfur of greater complexity than SF.. 
Subsequent samples were purchased from the Matheson 
Company witha specified minimum purity of 99 percent. 
All samples were further purified by a multiple trap 
sublimation at dry-ice temperature. Final portions were 
rejected each time followed by evacuation of the con- 
densate for approximately 20 minutes at liquid air 
temperature. Analysis of several of these purified 
samples by mass spectrometer showed no trace of air, 
water, or any other known compounds of sulfur and 
fluorine. 


(19 in” Dumond and E. R. Cohen, Revs. Modern Phys. 20, 82 
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Fic. 2. Second and third virial coefficient vs temperature for CF,. 


(b) Corrosion 


The chemical properties of sulfur hexafluoride show 
it to be an extremely stable gas, and it has been reported® 
that copper and silver are not attacked at the melting 
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5 Bulletin issued by General Chemical Division, Allied Chemica] 
and Dye Corporation. 
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TABLE IT. Virial coefficients for SFs (Amagat units). 








Max’m 





deviations 
(Pi/P2)cale 
T°K AT 10°Br 105Cr 10'Dr —(P:1/P2)exp 
273.16° 1.015317 —15.114 —20.25 -—681 0.00020 
323.16 1.201164 —9.823 —10.17 — 0.00015 
373.16 1.387011 —7.212 —2.29 — 0.00006 
423.16 (a) 1.572858 — 5.367 — _— 0.00006 
(b) —5.360 — — 
473.16 (a) 1.758704 —3.573 — —_ 0.00005 
b —3.621 —_ — 
523.16 (a) 1.944551 — 2.436 — — 0.00005 
(b) — 2.332 —_ — 








‘point of glass. It was, however, essential to be sure that 
no chemical reaction occurred with stainless steel (Type 
304) from which the compressibility apparatus was con- 
structed and corrosion tests similar to those described in 
the case of carbon tetrafluoride were therefore carried 
out. Up to a temperature of 250°C, there appeared to 
have been no reaction with a sample of this steel after a 
period of 20 hours at a pressure of approximately 300 
lb/sq in. A further period of 20 hours at 320°C did 
produce evidence of some attack, the original polished 
surface having become a blue-black color. It was there- 
fore considered essential to confine working tempera- 
tures to an upper limit of 250°C, and tests for small 
changes in pressure using the piston gauge indicated 
this to be a safe limit. 


(c) Results 


It became evident from the pressure ratio vs pressure 
plots shown in Fig. 3 that the isotherms above and in- 
cluding 150°C could be treated within the limits of 
experimental error by assuming a linear form of the 
equation of state. It will be noted further that the maxi- 
mum working pressures were limited to approximately 
24 atmos. This was necessary, since the apparatus design 
involved a small ‘dead space” volume maintained at 
room temperature and to avoid condensation the vapor 
pressure of SF, at room temperature could not be ex- 
ceeded. From 150°C upwards terms involving Cr and 
Dr in Eqs. (1) and (2) were therefore omitted, and the 
coefficients V and By/ A,r were evaluated by simple least 
mean squares treatment for a straight line. The lower 
temperature isotherms were, however, treated in exactly 
the same manner as that employed for carbon tetra- 
fluoride and carbon dioxide referred to earlier. 

The virial coefficients of these equations at six tem- 
peratures between 0° to 250°C inclusive, are presented 
in Table II. These coefficients are expressed in units of 
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Fic. 4. Second virial coefficient vs temperature for SF.. 


Amagat volume and may be converted to units of 
cm*/mole by multiplying by the normal volume, V y, of 
SF. This was found to be 22,076.4 cm*/mole from Eq. 
(5) employing the value of A» found to be equal to 
1.015317. The final column of Table IT gives the maxi- 
mum deviations encountered between experimental 
values of P;/P2 and those calculated by resubstituting 
the calculated coefficients into the appropriate series 
equation. During subsequent measurements with this 
apparatus, a failure developed in one of the pipets 
necessitating an entirely new pipet system. This pro- 
vided the opportunity of checking some of the foregoing 
work with both new volume ratios and gas samples. At 
150°, 200°, and 250°C, the values of By are presented for 
both groups of experiments under (a) and (b). The 
discrepancy at 250°C is somewhat larger than is ex- 
pected, but may be due in part to slight decomposition 
of the sulfurhexafluoride. 

The final values of the second virial coefficient 
Br (Amagat) are plotted in Fig. 4, the dotted portion of 
the curve indicating the possible uncertainty in the high 
temperature values by virtue of corrosion, but as 
pointed out earlier, the effect of corrosion even at 250°C 
was not considered serious. 
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Experimental second virial coefficient data for carbon tetrafluoride, sulfur hexafluoride, and carbon di- 
oxide have been used to investigate the intermolecular potentials of these molecules on the basis of a Len- 
nard-Jones model. Force constants for the fluoride molecules can be fitted rather satisfactorily, but the 
constants so derived do not agree with those derived from other gaseous properties, e.g., the critical data. 
This result may be due to the assumption of central forces for the symmetrical fluoride molecules. 

For carbon dioxide it was found that the derived force constants varied with temperature, the high tem- 
perature data yielding lower values of the collision diameter ro. The results can be interpreted on the basis 
of a partial association. A likely configuration for the resulting dimer is suggested. 





INTRODUCTION 


ECAUSE of the symmetrical structure of molecules 
such as carbon tetrafluoride and sulfur hexa- 
fluoride it is of interest to investigate the force field 
surrounding these molecules. In particular, the question 
arises whether the forces responsible for molecular 
interaction can be regarded as central forces or whether 
the force field is localized in the outer fluorine atoms. 
In the case of the larger tetrachloride molecules (CCl, 
SiCl,, GeCl,, SnCly, etc.) Hildebrand' has suggested 
that the behavior of these molecules can be explained 
by assuming the force field to reside in the outer halogen 
atoms. Using the data for the second virial coefficients 
of carbon tetrafluoride and sulfur hexafluoride of the 
preceding paper, we have attempted to obtain a fit to 
a Lennard-Jones potential. The second virial coefficient 
B’(T) is related to the energy of interaction between a 
pair of molecules as follows: 


BT) =2aN f (1—e-/kT) dy, (1) 
0 


where WV is the avogadro number and ¢(r) is the poten- 
tial energy of interaction as a function of the separa- 
tion r. Equation (1) is based on the assumption of 
central forces. Accordingly, substitution of a Lennard- 
Jones potential for e(r) and use of Eq. (1) to compare the 
experimentally measured second virial coefficients of 
the fluoride molecules might be expected to yield good 
agreement only if the molecular force fields are to be 
treated as central. On the other hand, it is possible that 
a reasonably good fit can be obtained even though the 
molecules do not behave strictly as centers of force. 
Such a result could mean that the second virial coeffi- 
cient is not a sufficiently sensitive property to make a 
clear-cut distinction. 

The results presented below show that for carbon 
tetrafluoride in particular, an excellent fit to the experi- 
mental second virial data over the entire temperature 
range can be obtained with a Lennard-Jones potential. 





* National Research Laboratories Postdoctorate Fellow. 
‘J. H. Hildebrand, J. Chem. Phys. 15, 727 (1947). 


The fit for sulfur hexafluoride is not quite as satisfactory 
although this may be attributed in part to the experi- 
mental difficulty of measuring the 0°C isotherm for this 
gas with sufficient precision. For both gases, however, 
it is felt that the model is sufficiently good to employ 
the derived potentials for a number of physical applica- 
tions, particularly those involving gaseous properties. 
The question regarding the exact nature of the force 
fields of these molecules cannot, however, be conclu- 
sively decided on the basis of the present results. 

In the second part of this paper an attempt has been 
made to treat second virial coefficient data for carbon 
dioxide over a much wider temperature range than that 
hitherto employed. In spite of the nonspherical nature 
of this molecule, the application of Eq. (1) in conjunc- 
tion with a Lennard-Jones-type potential has pre- 
viously met with success in the temperature range 
0-150°C. It is here shown, however, that the experi- 
mental data obtained by the present authors in the 
range 0-600°C cannot be adequately fitted by such a 
model. Although the lower temperature data gives rise 
to a set of force constants in good agreement with the 
previous investigation, it is found that an entirely new 
set of force constants must be used in the application 
of the same type of model to the high temperature data. 
This indicates, of course, that the usefulness of such a 
model lies only in its value for purposes of interpolation 
within the temperature range for which the fit has been 
made. 

The second virial coefficient B’(T) appearing in 
Eq. (1) is defined by the series expression, 


Po/RT=1+[B(T)/0]+(C(T)/?]+---. (2) 
Compressibility measurements higherto made in this 
laboratory? have been computed on the basis of the 
following series, 

PV=A(T)+B(T)P+C(T)P*+---, (3) 
in which units of Amagat volume are used. The coeffi- 


2K. E. MacCormack and W. G. Schneider, J. Chem. Phys. 19, 
845 (1951) (previous paper). See also reference 13. 
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Fic. 1. LogX—logY curves of the Buckingham method (CF,). 


cients of Eqs. (2) and (3) are related as follows: 
A(T)=RT/Vy, 
B'(T)=VyB(T), 
C’(T) = Vy*?(AC+ B?), 

where Vy is the volume occupied by one mole of gas at 


NTP. 
The Lennard-Jones potential is given by, 


e(r) = (A/r*) — p/P, (4) 


in the special case of twelfth and sixth powers of repul- 
sion and attraction, respectively. With this potential, 
Eq. (1) yields 

B'(T) =§N (A/u)'F(y), (5) 


where F(y) is a function which has been tabulated by 
Lennard-Jones’ and others.‘ The argument y is given by 


y=n/kT(RT/X)!. (6) 


To evaluate the constants \ and uw we have used a 
method described by Buckingham.® This has the ad- 


K. E. MacCORMACK AND W. G. 






TABLE I. Values for parameters of Lennard-Jones potential (m=6; n=9 or 12). 
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vantage of indicating any variation of the derived con- 
stants with temperature when sufficient experimental 
data are available. To apply the method a plot is made 
of the quantities logX and logY given by, 


logX =log[3B’(T)/2xN ]—logF(y), 
logY =2 logy+logkT. 


The relation between logX and logY can be shown in 
the (logX, logY) plane, and the intersection of two such 
curves obtained by plotting Eqs. (7) and (8) for the 
observed values of B’(T) at their respective tempera- 
tures determines the constants \ and u by the relations, 


logh=4 logX¥+logY, (9) 
logu=2 logX+logY. (10) 


(7) 


When all the intersections in the logX¥—logY plot 
obtained with data over a wide temperature range occur 
at a single point, the constants \ and yu are uniquely 
determined and can be considered to be nonvariant 
with temperature. On the other hand, if the points of 
intersection in the logX¥—logY plane are not well 
localized, a temperature dependence of A and uy is indi- 
cated, or perhaps more correctly, the assumed potential 
is not capable of fitting the experimental data over the 
entire temperature range. 


PART I 
Carbon Tetrafluoride 


Figure 1 shows a logX—logY plot for carbon tetra- 
fluoride. The intersections of the curves for different 
temperatures are localized in a surprisingly small area, 
considering that the temperature range covered is 
400°C. The values of \ and y» obtained from the plot 
are presented in Table I. 

In order to verify the suitability of this model these 
values were used to calculate the second virial coefficient 
at each temperature and the latter were compared with 
the original experimental values. To do this the tables 
published by Hirschfelder ef al. were used. These 
authors employ the Lennard-Jones potential in the 
alternative form, 


e(r) = deol (r0/r)"— (ro/r)*], (11) 














B €0/k Yo r(min™) 
erg —(A)?® erg —(A)® 
Units X108 106 erg —(A)® X10 degrees K (A) (A) 
9 12 9 12 9 12 9 12 9 12 
Gay 
SF 1.097 87.21 54.86 31.10 147.3 200.9 5.85 5.51 6.71 6.19 
CF, 0.1830 9.782 15.28 9.075 114.8 152.5 4.93 4.70 5.64 5.28 











3 J. E. Lennard-Jones, Proc. Roy. Soc. (London) A106, 463 (1924). 






4 Hirschfelder, Bird, and Spotz, Trans. Am. Soc. Mech. Engrs. 71, 921 (November, 1949). Also publication CM-599 University of 


Wisconsin, Project NOrd 9938 (May 10, 1950). 


5 R. A. Buckingham, Proc. Roy. Soc. (London) A168, 264 (1938). 
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CF,-SF.s AND CO:;2-CO; 


where 7 is the so-called low velocity collision diameter 
and €9 is the minimum value of the potential energy 
curve (see Fig. 2). These parameters are related to 
\ and yu by, 

€o= p?/ 4n 


ro= (r/u)**. 
Then Eq. (5) becomes 


B'(T)=b.B%r), (12) 
where 
byp=2aNr,? 
and 


r=kT/e9=4/y?. 


The values of B’(T) for CF, shown in Table II were 
calculated using tabulated values for Br) given in 
reference 4. The agreement with the experimental 
values is very satisfactory over the whole temperature 
range. 

As a matter of interest a fit was also tried with a 
Lennard-Jones potential having a repulsive term pro- 
portional to the inverse ninth power of the separation. 
In this case the fit was not as good as with a twelfth- 
power repulsion though the sensitivity to such a varia- 
tion was not very marked. The results for both n= 12 
and n=9 are summarized in Table I, and the potential 
energy curve for m= 12 is shown in Fig. 2. 

Approximate expressions for the relation between 
the force constants and the critical constants have been 
derived’ from the Lennard-Jones and Devonshire 
theory of gases and liquids.’ These are found to be in 
fair agreement with experimentally derived data for 
inert gas-type molecules. On the basis of the force 
constants for argon, nitrogen, and helium, derived from 
viscosity data, the relation becomes‘ 


bp =0.68V.. (13) 


Using the value 146.7 cm*/mole for the critical volume 
V. of CF,8 we obtain b)=99.8 cm*/mole. This com- 
pares with b)>=131.0 cm*/mole when the value of 
ro (4.70A) derived from the second virial is used. The 
difference between the two values of by is considerably 
larger than that which has been observed for a number 
of smaller molecules,‘ as will be indicated below. 


Sulfur Hexafluoride 


Approximate values for A, wu, €o, and 79 for this gas 
are also shown in Table I. In contrast to the excellent 
fit obtained for CF,, the fit for SFs was not nearly as 
satisfactory as can be seen from the logX—logY plot 
shown in Fig. 3. An exact determination of the param- 
eters is accordingly not possible although a twelfth-power 


* Butler, Wentorf, Hirschfelder, and Curtiss, University of 
Wisconsin, CM-565, Project NOrd 9938 (February 3, 1950). 

J. E. Lennard-Jones and A. F. Devonshire, Proc. Roy. Soc. 
(London) A163, 53 (1937). 
“ — on fluorocarbons issued by Minnesota Mining and 

g. Co. 
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Fic. 2. Potential energy curves for SF. and CF,. (n=12) 


repulsion term was considered an improvement over a 
ninth-power term. Table II contains a comparison of the 
calculated virial coefficients with the corresponding 
experimental values. The simplified potential here used 
is thus not capable of fitting the experimental data 
within the estimated error of the latter. 

As in the case of CF, the value of b)= 132.0 cm*/mole 
for SF. obtained from the critical volume? is consider- 
ably smaller than the value 211.1 cm*/mole, calculated 
from the derived value of ro. In fact for both gases bo 


TABLE II. Comparison of experimental and calculated 
second virial coefficients. 











SFs CF, 
€o/k =200.9°K €0o/k =152.5°K 
ro=5.51A vo =4.70A 
bo =211.1 cm*/mole bo =131.0 cm?/mole 
B’(T) caled. B’(T) caled. 
B’(T) exptl. =boB(r) B’(T) exptl. =boB(r) 
fg cm?*/mole cm/mole cm*/mole cm?/mole 
0 — 333.7 — 307.2 —111.0 — 112.0 
50 — 216.9 —219.3 —70.4 —70.3 
100 — 159.2 — 158.8 —43.1 —44.3 
150 — 118.6 —114.8 — 26.0 —25.7 
200 —78.9 —81.5 —_— ~ 
250 — 54.8 — 56.2 +1.2; +3.5, 
300 +9.3 +9.5 
350 —_— — 
400 +23.6 + 23.0 








® Bulletin issued by General Chemical Division, Allied Chemical 
and Dye Corporation, New York. 
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Fic. 3. LogX —logY curves of the Buckingham method (SF). 


derived from the virial data is almost as large or larger 
than the critical volume itself, a behavior which is 
somewhat anomalous when compared with that of the 
inert gases. A somewhat similar behavior is exhibited 
by CCl; bo derived from viscosity data‘ is 256.6 cm*/ 
mole while the value of by derived from V, is 187 
cm*/mole. 

A similar anomaly is to be noted when the values 
of €) obtained from the virial data are compared with 
the €9 values derived from the relation‘ 


€o/k=0.79T.. (14) 


If we let bb>=aV, and €)/k=8T, then the values of 
a and 6 obtained for the respective gases are as follows: 


a B 
Average for A, No, and He 0.68 0.79 
CF, 0.90 0.67 
SF 1.09 0.63 
CC 0.93 0.59. 


In other words, the last three substances behave 
relative to argon, nitrogen, and helium as though their 
collision diameter were abnormally large and also, or 
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Fic. 4. Theoretical and experimental third virial coefficients. 
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perhaps in consequence, the interaction energy con- 
siderably smaller. It appears reasonable to interpret this 
as evidence that the molecular interaction is almost 
entirely the result of outer halogen atoms. The relation- 
ship between the force constants derived from critical 
data and those from virial or viscosity data for a variety 
of molecules is being investigated further. 


The Third Virial Coefficient 


An attempt was made to correlate the third virial 
data for carbon tetrafluoride with the theoretical values 
for nonpolar gases.!° The data for C(T) presented 
in the previous paper® were converted to units C’(T) 
in Eq. (2) using the relation given earlier. The 
function C°(7) has been tabulated*!° for the Lennard- 
Jones model (n=12: m=6) where r=kT/€o as before. 
Then with C’(T)=6,°C%(r) it is possible to compare 
experimental values with theory, using the force con- 
stants €9 and by obtained from the second virial coeffi- 
cient data. For argon, methane, and nitrogen Hirsch- 
felder ef al.!° have obtained reasonably satisfactory 
agreement between experimental and calculated re- 


TABLE III. Comparison of experimental and theoretical third 
virial coefficients for carbon tetrafluoride. (From second virial 
coefficient data «/k=152.5°K; b):= 131.0 cm*/mole.) 





C’(T)/(b®)2 exptl. 








7% C(7)10 
0 1.79 0.47486 0.408 
50 2.12 0.42008 0.325 
100 2.45 0.38525 0.248 
150 2.77 0.36342 0.309 
250 3.43 0.33817 0.203 
300 3.76 0.33080 0.199 
400 4.41 0.32104 0.149 








sults, though both the values of the virial and their 
temperature variation differ by about 20 percent. In 
Fig. 4 the theoretical curve has been redrawn as in 
Hirschfelder’s paper to show the comparison with the 
third virial coefficients of CF, and the aforementioned 
molecules. In all cases the slope of the experimental 
curves is steeper than that of the theoretical. As 
Kihara" has pointed out, this probably signifies a 
steeper repulsive region to the negative potential energy 
part of the function than that given by the Lennard- 
Jones model. The numerical comparison of the data is 
presented in Table III. If the curve for CF, were trans- 
posed upward and to the left in order to bring the ex- 
perimental values into line, a new set of force constants 
relating to three-body collisions would be needed to 
describe this particular kind of interaction. Such an 
adjustment necessarily signifies a lower value for the 
maximum interaction energy. 

If, as is suggested from considerations of the second 
virial coefficients, the halogen atoms themselves offer 


10 Bird, Spotz, and Hirschfelder, J. Chem. Phys. 18, 1395 
(1950). 
1 T. Kihara, J. Phys. Soc. Japan 3, 265 (1948). 
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CF,-SF,. AND CO;-CO; 





an important contribution to the binary interaction, 
it might conceivably be expected that a ternary colli- 
sion would involve interaction very different from that 
which would obtain for molecules having central force 
fields. For large polyatomic molecules, therefore, there 
is no reason to expect that the force constants for a 
binary collision will be the same as those for a ternary 
collision. 


PART II 
Carbon Dioxide 


Second virial coefficient data obtained by Michels” 
over the temperature range 0-150°C have been used by 
Hirschfelder ef al.4 to determine the force constants of 
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Fic. 5. LogX —logY curves of the Buckingham method (COz). 


the Lennard-Jones model applied to carbon dioxide. 
These were found to be €)/k=189°K, rp =4.486A. 
Similar data obtained by the present authors" over 
a much wider temperature range 0-600°C have now 
been used to test the applicability of the same model. 
The method employed was that developed by Bucking- 
ham as described in the previous section, and Fig. 5 
indicates the moderate success of such a fit. It is clear 
that the Lennard-Jones (12.6) model is inadequate to 
represent experimental data over the whole range of 
temperature, but it is surprising to note that the logX, 


® A. Michels and C. Michels, Proc. Roy. Soc. (London) A153, 
201 (1936). 


* K. E. MacCormack and W. G. Schneider, J. Chem. Phys. 18, 
1269 (1950). 
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TABLE IV. Comparison of experimental and calculated values of 
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the second virial coefficient for carbon dioxide. 











B’(T) calc. B’(T) exptl. 
Force constants Fi cm’/mole cm?/mole 
0 — 156.4 — 145.0 
e/k=187.5°K 50 — 101.7 — 102.6 
ro=4.47A 100 —71.87 —71.85 
bp = 113.0 cm*/mole 150 — 51.63 — 50.59 
200 — 34,27 — 34.08 
300 — 13.33 — 13.58 
«/k=203.3°K 400 —2.00 —1.58 
ro=3.91A 500 +6.04 +6.05 
bp = 75.20 cm*/mole 600 +12.01 +12.11 











logY intersections seem to fall into two well-defined 
areas. Over the range 0-200°C the intersection marked 
A yields force constants in good agreement with those 
obtained from Michel’s data. The data over the range 
300-600°C (intersection B) are covered very well by 
another set of constants, as shown in Table IV. Also 
presented are comparisons of the experimental second 
virial coefficients and those calculated on the basis of 
these parameters, showing agreement within the limits 
of accuracy expected in the experimental measurements. 

It becomes evident, therefore, that in the case of 
carbon dioxide the low temperature range parameters 
may not be reliably used for extrapolation of the data 
to higher temperatures. Some idea of the error involved 
can be judged from the plots of experimental values of 
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Fic. 6. Theoretical and experimental second virial 
coefficients for CO. 











TABLE V. Values of the L-J force constants for carbon 
dioxide derived from various sources. 














«o/k/(°K) r0/(A) 

Second virial coefficient 
(a) 0°-200°C 187.5 4.47 
(b) 300°-600°C 203.3 3.91 
Third virial coefficient 221 4.11 
Critical temperature data 240.3 3.70 
Viscosity 190 4.00 








B’'(T) and those calculated on the basis of the low 
temperature parameters shown in Fig. 6. 

The effect of the ellipsoidal shape of the CO. mole- 
cule has been mentioned by Hirschfelder e¢ a/.!° in rela- 
tion to the force constants obtained from second and 
third virial coefficient data. The latter were reasonably 
well accounted for theoretically on the basis of a new set 
of force constants, viz., €)/k=221°K, ro>=4.11A. In 
view of the fact that the force constants must be a 
function of the orientation of the molecules involved 
in collision, there results a set of average constants for 
two-body collisions from second virials and another set 
for three-body collisions from third virials. This con- 
cept appears to be justified when use is made of 
Eqs. (13) and (14). The critical temperature and 
volume for COs are 31.04°C and 94.22 cm*/mole," 
respectively. Thus ¢0/k=240.3° and ro>=3.70A. Since 
it may be expected that there is a tendency for molecu- 
lar alignment to occur in the critical region, it is not 
particularly surprising that third virial data yield force 
constants approaching those calculated from critical 
data, though it must be admitted that there seems to be 
no justification for the choice of the parameters used in 
Eqs. (13) and (14) as applied to carbon dioxide. 

A further set of force constants for carbon dioxide 
have been derived from viscosity data.!® Table V con- 
tains a summary of the L-J force constants derived 
from the various properties indicated; the maximum 
variation is approximately 25 percent in €9/k and 20 
percent in 7o. It is evident therefore that the simple 
Lennard-Jones model with a twelfth-power repulsion 
and a sixth-power attraction represents a rather crude 
model for the force field of carbon dioxide. 


Binary Association in Gaseous Carbon Dioxide 


It is possible to interpret the behavior of the second 
virial coefficient data of carbon dioxide in the tempera- 


TABLE VI. Values of Kp. 








10°Kp 
yg Bo(cm*/mole) B(cm?/mole) (atmos~!) logwKp 10?/T°K 





0 — 156.5 — 112.6 1.959 3.292 3.66 
50 — 102.6 — 80.18 0.845 4.927 3.09 
100 —71.85 — 50.02 0.451 4.653 2.68 
150 — 50.59 — 42.60 0.230 4.362 2.36 
200 — 34.08 — 30.30 0.097 5.987 2.11 








4 Michels, Blaisse, and Michels, Proc. Roy. Soc. (London) 
A160, 358 (1937). 
16 Hirschfelder, Bird, and Spotz, J. Chem. Phys. 16, 968 (1948). 
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ture range 0° to 600°C on the basis of a binary associa- 
tion. As pointed out in the previous section the Lennard- 
Jones model derived from the experimental virials at 
the higher temperatures (300° to 600°) yields values 
of ro which are considerably smaller than the value 
obtained from the data in the lower temperature range 
(0° to 200°). This trend is contrary to what one would 
expect if the failure of the Lennard-Jones model were 
ascribed to the “cigar” shape of the carbon dioxide 
molecule, a suggestion recently discussed by Hirsch- 
felder.'° At high temperatures there must be a greater 
tendency for the molecules to find sufficient space to 
sweep out spheres by virtue of the lower gas density. 
Hence ro would be expected to be as large or larger than 
ro derived from the low temperature data. Moreover, 
it has been shown by Corner'® that the second virial 
coefficient is not very sensitive to the shape of a mole- 
cule, the value calculated for a slightly elongated mole- 
cule differing but little from that for a spherical ‘mole- 
cule. Evidence for dimerization (dipole association) 
in polar vapors such as alcohol and acetone has been 
reported by Eucken and Meyer,'’ Shafer and Foz 
Gazulla,'* and Lambert e¢ al.!® While carbon dioxide 
has an over-all zero moment, the partial moment repre- 
sented by each CO bond may be expected to be of the 


\ 
same order as the C=O moment in acetone (2.74 
7 


xX 10-* esu). According to Briegleb”® the dipole associa- 
tion in carbon dioxide is represented by the configura- 
tion shown in Diagram (A). However, it is easy to show 
that taking all coulombic interactions into account, 
this configuration is unstable by +375 cal/mole. For 
this calculation the CO bond distance was taken as 
1.16A, the C—O moment as 2.78X10-'® esu, and a 
value of d equal to 2.75A (see below). 
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Diagram (A) 


Diagram (B) 


However, using the same value of d, the configuration 
in Diagram (B) leads to a coulomb interaction energy 
of — 2060 cal/mole. 

The degree of association, a, should be negligible at 
temperatures above 300°C so that on the basis of the 


16 J. Corner, Proc. Roy. Soc. (London) A192, 275 (1948). 

17 A. Eucken and L. Meyer, Z. physik. Chem. B5, 452 (1929). 
( a8 Schafer and O. R. Foz Gazulla, Z. physik. Chem. B52, 299 
1942). 

19J. D. Lambert ef al., Proc. Roy. Soc. (London) B196, 113 
(1949). 

20 G. Briegleb, Zwischenmolekulare Krafte und Molekulstruktw 
(Ferdinand Enke, Stuttgart, 1937), p. 61. 
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force constants derived from the high temperature 
second virial data it is possible to compute values for 
the lower temperature virials in the range 0-200°C, 
which would be measured experimentally only in the 
absence of dimerization. This assumes further that the 
Lennard-Jones model is correct and adequate to allow 
extrapolation of the high temperature data. The fact 
that the low velocity collision diameter, 79, was earlier 
found to increase towards lower temperatures may well 
be due to the fact that the low temperature virials are 
measured for gas mixtures of dimer and monomer. 
From high temperature data, r»>=3.91A. In Diagram 
(B), therefore, it can easily be shown that the distance, 
d, will be in the order of 2.75A, and the energy estimates 
made above were based on this approximate value. 
The association reaction is taken to be 


2CO5(CO2)>. 
For very small values of a relative to unity, 
a/2=PKp, (15) 


where P is the total pressure and K p is the equilibrium 
constant defined by 


Kp= p(COr2)2/p?(COs), 


the small p’s denoting partial pressures of the particular 
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TABLE VII. Values of the degree of association, a, at various 
temperatures and pressures (units of mole percent). 








T°C 
0 0.40 


10 atmos 50 atmos 


4.00 _ 

50 0.17 1.69 8.45 
100 0.09 0.90 4.51 
150 0.05 0.46 2.30 
200 0.02 0.19 0.97 


1 atmos 











molecular kind. By reasoning similar to that outlined 
by Eucken" it can be shown that 


Bo= B—RTKp, 


where By is the observed second virial coefficient and B 
is that calculated for a monomeric gas on the basis of 
the Lennard-Jones parameters obtained from the high 
temperature data. In Table VI these values are pre- 
sented along with the corresponding values of Kp. 
By plotting logioKp vs 1/T°K a linear relation was 
found to exist over the lower half of the temperature 
range, from which the heat of dimerization was 
estimated to be —2980 cal/mole. It can be seen that 
this order of magnitude compares favorably with that 
estimated above for Diagram (B). The degree of asso- 
ciation has been calculated according to Eq. (15) and 
presented in Table VII. 
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and Calculated Thermodynamic Properties for 1,1,1-Trichloroethane* 
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Raman displacements, semiquantitative relative intensities, and quantitative depolarization factors for 
liquid 1,1,1-trichloroethane, and infrared wave numbers and percentage absorption for both the liquid and 
gaseous states in the region 400-5000 cm™ were obtained and compared with previous data. A normal co- 
ordinate treatment, using the Wilson FG matrix method, was carried out, and a reasonable set of force 
constants was determined. Assignments were made for all observed bands of the infrared and Raman spectra. 
The heat content, free energy, entropy, and heat capacity at constant pressure were calculated for 9 tempera- 
tures in the range 298.16° to 1000°K. A comparison of calculated and observed entropy values indicated 
that the potential barrier hindering the internal rotation is about 2840 cal/mole, which leads to a value of 
205+20 cm~ for the torsional frequency and to 0.786 10-” erg/radian for the torsional force constant. 


HE Raman spectrum of 1,1,1-trichloroethane 
(methyl chloroform, Cl;C—CH3) has been ob- 
tained in the liquid state in 4 different investigations,!~ 


* Presented at the Chicago meetings of the American Physical 
Society, November, 1949, and November, 1950; abstracts in 
Phys. Rev. 77, 740 (1950); and 81, 302 (1951). For I and II, see 
J. Chem. Phys. 12, 249 (1944); 18, 1320 (1950). 

{ This paper is a report on an investigation carried out by 
Mr. M. Zaki El-Sabban in partial fulfillment of the requirements 
for the Ph.D. degree at the Illinois Institute of Technology, 
Chicago, Illinois. 
as 35 W. F. Kohlrausch and F. Képpl, Monatsh. Chem. 65, 185 

*G. F. Hull, Jr., J. Chem. Phys. 3, 534 (1935). 

* J. Wagner, Z. physik. Chem. B45, 341 (1940). 


and very recently by Smith, Nielsen, and Liang,® but 
in only two cases*® were depolarization factors deter- 
mined. The first infrared information was of the strong 
band at 343 cm™ reported by Hyde® who investigated 
the gas in the limited region 270-500 cm. More com- 
plete infrared data were reported’ as a result of the 


4 Rubin, Levedahl, and Yost, J. Am. Chem. Soc. 66, 279 (1944). 

5 Smith, Nielsen and Liang, private communications (February 
9 and 22, 1951). 

6 W. Lewis Hyde, J. Chem. Phys. 16, 744 (1948). } 

7M. Z. El-Sabban and F. F. Cleveland, American Physical 
Society Meeting, November, 1949; abstract in Phys. Rev. 77, 
740 (1950). 





















EL-SABBAN, MEISTER, AND CLEVELAND 


TaBLe I. Raman spectral data for liquid 1,1,1-trichloroethane (methyl chloroform, Cl;C—CHs).* 








N PV SNL 





Av I o 





Assignment Type 


PR PS Ve 





242 5 241 0.8 45 0.81 0.82 
3 306 3.0 
344 5 343 1.2 74 0.48 0.49 
1 480 
523 5 522 0.8 100 0.03 <0.1 
544 Ps 542 2.0 w 
698 2 ot 4.0 vw 
710 10 
oo S 19 0.78 0.87 
2 759 1.5 
1073 5 1070 1.8 3 ? 0.64 0.6 
1083 4 1084  B. 3 ' 0.86 
1383 4 1379» 3.3 1 0.4 
1422 5 1421 2.0 2 j 0.81 0.8 
1449 5 1447 2.6 4 ‘ 0.9 
1 1592 
1 1730 
1789 2 1790 0.5 vvw 
1 2133 
2740 5 2741 LZ 1 0.2 
2 2853 5.0 
2880 a 2882 | 2 
2938 5 2939 1.9 80 (0.32) 0.1 
3005 5 3005 2.8 21 (0.97) 0.9 


205¢ %% A, 
0.86 D 241° V12 E 
295 V3—V10 E 
0.58 \ 343° V5 A, 
363 M11 E 
482¢ 2012 Ai+E 
0.12 P 521° U4 A 1 
548 V9 — U% E 
686 205 A 1 
084 D 716° pie, E\At+E 
10 
763° V+ Vi2 E 
1002 28 A, 
0.82 D 1074 aero BA itA otE 
Pp 1377¢ V2 A 1 
081 D 1434 8 lorto ay +AotE 
. ' v9" | vg “11 E 1T 442 4 
1592 VatV9" E 
1726 Ugt 30" E 
1790¢ Vst+U3"" E 
2142¢ Vs’ +010" A itA otE 
Pp 2758° 2v2 A; 
2868 V9/+03"" A itA otE 
2894 209" AitE 
0.15 2943¢ V1 A 1 
0.81 D 3010¢ 27 E 








® Avy =Raman displacement in cm~!; PR =present results; N =number of times the line has been obtained in apparently reliable, independent investiga- 
tions, including the present one; PV =probable value (mean of the N values); AD =average deviation from the mean; J =relative intensity (w =weak, 
m =medium, s=strong, v =very); p =depolarization factor; W =Wagner, reference 3 (values enclosed with parentheses are uncertain); SNL =Smith, 
Nielsen, and Liang, reference 5; PS =polarization state (P =polarized, D =depolarized) ; 1 =calculated wave number (the calculated fundamentals, being 
more reliable than the overtones and combinations, are set in bold face type); braces are used to indicate resonance doublets; and primes (’) and double 


primes (’’) refer to the energy levels of these resonance doublets. 


¢ Same as assignment of Smith, Nielsen, and Liang (reference 5). 


present investigation. Later, Karplus and Halford? re- 
ported infrared data in the three phases, gas, liquid, 
and solid. Very recently, Smith, Nielsen, and Liang® 
have obtained gas and liquid infrared data, together 
with assignments. The later investigators®* made an 
assignment of the fundamentals on the basis of their 
data and the previous Raman data. However, there 
has always been a lack of agreement as to the location 
of the carbon-carbon stretching fundamental. Also, 
there was still doubt. about a doubly degenerate de- 
formation frequency. Moreover, no previous normal 
coordinate treatment had been carried out, and only 
a few thermodynamic functions had been calculated or 
obtained calorimetrically.‘ So, in order to close some of 
these gaps, the present investigation was undertaken. 


EXPERIMENTAL DETAILS 
Purification of the Sample 


The liquid used in this work was furnished by the 
Dow Chemical Company, Midland, Michigan. It was 
purified by distillation, the distilling apparatus having 
only glass seals to avoid contact of the sample with 
rubber stoppers. The first } of the distillate was dis- 
carded, and the sample used was collected from the 
middle portion in order to eliminate low or high boiling 


§ R. Karplus and R. S. Halford, J. Chem, Phys. 18. 910 (1950). 


point impurities. Redistillation of the substance di- 


b This band was reported by Hull (reference 2) as the doublet 1361, 1384 cm™. 








rectly into the Raman tube was then carried out. 


Spectroscopic Technique - 


Raman displacement spectrograms were obtained 
with different exposures, using a 2-prism spectrograph, 
constructed in this laboratory, having a dispersion of 
162 cm—'!/mm (33A/mm) at 4500A. The spectrograms 
were taken on Eastman 103-J plates, with Hg 4358A 
as the exciting line. Depolarization spectrograms with 
different exposures were obtained with a Hilger E-518 
spectrograph having a dispersion of 307 cm /mm 
(63A/mm) at 4500A. The relative intensities? and de- 
polarization factors!® were determined by previously 
described methods, using a Gaertner microdensitometer. 
The depolarization factors were checked later with a 
Leeds and Northrup recording microphotometer. Infra- 
red data were secured from records obtained with a 
Beckman IR-2 recording spectrophotometer equipped 
with KBr optics. Records of the atmospheric absorp- 
tion were taken immediately preceding the sample 
record in order to make possible the elimination of 
spurious bands. The thickness of the liquid in the 
absorption cell was 0.11 mm. The gaseous sample was 
contained in an absorption cell 10 cm in length and at 
a vapor pressure of 114 mm of Hg. 


9F. F. Cleveland, J. Chem. Phys. 11, 1 (1943). 
10 F. F. Cleveland, J. Chem. Phys. 13, 101 (1945). 
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RESULTS 

The present results and the probable values for the 
Raman spectral data are listed in Table I. The previ- 
ously reported relative intensities were only visual 
estimates, except those of Wagner,’ which are in quali- 
tative agreement with the present values. 

The fundamental frequencies were chosen by con- 
sidering the depolarization state and the relative in- 
tensities, and by comparison with the values of the 
fundamentals in similar molecules. A splitting of the 
line in the 710- to 721-cm™ region was detected in the 
present work. No such splitting was reported by previ- 
ous investigators, which may indicate the reason for 
the quite low value given by Kohlrausch and Képpl!' 
for this line as compared with later values. Kohlrausch 
and Képpl may have obtained only the 710-cm™ line, 
while the other investigators may have determined the 
mean value of the broad band. Due to the discrepancy 
between the values obtained by different investigators, 
it was decided to leave the space, under N in Table I, 
blank for these frequencies and to include under the 
probable values only the present, resolved values. Two 
frequencies at 1172 cm™ and 1242 cm~ were observed ; 
the former was reported by both Hull? and Wagner,’ 
the latter frequency was reported only by Hull. It is 
believed that these two lines correspond to the Raman 
displacements 2939 and 3005 cm, respectively, ex- 
cited by the Hg 4047A, and so they were not included 
in Table I. 


Wave Length in Microns 


Fic. 1. Infrared absorption bands for 1,1,1-trichloroethane. 


It should be noticed that the values of the funda- 
mentals reported by Rubin, Levedahl, and Yost‘ were 
not considered in the probable values; these values are 
2939 (1), 1471 (1), 977 (1), 523 (1), 345 (1) and 3000 (2), 
1450 (2), 1086 (2), 713 (2), 340 (2), 241 (2) ; the numbers 
between parentheses give the degeneracy of the corre- 
sponding frequency assigned from rough polarization 
measurements. One observes that some of these fre- 
quencies differ considerably from the corresponding 
values reported by the other investigators; for this 
reason, it was preferred to await the more complete 
discussion promised by the authors before including 
any of these values in the mean. 

The infrared spectral data for the present as well as 
for the previous investigations are given in Table II, 
and the percent trasmission curve is shown in Fig. 1. 


SYMMETRY AND SELECTION RULES 


The 1,1,1-trichloroethane molecule belongs to the 
C;, point group whether it is in the staggered or the 
eclipsed position. It should execute 18 normal vibra- 
tions: 5 type Ai, totally symmetric, 1 type A», and 6 
type E, doubly degenerate; all of which are allowed 
by the selection rules in both the Raman and infrared 
spectra, except the type A: torsional vibration which is 
forbidden in both spectra. All overtones and binary 
combinations also are allowed in both spectra, except 
A,” (n odd) and A,X Az which are forbidden in both 
spectra. 








EL-SABBAN, MEISTER, AND CLEVELAND 


TaBLe II. Infrared spectral data for 1,1,1-trichloroethane (methy] chloroform, Cl;C—CHs3).* 

































































































VVW 


Gas Liquid 
PR KH SNL PR KH SNL Theoretical 
9 I v I v I v I v I v I Ve Assignment Type 
205¢ V6 Ao 
343» vs 344 vs 343¢ V5 A, 
~ 411 w 410° 2v6 A, 
457 3 457 35 446 VetVi2 E 
482 vw 470 34 ~ 483 vw 482¢ 2012 Ait+E 
516 509! 010 — Us E 
519 521 V10 ’— E 
~ 524 521 2v11— V6 ActE 
524 75 4 s 523 97 Sat 6s 521¢ M% A, 
~ 52 
532 67 ~ 533 532 Vg — (Vst+V6) E 
548 ~ 541 vw 548 V9’ — U4 E 
~ 556 564 03! — (ve+212) E 
562 19 565 568 VetV11 E 
575 il ~ 576 570 V9’ — U4 E 
590 6 ~ 588 582 37 587 vw 584° UstV12 E 
~ 621 Vw 604 Vite A,tAotE 
~ 632 Vw 647 v3'—V11 E 
652 2 649 42 658 Ve— V0" E 
~ 686 672 (73)4 ~ 662 vw 669 Vo2— 10 E 
690 71 690 ~ 690 686° 2vs A, 
714 99 7299 100 ~ 725 v 714 98 «713° «100 ~~ 713 16M \2s E\a+E 
726 98 . ™ uf Ri” 
ww 749 742 Vg)’ —V40" A,+AotE 
755 751 V9’ —V5 E 
~ 760 762 (v10'’ +212) — U6 A,;tAstE 
766 ? 763 m 759 73 766 ? ~ 763 m 763° Vat212 E 
767 m 769 U3'—V12 E 
773 775 v3/’— V2 E 
~ 779 777 Vo— (V11 +212) A\+Aot+E 
795 42 go2e 13 ~ 796 m 784 66 792 ? ~ 790 m 789 (v9 +212) — V4 Ait+AotE 
or CCl, impurity 
~ 806 Ww 808 (v3/-+v4) — 210" E 
~ 819 w 820 (v3 +04) — V0" E 
8208 ~ 835 vw 824 37 830 5 ~ 829 w 829 V9’ —V12 AitAotE 
~ 843 Vw 853 V9’ — V2 A itA otE 
864 857 Vo— V4 Ay 
864 21 866 10 868 w 861 43 868 19 ~ 867 w 865¢ Va ts A, 
872 w 875 Vg’ — U6 E 
~ 876 883 vw 879 v9’ — U6 E 
~ 926 vvw 931¢ Vet V10" E 
ow 952 955 V10 +22 A itAotE 
963 14 960 8 962 w 947 35 955 12 ~ 951 w 962° V10 +22 A;+AotE 
re 971 971 Vo— 26 A, 
~~ 997 998 (vo+v5) — 2107 E 
~1003 1009 (vg +010") — 212 A,;+AotE 
1012, 42 «1010-28, O10, sm 492, Gt 100735, $1005 sm _~—1002 Phot Qo ‘Ate 
~1040 1038¢ Ve— U5 A, 
068 ~1078 1059 98 1068 7 om - - 
1080 98 1 4 10 vs 9 10 ? ~1071 My \ +4. E 
1004 98 1088 100 1089 vs 1082 98 1084 100 1086 YS 1074 re hou on pAb Art E 
1096 vs ~1100 1084 V0 +21 A;+tAotE 
~1149  vvw 1140¢ Ve—V12 E 
~1190 VVW 1186° vs —V12 A\tAotE 
~1227 1222 Vs — U6 E 
1235 25 1246 19 1236 m 1229 54 1238 24 1232 m 1232¢ Ve tV10' E 
1242 m 1250 Vat?10" E 
~1282 1285 VetV9’ E 
1290 1290 28 1289 3 1290 w 1289¢ Vetv9” E 
1299 1300 (v3/+03'") — 210” E 
~1309 1321 V9’ +212 A,;+A2t+E 
1319 1313 2 1309 w 1325 V9’ +212 Ai+AotE 
~1337 1353 V3' +05 Ay 
1376 1373 v3’ +011 E 
1381 66 1386 68 1383 m 1376 §=6©83 )=—- 1382 86 1379 s 1377¢ V2 A, 
1391 1379 03’ +011 E 
~1418 1423 UstV9" E 
1426 37 1427 m 1423 60 1420 m V3" E 
1445 61 a 1424 88 1434¢ Soyton Ait Ast 
1454 58 1456 m 1448 83 1447 m v3" 
~1462 1457 V9’ +011 A;+A2t+E 
1504 vvw 1504 Qve+r9” E 
1575 ~1600 vvw 1592 Vat 09" E 



























2 





SPECTRA AND CONSTANTS OF C1;C-CH; 


TABLE II.—(Continued). 
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203 
03-09" 
Vot210" 
V3’ +09" 
Vs’ +010 
Vs +010" 
209" 


V7— Ue 
Vo+03" 
20," 


(07-+212)— 911 ; 
(vi +010’) —0" 


V1 
03 04408" 
Vot+Vet 9" 


v7 
30," 

208’ +212 
Ut: 
M7+12 
N1+05 
Vst+07 
U+% 

Ust27+ 212 
V1+210' 
V7+710 

(vs+07) — 212 
+03 
V1+09' 
V7+09' 
V7+09” 
V1+05" 
V7+05" 

u+03+210 

Vet+07+ 210" 


E 
Ai+tA2tE 
Act aer= 


A; 
E 
E 


E 
Ai+A2tE 

E 
Ai+A2t+E 


1 
E 
A, 
E 
E 
E 
AitAotE 
Ait+AstE 
Ai+tE 
Ai+A2t+E 
AitE 
E 


E 

E 
Ai+A2+E 
Ai+tA2tE 


A 
Ai+A2tE 
E 
E 
A, 
A,+Azt+E 
E 
E 
E 
Ai+E 
A,+ArtE 
Ai+E 
A,\+A2+3E 
A;+A2+E 


A, 


E 


E 

E 

A, 
A,+A2+2E 

E 


A; +A2t+E 
1 


E 

Ai 
AitA2tE 

E 


AitA2tE 
AitA2t+E 
A 

E 
AitA2tE 
—— 


Sen geee 
A, +A2+E 








® KH =infrared data of Karplus and Halford, see reference 8; » =infrared wave number in cm~!; braces enclose unresolved bands or resonance doublets; 


other symbols have the same meaning as in Table I. 
> Reported by W. L. Hyde (reference 6). 
© Same as assignment of Smith, Nielsen, and Liang (reference 5). 
4 This intensity is uncertain because of its proximity to the strong 714 band 


© These two bands can be assigned as 10’ +010 =1440(A1+A2+E£) and 2010" =1452 cm~! (Ai1+8), respectively. 


‘ Gas fundamentals were used in the calculation for bands reported in the gas only; otherwise, liquid fundamentals were used. ; 
® In the paper of Karplus and Halford (reference 8), apparently the bands 802 and 820 are interchanged, and the 1454 band is incorrectly given as 1554 
cm-l, In a prepublication copy of their data, handed to the authors at the Chicago meeting of the American Physical Society, November, 1949, the 802 
(intensity 13) line was listed opposite their liquid 792 line, and the 1554 line was given correctly as 1454 cm“. 
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NORMAL COORDINATE TREATMENT and 


A normal coordinate treatment was carried out using R7= (AA 12+ AA 23+ AA 31 + 4Bi+ AB,+ AB;)/6'; 
the Wilson FG matrix method." The various bond dis- 444 for the E vibrations 
tances and interbond angles used to determine the ; 16h 
internal coordinates are shown in Fig. 2. Ria= (2Ad2— Ad,— Ad;)/6', 
From the internal coordinates the following ortho- Ry = (Ad,— Ads)/2}, 
normal symmetry coordinates were formed: Roa= (2AD2— AD,— AD;)/6', 
R» = (AD,— AD3)/2?, 
R3.= (2Aai3— Aa 127 Aae3)/63, 
R,= (Ad;+ Ad,+ Ad;)/3?, R3p= (Aa23— Ady2)/2! 
R.= (AD,+ AD.+ AD;)/3}, Riug= (2AA B— AA LP AA 23) /6}, 
R3= Ar, Ry=(MA23—AA12)/2!, 
R= (Aay2+ Aa23+ Aadsi— Ab;— Ab2.— Ab;)/6', Rs an (2Ab.— Abi— Abs) /63 
and Rs, = (Ab;— Ab;)/2', 
Rs= (AA 12+ 4A23+AA 31—AB,— AB2— AB3)/6'; d Rea= (2AB,—AB,— AB;)/6', 
an 
for the two redundant coordinates, Rep= (ABi— AB;)/2!. 


Rs = (Aai2+ Adeo3+ Adsit Abi+ Abo+ Ab;)/6?, The f matrix was 


ona 
oe all 


py Me BR oy Boe Ee 


for the A, vibrations, 


op A “pt op ER op A > Be Ee Ee | 





Ad: Adz Ads AD: AD2 ADs Ar  Aai2 Aazs Aaa AA12 AA23 AA Abi Abz Ab; AB, AB: AB, 





fa faa faa fan fad fan far daa f'da faa DfaaA Dfaa Dfaa far df’ ab df’ ab Dfas Dfas Dfap 
fa faa fad fan fan far da da f'da Daa Dfaa Daa  af'ab dfab df'ab Dias Dfap Dfais 
fa fap fan favo df'da fda fda Dfaa Dfaa Dfaa = Uf "ab df’ ab dfav DfaB Dias Dias 
fp Jpop fpp dfpa dpa dda Dfpa Df'pa Dfoa ado dD» dfpp Dips Df’pp Df’ ps 
fp fov dfpa dfpa dfpa Dfpa Dfpa Df'pa adfpo dfpb dfpp Df’pp — Dfps Df'pB 
fp dfpa dpa dfpa Df’pa Dfpa Dfpa_ adfor df Db dfn Df'pp = Df'pp = Dfbes 
afra df, ra dfra Dfra Dfra Dfra dfry dfry df rb DfrB DfrB DfrB 
afy faq 0 *faqg «6 dDfgA = dDfaA )=6dDfaA = t*fab d*fah d*f'an dDfap dDfap 4dDfap 
aq faa dDfaa dDfaA dDfaa @f'ad afar a fab dDfap 4Dfap  dDfap 
dfg  dDfaa dDfaaA adDfaa fab d2f'an = fab dDfap <4dDfap  dDfap 
D*f4 Daa D%fa4a dDyfap dDfan dDfan Dap D*fap  D?*f'as 
D*f4 D*f44 dDfan dDfan dDfa, D*f’'aBp D*faB D*fap 
(fii =fii) D*f4 dDfan dDfan dDfan D*fap D*f’'ap D*fas 
Ab a°fy fon fon dDfhp dDfp  dDfop 
Abs af, d*fop dDf_p dDfpp adDfor 
Abs d*fy dDfop dDfop dDfis 
AB, D*fR Dfgp D*fsp 
AB: D*fB D°*fap 
AB; D*fz 








In this matrix, two interaction constants differing F2=fp+2fpp, F2:=3'fp,, F2s=3d2—*(foa— fv), 
only by a prime mean an interaction between the same F,,=2-!D(2fp4+/f’pa—fos—2f vz), Fss=f,, 
two elements, except that in the primed constant the Fy=3d6-1( fra— frs)) Fas=3D6-"(fr-a— fr) 


interacting elements have no bond in common, whereas , 
in the unprimed one there is a common bond. The equi- Fun at 2faa—4far—2f aot fot 2for)/2, 
librium values of the bond lengths were” d=1.093, F4s= 3dD(faa—fa— fost fos)/2, 
D=1.76, and r=1.54A. All angles were assumed to be F'ss=D*(fa+2faa—4fan—2f' ant fot2foe)/2, 
tetrahedral. and Fyjy=F ji; 
From the f matrix and the U matrix, formed from 
the coefficients in the symmetry coordinates, one gets 
the following F matrix elements: for the A; vibrations, Fy,= fa— faa, Fix=0, Fis= —d(faa—f' aa), Fuu=0, 
Fyy= fat2faa, F\2=3fap, Fy3= 3 far, F\3=d(fas— fav), F\,.=0, F2= fo—foo, F.3=0, 
Fu= 2-4d(2faatf' aa—fav— 2f' av), Fis=3D2-(faa— fap); Fo= —D(foa—f' va), F5=0, F2= D(fos—f pz), 
sia it ae aac F33=d"(fa— faa); F34=0, F35= —d*(far— f' ad), F35.=0, 
" E. B. Wilson, Jr., J. Chem. Phys. 7, 1047 (1939) ;9, 76 (1941). Fy4= D°(fa—faa), Fis=0, Fas= —D*(fas—f' an); 


2 J. Y. Beach and D. P. Stevenson, J. Am. Chem. Soc. 61, 
2643 (1939). Fy5= @(fr— for), Fs6= 0, Fes= D*(fa— fee), and F,;= Fyi. 


and for the £ vibrations, 





SPECTRA AND CONSTANTS OF C1;C-CH; 


The following G matrix elements were obtained from 
the relations given by Wilson :" for the A, vibrations, 


Gu=“atuc/3, Gi2=0, Gis= —3tuc, 
Gu= —4uc/3d, Gis=0, Goo=ucituc/3, Gos= —3—*uc, 
Go=0, Gos= —4yc/3D, G33= 2uc, Gss= 4uc/34d, 
Gss=4uc/3*D, Gas= 2d-*(unt 8uc/3), Gas=0, 

56= 2(ucit 8uc/3)D~, and Gij=G,i; 

and for the £ vibrations, Gi=wat+4uc/3, Gi2=0, 

Gi3= 4uc2'/3d, Gu= 0, Gy= — Qbuc(r t+ 310), 
Gis=0, Go2=ucit4uc/3, G23=0, Gu= 4uc2*/3D, 
G25=0, Goe= —Zuc(r+37°D), 
G33= (Sun/2+8yuc/3)d~, Gus=0, 
G35= $d-un — 2dr 1+ 31d )uc, G3e=0, 
Gu= (Suci/2+8uc/3)D~, Gi5=0, 
Gig= 4D-uci— 2D-\(r1+ 37D )uc, 
Gss= dunt 3ucLr + (11 +-31d1)" ]/2, Gse=0, 
Ges= D~ucit 3uclr?+ (r+ 37D)? 1/2, and Gy= Gj; 


where pH=0.99216, uo=0.083264, and uo: =0.028203 
(awu)~ are the reciprocals of the masses of the H, C, 
and Cl atoms, respectively. 

As an aid in determining some of the force constants, 
the results from previous investigations of ethane and 
hexadeuteroethane,” and of methylacetylene, some tri- 
chloromethanes, and hexachloroethane’ were used. 
The method of splitting out frequencies given by 
Wilson" was first used to get an approximate value 
for the C—H stretching force constant. The other con- 
stants were transferred from the above molecules," 
and after several modifications it was possible to get 
agreement to within 1 percent of the observed values. 
The set of force constants that gave the best agreement 
with the observed fundamentals is given in Table ITI. 
In this table f,y=fra—f, and frc=fra—fre, since 
these constants could be obtained only in such com- 
binations. One notices that all interactions between 
the CH; and CCl; groups were ignored; this was done 
because these interactions are believed to be very small 
and also because there were not sufficient data to permit 
their determination. The combination (fast fos)—(fas 
+ fsa) was assumed to be zero, since it also involves 
interaction constants between the CCl; and CH; groups. 

For comparison, the CCl; group force constants and 
other corresponding constants found for hexachloro- 
ethane” are given in Table IV. 

One notices that fp is slightly lower than for hexa- 
chloroethane. The value of f44 is very small, about 75 
that for C2Cle, while fg is considerably higher. The 
constants fag and fge changed sign, but the order of 
magnitude is about the same as that found for C2Clg. 
The constant f’4s was set equal to zero, and the value 
of f, was assumed to be 4.5X10° dynes/cm as for 

8 F, Stitt, J. Chem. Phys. 7, 297 (1939). 

4 A. G. Meister, J. Chem. Phys. 16, 950 (1948) ; Zietlow, Cleve- 


land, and Meister, J. Chem. Phys. 18, 1076 (1950) ; also work on 
hexachloroethane by Miss Rose A. Carney, to be published. 


Fic. 2. Bond distances and interbond angles for 
1,1,1-trichloroethane. 


C2Cl¢!, CoHe'®, and C2D¢"*. The value of fp, is higher 
than for CoCle. 


ASSIGNMENT OF THE FUNDAMENTALS 


The frequencies chosen as fundamentals are those 
given in Table V. 

There has been a lack of agreement among previous 
workers as to the location of the C—C stretching funda- 
mental 23; in four investigations it was given as 714’, 
9774, 1070°, and 10078. The present calculations showed 
clearly that v3 should lie in the range 1000-1100 cm™. 


TABLE III. Force constants for 1,1,1-trichloroethane 
(105 dynes/cm). 








Value 


3.0076 
0.307604 
0.370944 
0.0010600 
0.38733 
0.10977 
0.041274 
0.00000 
0.20000 
—0.14501 


Type 


4.9402" te 
0.023633 foo 
0.43948» fa 
—0.0048900 faa 
0.61739 fe 
—0.015030 Ses 
0.012850°¢ fas 
0.00000 fas’ 
0.20586 foa 
— 0.087840 foa’ 
0.24129 fos 0.21056 
0.041293 fos’ —0.10528 


4.50004 
te —0.328934 
Spr 0.37576 


tba 0.00000 
Soo 0.00000 


Value 





(faatfoz) — (fant+foa) =0 








® This number of significant figures is not really justified but is necessary 
to give the best reproduction of the observed frequencies and to secure 
internal consistency in the calculations. ; 

b Transferred without modification from B. Stepanov, Acta Physicochim. 
U.R.S.S. 20, 174 (1945). 

© Transferred without modification from methylacetylene (reference 14). 

4 Transferred without modification from hexachloroethane (reference 14). 
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TABLE IV. Force constants for 1,1,1-trichloroethane 
and hexachloroethane (10° dynes/cm). 








Hexachloroethane 


3.4580 
0.30760 
0.37094 
0.019760 
0.29559 
—0.16402 
0.20584 
—0.15413 
0.22684 
—0.11342 
—0.072394 
0.036197 
4.5000 
—0.32893 
0.26531 


1,1,1-trichloroethane 


3.0076 
0.30760 
0.37094 
0.0010600 
0.38733 
0.10977 
0.20000 

—0.14501 
0.21056 

—0.10528 
0.041274 
0.00000 
4.5000 

— 0.32893 
0.37576 











The most probable value in this region is the band at 
1005 (liquid) or the band at 1070. The F-matrix ele- 
ments that primarily affect this fundamental are F22 
=fp+2fpp, F23=3'fp,, and F33=f,. The value fe was 
fixed at 4.5 10° dynes/cm, the value it has in CoCl¢", 
CoH", and C.D,'*. The value of Fe. and F»3, then, 
could be varied so as to keep the frequency pattern 
undistorted while giving values for v3 ranging from 1005 
to 1070 cm-. It was found that going from 1070 down 
to 1005 cm= (by adjusting F22 and F2; slightly) moved 
some frequencies in the right direction (towards the 
observed values), whereas going up from 1005-1070 
cm7! moved the same frequencies in the wrong direction 
(away from the observed values). This may indicate 
that 1005 is more likely to be v3 than 1070 which would 
be extraordinarily high for a C—C frequency. Further- 
more, the values of Fs: and F23 so obtained are a little 
better, comparing with hexachloroethane constants, 
than those obtained if one assumes v3=1070 cm™. 
Moreover, the 1010 and 1016 cm™ (gas values) in the 
data of Smith, Nielsen, and Liang® seem quite likely to 
be a resonance doublet, which thus points to the pres- 
ence of a fundamental there. Unless these form a reso- 
nance doublet, it is hard to assign them both as binary 


TABLE V. The fundamentals of 1,1,1-trichloroethane. 








Wave number 
Calculated 
Designation 


V1 2943 
V2 1377 
U3 1002 
% 521 522 524 
5 343 343 343 


Us 205 _— ea 


7 3010 3005 3017 
Vs 1434 1434 1445 
Vg 1074 1077" 10878 
Yio 716 716° 720° 
Vu 363 i oa 
Vie 241 241 _—_ 


Observed 
Liquid 
2939 
1379 
1005 


Gas Degeneracy Type 


2954 1 
1381 
1012 





fy ty b&b 








* Mean of resonance doublets, see Tables I and II. 
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combinations. Only one of them was assigned by Smith, 
Nielsen, and Liang® using their 301 cm™ fundamental, 
which is assigned in the present paper as a difference 
band. On the other hand, the frequency at 1070 cm— 
can easily be assigned. All these indications tend to 
put more weight on the side of the 1005 as v3. The C—C 
band for many molecules is very weak in the Raman 
spectrum, and it apparently has not been observed for 
Cl;C—CHs3. 

The frequency 2: was obtained in the present in- 
vestigation by calculation only. It was not observed 
in either the Raman or infrared. It was suspected by 
Karplus and Halford® to be the twice reported!:* very 
weak band at 308 cm“ and was believed by Smith, 
Nielsen, and Liang® to be the very, very weak band at 
301 cm. It is interesting to examine closely the E 
frequencies and the corresponding A; frequencies. The 
C—H stretching are (3005E, 2939A,), the C—Cl 
stretching are (716E, 522A), the CH; deformation are 
(1434, 1379A,) and the CCl; deformation are (0,E, 
343A). So it is very reasonable from such a comparison 
to believe that 2; should be higher than 2;=3434A, 
frequency. The calculated value for 71; was found to 
be 363 cm. In order to see how reliable this calculated 
value is, the value of the combination (fs—/fz2)— 
which determines primarily the frequency in question— 
was changed to that of CeCls. It was found that this 
change distorted the frequency pattern appreciably, 
which means that this F-matrix element should have a 
value around that found in the present investigation. 
Consequently, the present calculated value (363) should 
be reliable to within the usual uncertainty limits of 
calculation (~2 percent). It is then conceivable that 
this band is unresolved from the very strong band at 
343 cm. The fact that the observed depolarization 
factor was 0.58, which is about the value one would 
expect if an A; and an E fundamental were overlapping, 
may be used as an argument in favor of this supposition. 
The present calculated value is further substantiated 
by the fact that the Fermi resonance doublet 710-721 
cm™ can be accounted for satisfactorily only with the 
help of the overtone of this frequency. It is seen from 
Tables I and II that the two fundamentals v3 and 0; 
have been used in many assignments, some of which 
could not be assigned otherwise. 

Other observed wave numbers and their assignments 
as combinations or overtones are given in Tables I and 
II. It is seen that Smith, Nielsen, and Liang® have 
listed a large number of bands, some of which may be 
due to rotational structure, but a more detailed rota- 
tional analysis has to be carried out in order to settle 
this point. However, an assignment of all the present 
and previously reported bands has been attempted in 
this present investigation. The majority of these bands 
have been assigned as binary combinations or first 
overtones, but it was necessary to use ternary combina- 
tions in the remaining cases. 
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THE TORSIONAL FREQUENCY 


The Ao, torsional frequency vs can be evaluated if 
the height of the potential barrier hindering the internal 
rotation is known. The form of the potential barrier 
adopted in the present investigation is the usual 
V=}V0(1—cos3@), Vo being the height of the potential 
barrier, and ¢ the torsional angle. To get Vo, the en- 
tropies for the ideal gaseous state at the temperatures 
286.53°K and 298.16°K were calculated to a rigid 
rotator, harmonic oscillator approximation, assuming 
the internal rotation to be unrestricted. A comparison 
with the experimental values of Yost and co-workers? 
made it possible, using Pitzer and Gwinn’s tables," to 
get the corresponding two values" of Vo. The entropies, 
entropy differences, and the corresponding values of 
V» are given in Table VI. 

The uncertainty +0.16 cal deg mole was not 
taken into account in obtaining the values of Vo given 
in the table. From this uncertainty in the experimental 
entropy values, the upper and lower limits for Vo were 
then evaluated in a similar manner. These were found 
to be 3397 and 2363 cal mole, respectively. The 
values of the principal moments of inertia were J 4 
(about the symmetry axis)=492X10-* and Jp=354 
X10-* g cm*. In evaluating the entropy contribution 
of a free rotator, a quantity called the reduced moment 
of inertia is needed ; this is defined as 7,=I,J2/(I; +s), 
where J; and J2 are the moments of inertia of the CH; 
and CCl; groups about the symmetry axis. The value 
of J, was found to be 5.27 10-*° g cm?, corresponding 
to J; and J2=5.33 10~ g cm? and 486X10— g cm’, 
respectively. The atomic masses and fundamental con- 
stants were taken from Birge’s tables.!” 

The torsional frequency vs can now be obtained from 
Vo. The Schrédinger wave equation for this torsional 
motion, using the above cosine potential function, is 
the Mathieu equation, which has been solved exactly 
for certain values of Vo. Wilson'* has tabulated the 
first 7 eigenvalues corresponding to several values of 
Vo. The first 2 eigenvalues corresponding to each of 
the present values of Vo were obtained from Wilson’s 
tables by graphical interpolation, and these, together 
with the Bohr formula (W2—W),)/hc=15, were used to 
get vs. Here W, and W, are the first 2 energy levels, 
which can be obtained from the tabulated eigenvalues 
using known constants,'® 4 is Planck’s constant, and c 
is the velocity of light. Table VII shows the v-values 
corresponding to the aforementioned values of Vo. It 
is seen that the mean of the first two values (at tem- 
peratures 286.53°K and 298.16°K, respectively) is 205 
cm and the mean corresponding to the upper and 


16K. S. Pitzer and W. D. Gwinn, J. Chem. Phys. 10, 428 (1942). 

16H. Taylor and S. Glasstone, A Treatise on Physical Chemistry, 
Vol. I, Atomistics and Thermodynamics (D. Van Nostrand Com- 
pany, Inc., New York, 1942), third edition, p. 599. 

7 R. T. Birge, Revs. Modern Phys. 13, 233 (1941). 

18 E. B. Wilson, Jr., Chem. Revs. 27, 17 (1940). 

‘9 Eyring, Walter, and Kimball, Quantum Chemistry (John 
Wiley and Sons, Inc., New York, 1944), p. 358. 
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TABLE VI. Potential barrier hindering the internal rotation 
in 1,1,1-trichloroethane.* 








Calculated entropy, S%aic Vv. 
T+R Vib IRF Total (cal 
(cal deg-! mole~) Sexp S%ale —S%xp mole!) 


Temp. 
(°K) 





286.53 65.96 
298.16 66.28 


7.97 
8.45 


3.55 
3.59 


77.48 
78.32 


76.22 +0.16 
76.97 +0.16 


-26 +0.16 
35 £0.16 


2680 
2993 








« T+R =translational+rotational contribution; Vib =vibrational con- 
tribution; IRF =internal free rotational contribution; S%xp =experimental 
value of the entropy. 


lower limits of Vo is 205.5 cm™; hence, a mean value 
of 205-20 cm was considered reasonable for vs. The 
value Vo corresponding to this adopted mean value of 
ve was found to be 2840-+500 cal/mole. It should be 
noticed that the uncertainty in V» (+500 cal/mole) 
and the corresponding uncertainty in vg (+20 cm-) is 
due only to the uncertainty given by the investigators‘ 
for their experimental entropies and does not include 
any uncertainties in the spectroscopic observations or 
in the method of calculation given in the present in- 
vestigation. The calculated value for vg (205 cm~) is 
believed to be not far from the real value, since a band 
at 457 cm“ was found in the present infrared investiga- 
tion which could be assigned satisfactorily only as a 
combination with v». Moreover, this frequency vs was 
used in quite a few cases in making assignments for the 
observed bands. 

Having established a value for the torsional funda- 
mental, a normal coordinate treatment was carried out 
for this vibration. Of course, the value of the force 
constant thus obtained will be approximate, since in 
this treatment a harmonic oscillator approximation was 
assumed and in addition the frequency itself is not 
known accurately. The potential energy function for 
such a vibration will simply be 2V= f,(A¢)?, where @ 
is the torsional angle, and f, is the force constant asso- 
ciated with this motion. The kinetic energy is 2T=/,¢’, 
where J, is again the reduced moment of inertia for 
the molecule; and hence, the secular equation will 
simply be fs=J,A, where \= 420¢°c?, vg being the wave 
number corresponding to the torsional frequency, and 
c the velocity of light. The value of f, was found to be 
0.786 10-” erg/radian. It is interesting to compare 
this value with the value 0.71X10-" erg/radian for 
the similar force constant in ethane given by Pitzer.”° 
A more accurate determination of the torsional fre- 
quency for Cl;C—CH; is necessary before a critical 
comparison can be made of the torsional force con- 
stants of the two molecules. 


TABLE VII. The calculated values of the torsional 
fundamental v¢ for 1,1,1-trichloroethane. 








Vo 2680 2993 
v (cm) 199 211 


2363 
186 


3397 
225 








20K. S. Pitzer, J. Chem. Phys. 12, 310 (1944). 
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TABLE VIII. Heat content, free energy, entropy, and heat 
capacity of 1,1,1-trichloroethane for the ideal gaseous state at 
one atmosphere pressure.* 








T (H° —H0°)/T —(F°—H°)/T So Cp® 


76.15 
77.03 
77.17 
84.10 
90.15 
95.51 
100.31 
104.67 
108.66 
112.37 





14.71 

300 14.75 
400 17.11 
500 19.12 
600 20.83 
700 22.31 
800 23.60 
900 24.75 
1000 25.76 


62.33 
62.42 
66.99 
71.03 
74.67 
78.00 
81.06 
83.91 
86.61 








« T is in °K, other quantities are in cal mole! deg™. 


THERMODYNAMIC PROPERTIES 


The heat content, free energy, entropy, and heat 
capacity for 1,1,1-trichloroethane were calculated at 9 
different temperatures from 298.16 to 1000°K, to a 
rigid rotator, harmonic oscillator approximation for the 
ideal gaseous state at one atmosphere pressure. The 
entropy at 286.53°K was calculated also so that it 
could be compared with the experimental value given 
by Yost and co-workers. The wave numbers given in 
Table V for the gaseous state were used, when ayail- 
able; otherwise the liquid values or (for vp and 21) 
calculated values were used. In the present calculations, 
nuclear spins and the effect of the isotopic mixing have 
been neglected. The values of the principal moments 
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of inertia are those given in the section on the torsional 
frequency. The symmetry number has been taken equal 
to 3, and Birge’s 1941 values" of the physical constants 
have been used throughout. The results obtained for 
the thermodynamic properties, including the contribu- 
tion of the torsional fundamental 205 cm“, are given 
in Table VIII. The contribution of the torsional fre- 
quency was obtained with the aid of Pitzer and Gwinn’s 
Tables. 
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It is pointed out that, in the development of structural organic chemistry, those compounds which have 
no structural] isomers play a crucial role. Since no general name has ever been given to compounds which 
meet this condition, they are here called “unimers.” It is further shown that the molecular formula of a 
unimer must necessarily fulfill certain mathematical conditions. These conditions are set forth in nine 
theorems. Some of these theorems are almost self-evident; for others, the proofs, although simple in plan, 
are exceedingly intricate in application. Consequently, the reader is referred for all proofs to a purely 
mathematical paper which will be published in the American Journal of Mathematics. Finally, a complete 


list of unimeric types is given. 





HE methods used by organic chemists to de- 
termine molecular structures differ widely in de- 
tail, but most of the procedures employed for that 
purpose fit into the general scheme illustrated by the 
following outline. Let A be a pure compound of un- 
known molecular structure, but of known molecular 
formula fixed by qualitative and quantitative analysis 
together with a molecular weight determination. A is 
converted by (supposedly) well-understood type reac- 
tions into the compounds B,:--B,, the structures of 
which are known. The structure of A is then determined 
by reversing (at least in thought) the conversion reac- 
tions. In most instances, some of the substances 
B,:++B,, are compounds the structures of which were 
at one time unknown. The structure of any one of them 
(say B;) was previously determined by converting B; 
into the compounds C,---C,, the structures of which 
were known at the time when the structure of B; was 
under investigation. And so the process of successive 
conversion may be traced back through an indefinite 
number of stages. 

Since the number of compounds of known structure 
is finite, reasoning of the sort just indicated cannot lead 
to an infinite regression. It may, however, easily lead 
to a vicious circle; for, unless due caution is exercised, 
the structure of X may first be derived from the as- 
sumed structure of Y, and the structure of Y may then 
be derived from the structure of X thus obtained. To 





Chemical term 
Molecular formula CyHy or 
Type molecular formula 44149 or 


Structural formulas 


Butane 
CCCCHHHHHHHHHH 
4,4,4,4,1,1,1,1,1,1,1,1,1,1 


avoid this fallacy, it is essential, in using the recursive 
reasoning described, to arrive finally at compounds the 
structures of which are known independently—that is, 
without any further conversion. These compounds are 
obviously the ones where, under the assumed rules of 
valence, the molecular formula uniquely determines 
the structural formula—in other words, the compounds 
with molecular formulas which permit no structural 
isomerism. Such compounds will hereafter be called 
unimers. 

Certain unimers such as methane, ethane, propane, 
ethylene, methyl alcohol, methyl chloride, chloroform, 
etc., will at once occur to almost any chemist. But, for a 
thorough understanding of unimerism, no such list 
drawn up at random is adequate. What is here required 
is a statement of necessary and sufficient conditions, 
which, when applied to a molecular formula, assure 
that the corresponding compound (if one exists) shall 
be a unimer. In the present paper, such conditions are 
established. Once they have been determined, the con- 
struction of a complete list of unimers turns out to be 
surprisingly easy. 

A convenient way to investigate unimerism is first 
to lay aside (temporarily) its chemical aspects, and to 
treat it as a problem in mathematics. In this approach, 
the initial step is to establish the parallelism between 
certain chemical and certain mathematical terms. This 
may be done by considering butane as an example. 


Mathematical term 


(Additive) partition 
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Type structural formulas 





Covalence (of an atom). 





That is to say, what chemists might call ‘‘type molecu- 
lar formulas” correspond to what mathematicians call 
“additive partitions”; what chemists might call “type 
structural formulas” correspond to what mathemati- 
cians call “graphs”! (of a particular kind) ; what chem- 
ists call the “covalence” of an atom in a structural 
formula corresponds to what mathematicians call the 
“multiplicity” of a point in a graph. In the remainder 
of this paper, a mixed dialect will be used. The mathe- 
matical terms “graph” and “additive partition” (here- 
after abbreviated to “partition’’) will be used instead 
of the cumbersome chemical phrases “type structural 
formula” and ‘‘type molecular formula.” On the other 
hand, the chemical term ‘‘valence’’ will be used instead 
of the mathematical term “multiplicity,” for, since no 
other sort of valence besides covalence will be con- 
sidered, the prefix ‘‘co” may be dropped. According to 
this usage, the word “valence” refers both to the num- 
ber of covalent bonds ending in any one atom in a 
structural formula and to the number of line segments 
ending in any one point in a graph. 

In mathematical terminology, a graph is a set of 
“points” joined to one another by “‘edges.”” The number 
of edges joining the members of any particular pair of 
points may be zero or any positive integer, but each 
point must lie at the end of at least one edge. The rela- 
tive positions of the points (in euclidean space), the 
lengths or shapes of the edges, and the magnitudes of 
the angles between these edges are here of no sig- 
nificance. Various kinds of graph are recognized. If the 
number of points in the graph and the numbers of 
edges between the members of each pair of points are 
all finite, then the graph is also called ‘‘finite.”’ If the 
edges are regarded as directed lines (usually represented 
by arrows), the graph is “directed”; if each edge is 
regarded merely as the symbol of a symmetric relation 
between its two end points, the graph is “undirected.” 
An edge terminating at both ends in the same point 
forms with that point a “loop.” If, in the graph G, 
it is possible to start at each point c; and to reach every 
other point c; by passing along successive edges of G, 
then G is “connected”; otherwise it is ‘disconnected.”’ 

Chemical structural formulas written according to 
the dot-atom line-valence system introduced by Crum- 
Browne are chemical representatives of finite undirected 


1 For a general mathematical treatment of graphs, see Denes 
Konig, Theorie der endlichen und unendlichen Graphen (Akadem- 
ische Verlagsgesellschaft, Leipzig, 1936). 
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Graphs (of a particular kind). 





Multiplicity (of a point). 











graphs. Hence, hereafter, for the sake of brevity, the 
unmodified word “graph” will be used only in this 
restricted sense. If any graph is represented by chemical 
structural formulas, it must be loopless; and if it is 
represented by single structural formulas, it must also 
be connected. 

At this stage, it is well to introduce an appropriate 
notation. Let P be any finite set of finite positive in- 
tegers. Every such set may be regarded as a partition 
of the finite integer 2P where 2P=fi+p2°-++)n. 
Assume (solely for the sake of convenience) that the 
integers p:-++, are so arranged that piS po-++ S pri 
S pn. Let C bea set of points ¢1, c2, ++ + Cn. If a graph Gis 
constructed by drawing undirected edges (loops being 
excluded) between the points of C in such a way that 
each point c; is an end point of p; edges, then G will be 
called a loopless graph for P. In such a graph, each 
integer p; is the valence of the point c;. 

For any partition P, let the number of distinct con- 
nected loopless graphs be ZCL(P). Where ZCL(P)=0, 
the partition will be called ‘nullgraphic”’; where 
ZCL(P)=1, the partition will be called ‘unigraphic,” 
and the one connected loopless graph for P will be 
called “unique”; where ZCL(P)>1, the partition will 
be called ‘“‘multigraphic.” 

In order to give meaning to the word “distinct” used 
in the definition of ZCL(P), it is necessary to explain 
what is meant by the identity or distinctness of two 
loopless graphs. Let G be one such graph for the parti- 
tion P(= i, po: pn). If G’ is any other loopless graph, 
and if the points of G’ can be labeled cy’, c2’+++c,’ in 
such a way that, for every pair of points c;’, c;’, the 
number of edges joining c;,’ directly to c;’ is equal to 
the number of edges joining c; directly to c;, then G 
and G’ are identical; otherwise they are distinct. It 
follows at once from this definition that no two graphs 
can be identical unless they are graphs for the same P; 


‘but that two graphs may well be graphs for the same 


P without being identical. 

It is a chemical truism that every structural formula 
determines one and only one molecular formula. 
Similarly, every connected loopless graph determines 
one and only one partition—which is merely an ordered 
list of the valences of the constituent points of that 
graph. But usually a molecular formula does not de- 
termine just one structural formula, and, as already 
stated, usually a partition does not determine just one 
connected loopless graph. In the special cases where the 
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molecular formula does determine just one structural 
formula, the compound is a unimer. For the corre- 
sponding partition P, ZCL(P)=1; that is, the partition 
P is unigraphic and the corresponding graph is unique. 
The mathematical part of determining a complete list 
of unimers is to determine a complete list of unigraphic 
partitions, and thus a complete list of unique connected 
loopless graphs. 

Before undertaking the determination just men- 
tioned, it is, however, desirable to state a larger prob- 
lem of which that determination is a part. Every P 
uniquely determines its ZCL(P); but each ZCL(P) de- 
termines only a class (in the cases here considered an 
infinite class) of distinct P’s. Thus there arise two con- 
verse problems: 

(A) For any given P, determine the single value of 
ZCL(P). 

(B) For any given non-negative integer taken as 
ZCL(P), determine the class of Ps. 

Problem (A). It is easy, where ZCL(P)>0 and =P is 
small, to construct one or more distinct connected loop- 
less graphs for P and to prove that no other such graph 
for P exists. Thus a value of ZCL(P) is obtained for the 
particular P in question. But where P is expressed in 
terms of one or more variables each of which may take 
the value of any finite integer, to determine ZCL(P) 
as a function of these variables may be very difficult. 
As long ago as 1874, the mathematician Cayley? at- 
tempted to obtain the value of ZCL(P) for all P’s of 
the form 4,12242. He was of course led to consider this 
particular class of P’s because one of the corresponding 
generalized molecular formulas, C,H»2,2, is the general 
formula for the saturated hydrocarbons. Since the ap- 
pearance of this first work, there has grown up a con- 
siderable literature dealing with Cayley’s problem and 
other problems of a similar nature. 

Problem (B). It is again easy to find by trial and error 
particular P’s which can be proven to correspond to 
given (small) values of ZCL(P). But the author is not 
aware of any previous work dealing with problem (B) 
in any more general fashion. The main object of the 
present paper is to solve this problem for the case 
ZCL(P)=1—that is to determine necessary and suffi- 
cient conditions to be imposed on a P in order to make 
that P unigraphic. Unavoidably, however, necessary 
and sufficient conditions for nullgraphism (ZCL(P)=0) 
must be determined before unigraphism can be suc- 
cessfully treated. If ZCL(P)=0, then P, since it has 
no corresponding connected loopless graph, can find 
no application in structural chemistry; but (as will be 
shown) the condition ZCL(P)>0 is not the only condi- 
tion which must be placed on a P in order to assure the 
applicability of that P in the structural field. 

Bearing in mind the application of the mathematical 
results to chemical problems, it is evident that, in one 


* Arthur Cayley, Brit. Assoc. Advancement Sci. Repts., p. 275 
(1875); Phil. Mag. (4) 47, 444 (1874); (5), 3, 34 (1877). These 
papers are reprinted in Vo]. [IX of Cayley’s collected works. 
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respect at least, the theory thus far outlined requires 
elaboration. From the definition already given for the 
identity of the two graphs G and G’, it follows that the 
point c; in G and the point c;’ in G’ can correspond to 
one another only if they have the same valence and are 
similarly joined by edges to the other points of G and G’ 
respectively. If graphs in which these conditions are 
sufficient for the correspondence of c; and c;’ are repre- 
sented by structural formulas, they must be represented 
by the structural formulas of compounds in which all 
the atoms of like valence are atoms of the same ele- 
ment.* The reason for this limitation is that it is im- 
possible, on grounds so far discussed, to distinguish 
(for example) between the graphs represented by 
methane and by methyl chloride, or between those 
represented by 1,4-dioxane and by 1,4-thioxane. Such 
distinctions may, however easily be made if the indi- 
vidual points in the graphs are endowed with some 
intrinsic property such as color. Then necessary and 
sufficient conditions for the identity of the two graphs 
G and G’ are fixed as follows: The corresponding points 
c; and c;’ must not only be (as heretofore) of equal 
valence and similarly connected to the other points of 
G and G’ respectively, but, in addition, the like-valent 
points c,’ and c;’ in G’ must be alike in color if and only 
if the corresponding like-valent points c; and c; in G 
are alike in color. A graph in which all the points of 
like valence are of the same color will be called ‘‘mono- 
chromatic”; a graph in which this condition is not met 
will be called “‘polychromatic”’ ; and the same terminol- 
ogy will be applied to the chemical formulas and com- 
pounds which represent these graphs. There is no object 
in distinguishing by color between points of different 
valence. In any two graphs, no two such points can 
correspond with one another, whether they are of the 
same color or not. 

Only one very simple theorem concerning poly- 
chromatic graphs need here be introduced. Evidently, 
if a graph is to involve m colors (i.e., to be m-chrom- 
atic), it must contain at least m points of like valence. 
If ZCL(P)>0 and P contains m(>1) like integers, 
then, for P, at least one connected loopless graph in- 
volving y colors (2< yZ m) can be constructed. Further- 
more, if, for P, the number of distinct connected loop- 
less monochromatic graphs is x, then, for P, the number 
of distinct connected loopless graphs involving y colors 
is Sx..In more definite chemical terms, if there are 
(for example) x monochromatic structural isomers with 
the formula C,H», there must be at least x polychro- 
matic structural isomers with the formula C,H,.Cl;, 
where e+ f= and e>0< ff. Consequently, if it be asked 
whether the polychromatic formula C,H,.Cly corre- 
sponds to one or more than one structural isomer, the 
first question to be answered is whether the associated 
monochromatic formula C,H, corresponds to one or 


5Tsotopism is here neglected, but solely for the sake of sim- 
plicity. The entire ensuing argument would hold equally well if 
the word “isotope” were substituted for the word “element.” 
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more than one structural isomer. If it corresponds to 
only one hydrocarbon, there may be one or more than 
one chlorine derivative of the stated composition. 
But if C,H, corresponds to several structurally isomeric 
hydrocarbons, there cannot be only one chlorine 
derivative C,H,Cl;. 

As a result of these considerations, the determination 
of all unique connected loopless graphs falls definitely 
into two stages. The first stage is to determine all mono- 
chromatic graphs which meet this condition ; the second 
stage is to determine under what conditions each of 
these monochromatic graphs, if it is made polychro- 
matic, remains unique. If a monochromatic graph is 
not unique, then no polychromatic graph derived from 
it can possibly be so. 

It is well to consider in advance the results which 
may be expected from a mathematical inquiry of the 
kind just outlined. All that mathematics can here given 
is a complete list of unigraphic partitions and their 
corresponding unique graphs. Any compound which 
has a molecular formula representing one of the uni- 
graphic partitions on the mathematically determined 
list may be expected to have a structural formula 
representing the corresponding unique connected loop- 
less graph. But whether chemists have been or ever 
will be able to prepare a stable representative for a 
particular unigraphic partition, and, if they have suc- 
ceeded in so doing, whether the chemical and physical 
behavior of any such representative is in agreement 
with the corresponding unique connected loopless 
graph, are questions upon which the mathematical 
theory of graphs throws no light whatever. 

The number of unique connected loopless mono- 
chromatic graphs is infinite, and the class of the corre- 
sponding unigraphic partitions falls into a complex set 
of infinite and partially overlapping subclasses. To 
translate the mathematical findings into chemical terms 
would therefore be a most laborious task, were it not 
for the fortunate fact that one mathematically arbi- 
trary but chemically important limitation readily lends 
itself to mathematical expression. When attention is 
restricted (as in this paper) to covalence, it may be 
assumed that no atom, and thus no point in any chemi- 
cally represented graph, has a valence greater than four. 
Hence no integer in any chemically represented uni- 
graphic partition is greater than four. The whole class 
of unigraphic partitions which meet this restriction 
consists of two non-overlapping infinite series (which 
fortunately may be summarily treated) and about thirty 
individual cases. Moreover, the corresponding unique 
connected loopless monochromatic graphs give rise to 
unique polychromatic graphs which are also few in 
number. 

The molecular and structural formulas representing 
these unique connected loopless graphs (both mono- 
chromatic and polychromatic) must be subjected to 
chemical scrutiny. But since the valence rules by them- 
selves tell nothing about the stability of any compound 
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which might represent a particular graph, no automatic 
exclusion principles can be set up in advance. It is 
necessary to rely on chemical good sense, guided in part 
by such considerations as the strain theory. Forms like 
I and II, when considered merely as Crum-Browne 
structures, are quite as admissible as III, for they fully 
conform to the valence rules that oxygen is bivalent, 
nitrogen trivalent and carbon quadrivalent. Neverthe- 


O 
same H 
Cw C 
| | H-C-—H 
Me i H 
O 


I II Ill 


less, the first two of these putative compounds have 
never been made, and their future preparation would 
be regarded by most chemists as improbable to the 
verge of absurdity. 

The object of an exhaustive chemical scrutiny would 
be to determine, for every unigraphic partition con- 
taining no integer greater than four, 


(1) How many distinct chemical representatives have 
been isolated, and 

(2) Whether, for each particular representative, the 
uniquely determined structural formula is in satis- 
factory agreement with the physical properties and 
chemical behavior of the compound in question. 


Since a decision of either one of these two questions 
partakes of the nature of a value judgment, complete 
unanimity of opinion is here not to be expected. In the 
present paper, no such exhaustive chemical scrutiny is 
attempted. A serious effort is made to indicate all those 
unigraphic partitions for which no chemical representa- 
tive exists, and all those where the chemical behavior of 
no representative is in accord with the required struc- 
tural formula. But, where one or more satisfactory 
representatives are known, one good example is given, 
without any attempt to make the list of examples 
complete. 

The purely mathematical aspects of the relations 
between partitions and their associated graphs will be 
discussed in another publication.‘ To that paper the 
reader is referred for proofs of the following theorems. 


Theorem (1.1) 2P=2x (where x is any positive in- 
teger) is a necessary and sufficient condition for the 
existence of at least one graph (connected or discon- 
nected, with or without loops) for P. 

Theorem (1.2) (2P/2)—(n—1)50 is a necessary and 
sufficient condition for the existence of at least one 
connected graph for P. 

Theorem (1.3) (2P/2)— i150 is a necessary and sufh- 
cient condition for the existence of at least one loop- 
less graph for P. 


4 Paper entitled “Partitions and their representative graphs,” 
Am. J. Math. 73 (1951), to be published. 










































C 
but 
with 
follo 
ina 















oF 
tlons. 
repres 








have 


>, the 
satis- 
> and 


stions 
iplete 
n the 
iny is 
those 
senta- 
rior of 
struc- 
ctory 
viven, 
mples 


ations 
vill be 
ar the 
yrems. 
ve in- 
or the 
iscon- 


y and 
st one 


| suffi- 
» loop- 


’ 
raphs,’ 


UNIMERISM 


Theorem (1.4) (2P/2)—(n—1)50Z(2P/2)—p; is a 
necessary and sufficient condition for the existence of 
at least one connected loopless graph for P. 


Any P which meets conditions (1.1) and (1.4), and 
thus corresponds to at least one loopless connected 
graph, will hereafter be called a II. Evidently, every 
unigraphic partition must be a II. 


Theorem (2). Where polychromism is excluded, any one 
of the following conditions, if imposed on a II, is suffi- 
cient, and at least one of them is necessary to make 
that II unigraphic. 


(a) (21/2)—pi=0. One-half of the sum of all 
the integers in II is equal to 


the largest integer in II. 


(b) a. The number of integers in 
II is three. 


II consists of at least three 
integers, but not more than 
two of them are>1. 

pi aad 3 


po= pn. 


The largest integer in II is 2. 


The largest integer in II is 
one less than half the sum 
of all the integers in IT; ex- 
cepting this largest integer, 
all the integers in II are 
equal. 


Pi=ps; ps=. The three largest integers 
in II are all equal to one 
another; the fourth integer 
is 1. 

n=4, The number of integers in 


II is four. 


(f’) (211/2)—(n—1)=0. The number of integers in 
II is (SI1/2)+1. 


Conditions 2a: - -2f” are independent of one another, 
but they partially overlap.® For this reason, in dealing 
with unigraphic II’s, it is better to be guided by the 
following rubric, where the same conditions are restated 
in a form which prevents overlapping. 


Rubric 


(2II/2)—pi=0 Class I 


(211/2)—p,>0 
n=3 
n>3 


ps=1 
ps>1 


Class IT 


Class ITI 


_* For example, the partition 2, 1, 1 meets the first four condi- 
tions. Hence theie are four independent reasons why any one of the 
representative compounds (e.g., H2O) should be a unimer. 
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Class IV 


(2II/2)—p.=1, po2= Pn 
(211/2)—pi>1, pi=ps, pr=i 


n=4 


Class V 


Class VI 


n= (ZII/2)+1 Class VII 


The existence conditions (1.1) and (1.4) which apply 
to connected loopless monochromatic graphs need only 
a little strengthening to make them apply in the poly- 
chromatic case. 


Theorem (3.1) For any II which meets conditions (1.1) 
and (1.4) an additional condition necessary and suffi- 
cient for the existence of an m-chromatic graph is 
Pi=Ppi+m—1 for at least one p;. (Where m=1, this 
condition reduces to the identity p;= p;.) 


The uniqueness conditions 2a: --2f which hold for 
monochromatic graphs must be successively strength- 
ened as the number of colors is increased from one to 
four. For more than four colors, the uniqueness condi- 
tions are the same as for four colors. 


Theorem (3.2) (a) Every connected loopless polychro- 
matic graph for a II of class I or class II is unique. 
(b) No connected loopless polychromatic graph for 
a II of class V or class VI or class VII is unique. 
(c) A connected loopless polychromatic graph for 
a II of class III or class IV is unique only under the 
following special conditions. 


Class ITI. 


Here an additional 
condition is pi= po. 


(1) The two polyvalent points 
are of different colors; all 
the univalent points are of 
one color, 


The two polyvalent points 
are of one color; all but 
one of the univalent points 
are of one color. 


Class IV. (1) p,=2. All the points but 
one are of one color. 

(2) p,=1. All the bivalent 
points are of one color; the 
two univalent points are of 


different colors. 


From theorems (3.1) and (3.2) it follows that a loop- 
less connected graph with three colors is unique if and 
only if its II contains at least three like integers and is 
of class I or class II; a loopless connected graph with 
x (>3) colors is unique if and only if its IT contains at 
least x like integers and is of class I. 

The last condition to be imposed on a II in order to 
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UNIMERISM 


make that II chemically applicable is the mathemati- 
cally arbitrary but chemically important limitation 
(2g): pi<5. The only II’s which fulfill condition (2g) 
as well as at least one of the conditions (2a): - - (2f’”) are 
those given in Figs. 1a, 1b, and 1c. Certain of the com- 
pounds with molecular formulas corresponding to these 
partitions form the foundation upon which is erected 
almost the whole edifice of structural organic chemistry. 
In the figures, the partitions are classified according 
to the rubric, and with each partition are given the 
unique monochromatic and polychromatic graphs to 
which that partition corresponds. The symbol a stands 
for an atom of valence a. The symbols 4, de, etc., stand 
for atoms of different elements with the same valence. 
Where there exists at least one stable compound 
representing a particular unigraphic partition, and 
where the behavior and properties of at least one of 
these representatives is satisfactorily depicted by the 
corresponding structural formula, the molecular formula 
of one satisfactory representative is given below the 
graph. Where there exist stable compounds representing 
a particular unigraphic partition, but where the proper- 
ties and behavior of no such representative are satis- 
factorily depicted by the corresponding structural 
formula, the molecular formula of one representative, 
followed by the word “unsatisfactory” (abbreviated to 
“unsat’’) is given below the graph. Where no compound 
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representing a particular unigraphic partition is known, 
the word “unknown” is given below the graph. 

The figures are drawn up on the assumption that 
polychromism within any subset of live-valent atoms 
refers to differences between the atomic numbers of 
these atoms. With this assumption, of the 66 graphs 
listed, 25 have no chemical representatives, 9 are 
unsatisfactorily represented, and 32 have satisfactory 
representatives. Of the satisfactorily represented graphs, 
20 correspond to saturated compounds which require no 
molecular weight determination to fix their molecular 
formulas. If isotopism is recognized as a source of 
polychromism, the number of satisfactorily represented 
polychromatic graphs is somewhat increased. For ex- 
ample, such compounds as H—C=Si—H and H:C 
= SiH: probably do not exist, whereas HC”=C"H and 
H,C”= CH, are, respectively, normal constituents of 
ordinary acetylene and ethylene. 

Only two of the unigraphic partitions listed permit 
of stereoisomerism among their representative com- 
pounds. These are the partitions 3,3,1,1 and 4,1,1,1,1. 
For the partition 3,3,1,1 there should be a pair of op- 
tically inactive syn-anti isomers in the monochromatic 
and in each of the two possible dichromatic cases. For 
the partition 4,1,1,1,1 there should be no stereo- 
isomerism except in the tetrachromatic case, where 
there should be a pair of enantiomorphs. 
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The magnetic susceptibilities of the three oxides of praseodymium, Pr2Os, PrOz, and PrsOu, have been 
measured with the faraday magnetic balance over a range of temperatures from 80° to 300°K. The sesqui- 


oxide and the dioxide have been found to have moments of 3.55 and 2.48 Bohr magnetons, respectively, and 
to obey the Weiss modification of the Curie law, x(7+A)=C, over the range of temperatures studied with 
corresponding values of A equal to 55.0° and 104°. A curvature was noted in the plot of 1/x vs T for the 
oxide PreOi1. Thus the Weiss-Curie law does not adequately express the relationship between the suscep- 
tibility and the temperature for this oxide. A moment of 2.8 Bohr magnetons was calculated for Pr6Oi: from 


the slope of the above plot between 200° and 300°K. 








INTRODUCTION 


N spite of the large number of investigations of the 
magnetic properties of the rare earths, relatively 
few measurements have been made on the oxides of 
praseodymium as a function of temperature. Selwood! 
apparently overlooked the work of Cabrera and Du- 
perier® and that of Klemm and Koczy,? for he estimated 
a value for the gram susceptibility of the sesquioxide 
of praseodymium. To the author’s knowledge no sus- 
ceptibility data have been reported for the oxide PreQ 
as a function of temperature, and only Cabrera and 
Duperier® appear to have measured PrO; in this manner. 
Susceptibility measurements have been made on 
analyzed samples of the three oxides of praseodymium, 
Pr2O3, PreQii, and PrOs over a range of temperatures 
from 80° to 300°K. 

















Fic. 1. Phosphor-bronze 
capsule. 
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* This work was done under the auspices of the AEC. 

1P, W. Selwood, Magnetochemistry (Interscience Publishers, 
Inc., New York, 1943), B 232. 

2B. Cabrera and A. Duperier, Compt. rend. 188, 1640 (1929). 


*W. Klemm and A. Koczy, Z. anorg. Chem. 233, 84 (1937). 
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EXPERIMENTAL 


The susceptibilities were measured by the vertical 
force method with a faraday magnetic balance. The 
apparatus was assembled by Lewis and Elliott.‘ The 
magnet and the power supply were manufactured by 
the Consolidated Engineering Corporation of Pasadena, 
California. An Ainsworth type TCX semimicro bal- 
ance was used to measure the force exerted on the sam- 
ple. A phosphor-bronze capsule of the type shown in 
Fig. 1 was used to contain the specimen under inves- 
tigation. The mapping of the field to locate the region 
of maximum HdH/dx was accomplished by reading 
the position of the capsule relative to a fixed reference 
point by means of a Gaertner cathetometer. The tem- 
perature of the sample was measured ‘with copper- 
constantan thermocouples which had been checked 
against a platinum resistance thermometer certified 
by the Bureau of Standards. 

The phosphor-bronze capsule was surrounded by a 
copper tube which was placed inside a silvered Pyrex 
glass Dewar flask. Around the copper tube was placed a 
copper spiral coil through which liquid nitrogen was 
pumped. The desired temperature was achieved by a 
proper selection of the length of the pump stroke and 
the number of strokes per minute. The emf of the con- 
trolling copper-constantan thermocouple was opposed 
with a Rubicon precision potentiometer. The condition 
of unbalance was indicated by a Leeds and Northrup 
moving coil, reflecting galvanometer, and the reflected 
light beam was projected on a photoelectric cell which 
activated the relay controlling the operation of the 
liquid nitrogen pump. With this assembly the tempera- 
ture of the copper tube surrounding the phosphor- 
bronze capsule could be controlled to within a few 
tenths of a degree. Additional details of the apparatus 
will be found in the paper of Lewis and Elliott.* 

The rare earth sample was obtained in the form of the 
oxide, PrgOy1, from Professor F. H. Spedding at the 
Institute for Atomic Research, Ames, Iowa. A spectro- 
graphic analysis of this oxide indicated 0.005 percent 
magnesium, and the quantities of other rare earths 


4W. B. Lewis and N. Elliott (to be published). 
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present were beyond the limit of detection. The absence 
of ferromagnetic impurities in the oxide was demon- 
strated by measuring the susceptibility as a function of 
the magnetic field strength. 

The oxide Pr.O3; was prepared by inductively heating 
Pr,Ox: at a temperature of about 1400° for sixteen hours 
at a pressure of about 5 microns. An x-ray analysis of 
this sample showed it to be the A (hexagonal) form of 
Pr203. No other component was indicated by the x-ray 
diffraction pattern. 

PreO. was prepared for the magnetic measurement 
by heating the sample as received for one hour in air 
at approximately 1000° in a platinum crucible to re- 
move any moisture and to decompose any carbonates 
which might have formed. The resulting oxide was 
shown by its x-ray pattern to consist of a single com- 
ponent. 

The method of McCullough was used in the prepara- 
tion of PrO:. This procedure consisted of heating the 
oxide PrgO1: to 300° for 48 hours under a pressure of 
60 atmospheres of oxygen in a quartz capillary. Again 
an x-ray diffraction pattern of this material failed to 
reveal the presence of a second component. The lattice 
constants of PreOx, and of PrO: are in agreement with 
those obtained by McCullough,® while those for Pr2O3 
are in accord with the results of Eyring, Cunningham, 
and Lohr* for the A form of this oxide. The “active 
oxygen” method of analysis developed by Barthauer 
and Pearce’ was used to serve as an additional check on 
the composition of the praseodymium oxides. Whereas 
the theoretical percentages of “active oxygen” are 0.0, 
3.13, and 4.63 for the oxides Pr2O3, PreOu1, and PrOs, 
respectively, the experimentally observed percentages 
were 0.0, 3.14, and 4.7. The latter value is within the 
experimental error because of the limited sample. 

The magnetic balance was calibrated with potassium 
chrome alum as the standard of susceptibility, and the 
values obtained by de Haas and Gorter® were used for 
this salt. A crystal of manganous sulfate tetrahydrate 
was measured over the range of temperature from 80° 
to 300°K as a check on the reliability of the calibration. 
A linear relation between 1/x and T was obtained. 
A moment of 5.86 Bohr magnetons was obtained for 
this salt, and the absolute values of the susceptibility 
were within approximately 1 percent of the values ob- 
tained by Jackson.® 

The contribution of the empty phosphor-bronze 
capsule was measured as a function of temperature. 
This blank was also measured both before and after 
each measurement. The phosphor-bronze capsule was 
loaded with the oxide samples in an inert “drybox” 





5J. D. McCullough, J. Am. Chem. Soc. 72, 1386 (1950). 

° Eyring, Cunningham, and Lohr, UCRL-791, July (1950). 

7G. L. Barthauer and D. W. Pearce, Ind. Eng. Chem., Anal. Ed. 
18, 479 (1946). 

*W. J. de Haas and C. J. Gorter, Proc. Acad. Sci. Amsterdam 
33, 676 (1930). 

*L. C. Jackson, Proc. Roy. Soc. (London) A140, 704 (1933). 





TABLE I. The susceptibility of praseodymium sesquioxide 
as a function of temperature. 











7, % xg X10 x’ X108 Xm X108 1/Xm X10? 
297.9 26.80 4420 4478 2.233 
263.4 29.63 4887 4945 2.022 
243.4 31.67 5223 5281 1.894 
215.6 34.84 5746 5804 1.723 
182.3 39.60 6530 6588 1.518 
149.2 46.58 7681 7739 1.292 
83.3 68.87 11358 11416 0.876 








to prevent the reaction of either carbon dioxide or 
moisture with the sample. 


EXPERIMENTAL RESULTS 


In Table I are given the values for the susceptibility 
per gram of Pr.O3, x,, and the susceptibility of Pr2Os; 
per gram atom of praseodymium as a function of tem- 
perature. A correction of —58X 10~ was applied for the 
diamagnetism of the oxide. In calculating the diamag- 
netic correction to be applied, a value of —13X10- 
was used as the contribution of the oxygen and 
—38X10-* was used for the rare earth ions in all three 
oxides. The latter value is that given by Pauling’® for 
Lat++, While both Pr+** and Pr*+*** have 4/ electrons, 
whereas La*+** does not, it is believed that the dia- 
magnetic corrections for these rare earth ions are ap- 
proximately correct, since, as Van Vleck" has stated, the 
electrons in the 4f shell contribute less to the dia- 
magnetism than the surrounding 5s and 5p shells. 
The values of the susceptibility of Pr2O; in Table I are 
approximately 2 to 3 percent less than the values of 
Cabrera and Duperier® and Velayos,” and 3 percent 
greater than the values of Klemm and Koczy.’ The 
susceptibility of Pr2O3 can be satisfactorily represented 
by the Weiss-Curie law from 80° to 300°K. A moment 
of 3.55 Bohr magnetons was calculated for this oxide 
and a value of 55.0° was found for A, the molecular 
field constant. The moment was calculated from the 
relation u=2.83[x(T7+A) ]!. The x’ values have not 
had the diamagnetic correction for the ions applied. 

The Weiss-Curie law has also been found to express 
adequately the relation between the susceptibility and 
temperature for the oxide PrO2. See Table II. A correc- 
tion of —64X10-* was applied to the measured results 


TABLE II. Susceptibility-temperature relation for PrOs. 











re 4 xg X108 x’u X106 Xm X106 1/xu X1072 
298.6 10.75 1858 1922 5.203 
267.9 11.53 1994 2058 4.859 
242.2 12.50 2162 2226 4.492 
201.6 14.17 2450 2513 3.979 
174.4 15.62 2700 2764 3.618 
82.9 23.44 4052 4116 2.430 








10L, Pauling, Proc. Roy. Soc. (London) 114A, 181 (1927). 
J. H. Van Vleck, The Theory of Electric and Magnetic Sus- 

ceptibilities (Oxford University Press, London, 1932), p. 252. 
12S. Velayos, Anales espaii. fis. quim. 33, 5 (1935). 
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Fic. 2. Reciprocal of the magnetic susceptibility of the praseo- 
dymium oxides as a function of temperature. (A) PrO:, (B) 
Pr.Oi1, (C) Pr2O3. -e-e-e- Velayos; —-—-— Cabrera and 
Duperier; -[])-_]-L)- Klemm and Koczy; -O-O-O- This in- 
vestigation. 


for the diamagnetism of the ions. A moment of 2.48 
Bohr magnetons and a A value of 104° were found for 
PrO,. A comparison of the results of the present work 
with that of other investigators is given in Fig. 2. 

The susceptibility-temperature relationship for the 
oxide PreQO1; is not adequately expressed by the Weiss- 
Curie law over the temperature range studied. Measure- 
ments on four independent samples of PrgOy. with an 
average weight of 30 mg gave concordant results for 
the susceptibilities of this oxide. Since a plot of 1/x 
vs T shows a definite curvature, no attempt was made 
to calculate a value for the molecular field constant. A 
moment of 2.8 Bohr magnetons was calculated for the 
oxide PrgO,, from the slope of the above plot in the 
temperature range between 200° and 300°K. A dia- 
magnetic correction of —62X10~* has been applied 
to the susceptibility values per gram atom of rare earth 
as given in Table ITI. 


DISCUSSION 


The experimentally observed moment of 3.55 Bohr 
magnetons obtained for Pr+** is in good agreement with 
the results of other investigators (Fig. 2) and with the 
theoretical value of 3.62 calculated by Van Vleck and 
Frank. Cabrera and Duperier stated that the oxides 
Pr.O; and PrO: do not conform to the Weiss-Curie law 
and proposed the formula (x+)(7+A)=C as best 
representing the susceptibility-temperature relation- 
ship for these oxides. Their values for the Curie con- 


13 J. H. Van Vleck and A. Frank, Phys. Rev. 34, 1494, 1625 
(1929). 
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TABLE III. Susceptibility of PrsO,: as a function of temperature. 
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299.3 14.30 2435 2494 4.010 
272.2 15.27 2600 2659 3.761 
256.9 15.91 2709 2768 3.589 
241.4 16.65 2835 2894 3.455 
215.9 18.11 3083 3142 3.183 
184.7 20.23 3444 3503 2.855 
150.4 23.83 4057 4116 2.430 
130.9 26.67 4540* 4599 2.174 
118.9 28.56 4862* 4921 2.032 
105.5 31.51 5365* 5424 1.844 
80.8 38.50 6555* 6614 . 






















* Independent sample. 





stant, C, for these two oxides were 1.617++0.005 and 
0.861+0.010, respectively. However, in this study it 
has been found that between 80° and 300°K the Curie- 
Weiss relation, x(7+A)=C satisfactorily represents 
the susceptibilities of PrxO; and of PrO» as a function 
of temperature. Values of 1.575-0.004 and 0.769+0.002 
were found for the Curie constants of the sesquioxide 
and the dioxide, respectively. 

Van Vleck and Frank” have calculated that Ce*** 
should possess a moment of 2.56 Bohr magnetons. 
According to the Sommerfeld-Kossel rule, since Pr+*** 
is isoelectronic with Ce+*+*, the moments of the two 
ions should be very nearly equal. The experimental 
value of 2.48 Bohr magnetons obtained for Pr*+*+** is 
in satisfactory agreement with this prediction. Since 
Cabrera and Duperier’ did not report on the purity of 
their preparation of PrOs, it is believed that their 
susceptibility measurements of this oxide are approxi- 
mately 9 percent too large at room temperature. 

A departure from the Weiss-Curie law was observed 
for the oxide PrgQ1; as evidenced by the curvature of 
the 1/x vs T plot shown in Fig. 2. A moment of 2.8 
Bohr magnetons was calculated for this oxide from the 
slope of the above plot in the temperature range of 
200° to 300°K, since in the high temperature region the 
uncertainty in the molecular field constant is less im- 
portant in calculations of the moment. It is not possible 
to distinguish between the formulas Pr2O;-2Pr2O3 and 
Pr,O3-4PrO2 which have been proposed for the com- 
position of the oxide Pr¢O,; from the magnetic moments 
of the trivalent and the tetravalent praseodymium 
ions, since nearly identical calculated moments of about 
2.86 Bohr magnetons are found for each of the pro- 
posed formulas. 
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Explicit relations have been obtained for the enthalpy changes in one-dimensional nonviscous flow 
through a Laval nozzle, where arbitrary deviations from thermodynamic equilibrium of chemical composi- 
tion and of internal electronic, vibrational, or rotational energy states may occur. These relations are of 
interest in connection with calculations on the effect of deviations from equilibrium on performance of jet 
engines. 

Starting with the equation of continuity for a multicomponent mixture of reacting gases, criteria for near- 

— equilibrium and for near-frozen flow with respect to chemical reactions are derived. The near-equilibrium 
criteria agree with results obtained previously. The near-frozen flow criteria are new and have not yet been 


applied to the study of chemical reactions during nozzle flow. 








and 
y it 
ne- I, INTRODUCTION present time only near-equilibrium criteria, that is, 
HE determination of translational energy for methods for allowing rapid screening of reactions 
a fluid mixtures after expansion through a Laval which occur so rapidly that they almost maintain con- 
side nozzle involves use of a well-known procedure, at least centration changes consistent with local thermodynamic 
for the special case of one-dimensional adiabatic expan- Pdi ig have been used. It is evident that near- 
+++ sion with complete chemical equilibrium or without frozen low criteria should be just as useful as — 
os composition change.'~ It has usually been assumed that equilibrium criteria. Accordingly Section III will be 
+++ complete thermodynamic equilibrium is maintained devoted to the development of near-frozen flow criteria, 
twe during flow with respect to vibrational and rotational 5 well as of near-equilibrium criteria, from rather 
tal energy states, although numerical calculations for a general considerations. With the aid of this new tool 
+ jg few representative cases of vibrationally frozen flow for studying kinetic -rerns during nozzle flow, addi- 
aa have been discussed.® The calculation of exhaust onal numerical calculations on selected propellant 
inc : ; i 
a velocity after one-dimensional adiabatic expansion SYStems should become possible. For complex reactions 
bale through a Laval nozzle can be carried out for arbi- 0 the type which occur in the hydrogen-oxygen motor 
al trary distributions of internal energy and for arbitrary the interdependence of chemical reactions will hav € to 
composition changes. It is the purpose of Section II be considered aacenteng to a scheme described in an 
“ail to present a systematization of calculations of this type earlier publication. 
wal in a convenient form for practical applications. II. CALCULATION OF TRANSLATIONAL ENERGY FOR 
28 Closely connected with the essentially thermody- FLUID MIXTURES DURING ADIABATIC FLOW 
the namic calculations of exhaust velocity are the kinetic tins, siietilaln ial camiiiiaiias iit tian tet tone 
a problems of rates of chemical reactions and rates of ie pared PS agp altri 4 aiisiedie 
the adjustment of internal equilibrium states during nozzle fiom nai eapees det: rp the relation‘ 
i, flow. Of these kinetic problems only the former has — P y 
ple been treated in connection with the evaluation of rocket H+ 4u?=constant, (1) 
anil performance. The methods which have been used fall —" h bia f fluid mix 
ae into two categories: those concerned with exact step- “7*T® png — : : ae PY eS d gs es wr 
we wise numerical calculations?*:® and those involving the ae one © & he Boe mew Wee: quation ( ) 
application of near-equilibrium criteria.’-® Exact calcu- forms the basis for the calculation of exhaust velocities 
saa ia. : , ge 
t lations are extremely laborious and, in view of the lack after flow through a Lav whee 7 P articume, & i & 
ou : , . . assumed that the translational velocity at the nozzle 
ai of adequate information concerning reaction-rate con- “a : . 
P stants, seem hardly worth while. On the other hand entrance (conditions at the nozzle entrance are identi- 
? . ’ ° . 
the use of near-equilibrium criteria is at least of quali- hed. by the sabectipt ¢ Conmenpeneing on ie chasaber 
tative value and in selected cases may even be used for yy aapeeet T.) is 7 then the translational velocity 
the analysis of a complete propellant system.® Up to the yes the nossle exit (identified by the oemnczipt terns ll 
1 to sponding to the exhaust temperature 7.) is given by 
: 'F. J. Malina, J. Franklin Inst. 230, 433 (1940). i 
r ’ ? 
het 2S. S. Penner and D. Altman, J. Franklin Inst. 245, 421 (1948). the relation ly 2=H—H.=AH. 2 
estl- ‘ia and S. S. Penner, J. Chem. Phys. 17, 56 (1949). eee ee ae (2) 
ris .R. Brinkley, Jr., J. Chem: Phys. 15, 107 (1947). ; ; 
* 5S. S. Seamer i hoch Phys. 20, 145 (1949). It is well known that the numerical value of u, de- 
, Jr. 





°H. Behrens, Z. physik. Chem. 195, 1 (1950). 
7S. S. Penner, J. Am. Chem. Soc. 71, 788 (1949). 


J. 
*S.S. Penner, J. Chem. Phys. 17, 841 (1949). 
J. Franklin Inst. 249, 441 (1950). 


*S. S. Penner, 


pends on the nature of the flow process and will assume 


10H. W. Liepmann and A. E. Puckett, Aerodynamics of Com- 
pressible Flow (John Wiley and Sons, Inc., New York, 1947). 
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different values depending on the extent of chemical 
reaction and redistribution of internal energy during 
flow. In order to exhibit this dependence of ~, on the 
flow process in some detail, it is desirable to express 
AH.° in such a form as to demonstrate explicitely its 
dependence on the occurrence or nonoccurrence of 
chemical reactions and internal energy adjustments. 
The term equilibrium flow will be understood to mean 
flow in which equilibrium is maintained at each point 
with respect to chemical reaction, whereas frozen or 
constant-composition flow means flow without chemical 
reaction. The state of the electronic, vibrational, and 
rotational distribution will be identified by a statement 
concerning the internal energy distribution. Let Ho° 
=enthalpy per gram of fluid mixture if complete chem- 
ical and internal equilibrium is maintained for all 
constituents; H°=enthalpy per gram of fluid mixture 
if complete chemical equilibrium is maintained for all 
components but internal-energy lags may exist; 
Ho=enthalpy per gram of fluid mixture if complete 
internal equilibrium exists for all constituents but the 
chemical composition may depart from equilibrium. 
It is convenient to form the following identity 


H=H,°— 3 (Ao°— Ho)+ (Ho—H) 
+(Ho°—H°)+(H°—H)], (3) 


whence 


AH “= (Ho°— Ho.) — 4 { [ (Hoe Ho.)+ (Hoc— H.) 
+ (Ho.°— H.°)+ (H.°— H,.) |- [ (Hoe— Hoe) 
+(Ho.—H.)+(Aoo—H.)+(A—H.) }}. (4) 


Let (Ho.°— Ho.°)=AHo.°°=enthalpy change for com- 
plete chemical and internal equilibrium. In general, 
the fluid mixture of density p contains N different 
chemical species. The equilibrium concentration of the 
k’th species is C,° in moles per cubic centimeter of mix- 
ture or C,°/p in moles per gram of mixture. The corre- 
sponding actual concentrations are C;, in moles per 
cubic centimeter of mixture or C;/p in moles per gram 
of mixture. Setting the molecular weight of the &’th 
component equal to M;, it is apparent that 


H=S (MiC/)Hn Ss) 
k=1 
N 

H°=>) (MiCi°/p) Hi (Sa) 
k=l 

Ho=X (MiCu/p)He*, (sb) 
k=l 


where Ho; is the enthalpy per gram of the kth com- 
ponent with equilibrium internal energy distribution 
and H;, is the corresponding enthalpy per gram without 
equilibrium internal-energy distribution. Introducing 
Eqs. (5), (5a), and (5b) into Eq. (4), the following 
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relation is obtained: 


1y2= AH <= AH oe"* 
N 
- 3  ® M;{ (1/pe)L(Cre®—Cre) (Horet+ Htc) 
k=1 


+ (Cr+ Cre) (Hore—H xc) | 
—(1/pe)L(Cre°— Cre) (Hore + Hie) 
+ (CrP+Cre)(Hoxe— Hie) }} ° (6) 


Equation (6) is the desired result and can be used 
directly to calculate u, for the most general type of 
information which may be available. The utility of 
Eq. (6) will now be demonstrated by considering a 
number of special cases, some of which have been em- 
ployed previously for the calculation of exhaust ve- 
locities from conventional rocket motors. 


A. Equilibrium Concentration and Equilibrium 
Internal Energy at 7, and 7, 


In this case Crc=Cie®, Cre=Cie®, Hic= Hoke, Hie= Hoke. Hence 
Eq. (6) becomes 
N 
ju?= slho Mil (Ckc°H oke/ pe) _ (Cie oke/ pe) J. (7) 


Equation (7) shows how the exhaust velocity is calculated for 
equilibrium flow. For practical purposes it may be convenient to 
replace the enthalpies in Eq. (7) by heat capacity integrals. Thus 


N 
hu2= ¥ {ati| (Cu"/e0 Se Cord T— (Cre®/pe) a Cua? | 


k=1 


+ Hot" (Cu*/0e)—(Cu/0d]}, (7a) 


where Cx is the specific heat at constant pressure per gram of k 
for equilibrium electronic, vibrational, and rotational excitation, 
and Ho denotes the standard heat of formation of species k 
at 298°K, 


B. Equilibrium Concentration at 7, followed by 
Frozen Flow to 7, and Equilibrium Internal 
Energy at 7, and 7, 


In this case Cic=Cic®, Hic= Hoke, Hre= Hoke, Cre/pe=Cke®/ per 
Hence Eq. (6) becomes 


N 
gu2= Z (MiCre/pe)(Hore—Hoie)- (8) 
k=l 


Equation (8) is the usual relation for frozen-flow calculations. In 
terms of heat capacities it becomes 


N f 
dud= Z (MiCre/p.) f"* CydT, (8a) 
k=1 Te 
since no composition changes occur during flow. 


C. Equilibrium Concentration at 7, with Arbitrary 
Concentration at 7, and Equilibrium Internal 
Energy at 7, and T, 
In this case Cre=Cie°, Hie= Hoke, Hie Hoke, Cre#Cie®. Hence 
Eq. (6) becomes 


jug= 5 Ml (CrP/00) [ee CodT—(Cue/0.) fr Cd | 


k=1 


+Ho™[(Cre®/ pe) —(Cre/pe) it - (9) 
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D. Equilibrium Internal Energy and Arbitrary 
Concentration at 7, and 7, 


In this case Hic= Hoke, Hie= Hoke, Cic#Cre®, Cre Cre®. Hence 
Eq. (6) becomes 


jue= Mil (CrcHore/p.)—(CreHore/0.)]. (10) 


E. Equilibrium Concentration at 7, and 7, and 
Internal-Energy Lag at 7, 


In this case Cyre=Cie®, Cre=Cie®, Hie= Hoke, HieX~ Hoke. Hence 
Eq. (6) becomes 


N 
jue= AHe*+ % (MiCie°/ pe) (Hoke— Hie) . (1 1) 
=] 


The term Hoxe— Hie can be conveniently expressed as the sum of 
electronic, vibrational, and rotational enthalpy lags; i.e., 


Hoke —Hie = (Hoe! —H;,') + (Hoxe¥i® — H;,%'>) + (Hore™*— Ait) 
or 


"T's 1 Te ib "Te 
Hote Hua= Jrr'eg CMT + J" 9, CoAT + fr" Cad, 

where the superscripts el, vib, and rot denote, respectively, the 
electronic, vibrational, and rotational contributions to the heat 
capacity.* The notation T;,°!, T;.%!», Ty.'°* has been adopted in 
order to emphasize the fact that, for lagging internal-energy dis- 
tribution, the electronic, vibrational, and rotational temperatures 
at the nozzle exit may be different. Since electronic and rotational 
energy lags are less likely to occur during flow through a Laval 
nozzle than are vibrational lags, it is of interest to consider Eq. (11) 
when only vibrational lags occur. In this case 


N Te 
}u2=AHo+ 2 (MiCe/p.) J iy Ce*dT. (11a) 
k=1 Tre’ 


Equation (11a) has been used previously to estimate an upper 
limit for the effect of vibrational lags on exhaust velocity for 
equilibrium flow by setting 7;.¥'>=T7,.5 


F. Equilibrium Concentration and Internal Energy 
at T. Followed by Frozen Flow to 7, with 
Arbitrary Internal-Energy Lags at T. 


In this case Cic= Cre®, Cre/pe= Cie®/ pe, Aie= Hoke, Hre* Hoke. 
Hence Eq. (6) becomes 


N 
ju? _ AH oe +4 Z Mi { (Hoke Ae) C(Ci e°/ Pe) + (Cre®/pe) ] 
1 


+ (Hoke +H ke) (Cie®/pe) —(Cre®/pe) ]}. (12) 


A comparison of Eqs. (11) and (12) shows very clearly that the 
effect of vibrational lag on exhaust velocity will depend on the 
occurrence or nonoccurrence of chemical reaction during flow, a 
conclusion which was reached previously as the result of numerical 
calculations. It is possible to derive a quantitative expression 
for the interdependence of internal and chemical equilibrium. 
Denoting by 4A(u2) the difference in exhaust velocity between 
equilibrium and frozen flow for nonequilibrium internal energy 
at T, and subtracting Eq. (12) from Eq. (11) it is found that 


N 
4A(u,2) =< Mil (Cre®/ pe) sont (Cre°/pe) [LH oke— (Hoke— Hie) j. (13) 


In terms of heat capacity integrals Eq. (13) becomes for equilib- 





. It should be noted that individual electronic, vibrational, and 
rotational contributions to specific heats are readily calculated by 
Standard statistical methods. See J. E. Mayer and M. E. Mayer, 
= Mechanics (John Wiley and Sons, Inc., New York, 
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rium electronic and rotational distribution, with the vibrational 
temperature at the nozzle exit of each of the & components lagging 
at T, 


N 
3A(u.2) = 2 MiL(Crc°/pe) —(Cre®/ Pe) ] 


Te e 
x| Lo Coa — J" Ciba + Hos (14) 


Hence the occurrence of vibrational lag for frozen and equilibrium 
flow with T;,"'>=T, has increased the difference between equi- 
librium and frozen flow by the term 


N 
2 Mil (Cie®/pe) —(Cre°/ pe) ] f y Ci¥!bdT. 


This last result serves as a good illustration of the utility of 
Eq. (6) for the analysis of complicated flow problems, 

Further results for various specific chemical and internal-energy 
distributions can be obtained by using the general relation given 
in Eq. (6) for the solution of particular problems. The more 
complex the problem at hand, i.e., the more detailed the knowledge 
concerning concentrations and internal-energy distributions, the 
more desirable will it be to proceed from Eq. (6) in order to calcu- 
late exhaust velocities. 


III. NEAR-EQUILIBRIUM AND NEAR-FROZEN FLOW 
THROUGH A LAVAL NOZZLE 


As was pointed out in Sec. I, the analysis of kinetic 
changes during flow has been facilitated in the past by 
the use of near-equilibrium criteria. Reference to Sec. II 
shows that full use of available thermodynamic tech- 
niques for the calculation of exhaust velocity must 
await far more complete information concerning the 
kinetic changes during nozzle flow than are available 
at the present time. It is therefore of obvious interst 
to extend the useful kinetic methods by the develop- 
ment of criteria for near-frozen flow. It will be shown 
in this section how near-frozen as well as near-equi- 
librium criteria follow from the equation of continuity 
for a multicomponent mixture of reacting ideal gases. 

The equation of continuity for species k of a multi- 
component mixture of reacting gases can be written in 
the form" 


DC;./Dt=Tit (C;./p) (Dp/Dt) ne Fe C(CiV:.) J, (15) 


where D/Di=(0/dt)+v-V is the euler total time de- 
rivative moving with the fluid; [,=net rate of produc- 
tion of species k in moles per cubic centimeter, as the 
result of chemical reaction; ‘= time; v= mass weighted 
average velocity = (1/p)>-.CiMivi.; Ve= actual velocity 
of species k; p=density of fluid mixture (gm/cc); 
C,=concentration of species k (mol/cc); M,=molecu- 
lar weight of species k ; V;,= diffusion velocity of species k. 

For flow through a Laval nozzle the diffusion term 
is small and may be neglected. Assuming the presence 
of ideal gases, the equation of state is 


p=p/RT, (16) 


uC, F. Curtiss, and J. O. Hirschfelder, “Kinetic theory of 
multi-component systems of gases,” C. F. 727 (University of 
Wisconsin, Naval Research Laboratory, Madison, 1947). 
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and for adiabatic flow 


Dp/DT=yp/T(y—1), _ (17) 
whence Eq. (15) becomes 
D \nC;,/Dt=T;/Ci.+[1/T(y—1) }(DT/Dt). (18) 


Here p=mean hydrostatic pressure; 7 = temperature; 
R’=gas constant per g; y=ratio of specific heat at 
constant pressure to the specific heat at constant 
volume, including? any contributions resulting from the 
occurrence of chemical reactions. 

The most general type of chemical reaction may be 
represented by the relation 


2B v,/M,.= > ve Mx, (19) 
k 


k 


where »;’ and »;” are the coefficients which multiply 
the chemical symbol M;, of species & in the relation 
representing the stoichiometry of the reaction. For a 
reaction of the type shown in Eq. (19) it is apparent 
that 


Pi (4 — ve! )LRy TT Ci’ — Re IT C3" ] (20) 
2 ¥ 


where k; and k are specific reaction-rate constants for 
the forward and reverse reactions represented in Eq. 
(19) by an arrow pointing to the right or to the left, 
respectively. 

From Eqs. (18) and (20) it is apparent that 


D InC;/Dt= (v,/’— ve RTT C3” /Cx) 
x {1-[K(Z) TL Cy"/TT CJ} 


+[1/T(y—-1) }(DT/Dt), (21) 
where use has been made of the relation 
K(T)=[] C)"/T] Ci" = ko/ky (22) 
i 7 
and the superscript zero indicates that the equilibrium 


concentrations prevail at the local temperature T. 
A temperature 7” is next defined by the relation 


K(T’)=T] C/T C3""”, (23) 
2 7 
whence 


D InC,/Dt= (v,/’— vy ke (I] C;”i/Cx) 
; 


x {1-[K.(T)/K(T’) }} 
+[1/T(y—1) (DT/Dt). (24) 


Equation (24) represents the desired general result 
and may now be examined for various special cases. 
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A. Near-Equilibrium Flow 


Near-equilibrium flow is defined as nozzle flow for 
which the difference 7’—T is small during the entire 
flow process. More specifically it has been defined as 
flow for which only the first two terms of the Taylor 
expansion for K,(T’) about K,(7) need be included in 
calculations.*~® Since T’>T, it follows that K,(T’) 
>K.(T) for dissociation reactions and 


KAT)~KAT)+KA(T)[d nK (T)/dT]7(T’—T). (25) 


Hence Eq. (24) becomes for near-equilibrium flow, 
since 


[dInK.(T)/dT |7(T’—T)<1, 
D \nC;./Dt= (v,/’— ve RoI C3" /Cx) 


X[d InK.(T)/dT ]p(T’—T) 
+[1/T(y—-1) (DT/Dt). (26) 


It has been shown previously that the second term on 
the right-hand side of Eq. (26) is, in general, negligibly 
small compared to the first term.* Proceeding in the 
usual way,° it is readily shown that Eq. (26) leads to 
the following general criterion for near-equilibrium flow: 


1 Divs" —7) \( DT 
=) 
(y—1)T(d InK,./dT)r'~r Dt 


x Che ID C3?" 2 (v9 P/Ci 7. (26a) 
7 


2 





r'-r-| 


B. Near-Frozen Flow 


Near-frozen nozzle flow is defined as flow for which 
T’~T,. where T, represents the temperature at the 
nozzle entrance. Since 7’<T,, it follows that K,(T’) 
<K.(T.) for dissociation reactions. More specifically 
near-frozen flow may be defined as flow for which all 
terms higher than the second in the Taylor expansion 
of K.(T’) about K,.(T.) may be neglected. Thus 


KAT)~K AT.) 
—KAT)[dnK(T)/dT]r(T.—-T’) (27) 


and Eq. (24) becomes, since 
(dInK.(T)/dT ]r(T.—T’')<1, 


D InC;./Dt= (ve — ve ke TI C37" /Cx) 
, 


xX {1-[K.(T)/KAT-)] 
X[1+(d InK.(T)/dT)r(T.—T’) }} 
+[1/T(y—1)](DT/Dt). (28) 


Proceeding in the usual way,® the following general 











T] 
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criterion for near-frozen flow is obtained: 
dinK, 
( )_+2 ("9/107 | 
dT T’~T. i 
(v;"—»;')? 


C; 


) iy,~ r)| (28a) 
T'~T, 


DT 
x(-— =a Mer x 
Dt i i 


K(T)[ dink, 
3 a la 
KT’) dT 


BAND 


INTENSITIES 881 


C. Flow with Arbitrary Composition Changes 


Flow with arbitrary composition changes can evi- 
dently be described by using a Taylor series expansion 
of K.(T’) about either K.(7) or K,.(T.) and retaining 
an adequate number of terms in the power series to 
assure convergence. Depending upon the particular 
chemical reaction under study, it may be more con- 
venient to use either a generalized near-equilibrium 
criterion or a generalized near-frozen-flow criterion. 
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The Experimental Determination of the Intensities of Infrared Absorption Bands. 
IV. Measurements of the Stretching Vibrations of OCS and CS.*+ 


Davip Z. Rosinsont 
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The absolute intensity of the infrared stretching vibrations of the molecules CS2 and OCS have been 
measured. For CS, the intensity of v3 was found to be 7560X 10" cycles sec (cm of vapor at NTP)~. For 
OCS, the results were 110 and 7900X10" for »; and v3. A normal coordinate analysis of the stretching 
vibrations of OCS was carried out to obtain du/dr for the bonds and to compare them with those for CS» 
and the previously obtained results for CO». The results for a reasonable value of the interaction constant 
were 6.7 and 4.3 10~" esu for the CO and CS bonds, while in CO2 and CS, they were 6.0 and 5.6 10~" esu. 
The bearing of these results on the amount of resonance in OCS is discussed. Arguments are presented which 
suggest that, in spite of the electronegativity difference between oxygen and sulfur, resonance in OCS is not 


markedly different from that in CO. and CS». 


HE work done here was carried out as part of a 

study of the measurement and interpretation of 
the absolute intensity of infrared absorption bands.“ 
The first reference discussed the method of measuring 
directly reliable absolute intensities even with a spectro- 
graph of low resolving power, and the second and third 
papers described the interpretation of measurements 
made on some simple gases and the comparison with 
results of dispersion measurements.‘ The present paper 
deals with the molecules carbon disulfide and carbon 
oxysulfide. The intensities of the stretching modes of 
both CS. and OCS have been measured and the results 
discussed in connection’ with previous work on carbon 
dioxide.* 


*Presented before the Symposium on Molecular Spectra and 
Molecular Structure, Columbus, June, 1949. 

t The research reported here was partially supported by funds 
extended to Harvard University by the ONR under contract 
N-5-ori-76, T.O.5. 

t Present address: Baird Associates, Inc., 33 University Road, 
Cambridge, Massachusetts. 
oa B. Wilson, Jr., and A. J. Wells, J. Chem. Phys. 14, 578 

6). 

* Thorndike, Wells, and Wilson, J. Chem. Phys. 15, 157 (1947). 

*A. M. Thorndike, J. Chem. Phys. 15, 868 (1947). 

*R. Rollefson and A. H. Rollefson, Phys. Rev. 48, 779 (1935). 


ABSOLUTE INTENSITY 


The absolute intensity of the ith absorption band is 
defined by 


I 
A= f ady=—(1/PL) f nei (1) 
0 


where A ; is the intensity of the band, a@ is the absorption 
coefficient, v is the frequency, P is the pressure of the 
gas, L is the length of the gas cell, and J/J» is the frac- 
tion of light transmitted by the gas The integral is 
taken over the whole band. 

In order to obtain correct absolute intensities from 
the observed transmission curves, it is necessary to 
eliminate the errors caused by rapid variations in 
transmission over a single slit width. To eliminate the 
effect of these variations two steps must be taken: 

(1) The rapid fluctuations due to the rotational fine 
structure can be removed by adding a foreign gas to 
broaden the individual rotational lines. 

(2) The variations in absorption coefficient over the 
band envelope can be eliminated by taking spectra of 
the gas at smaller and smaller partial pressures. The 
limit of the observed absolute intensity at zero partial 
pressure is the true absolute intensity. 
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Fic. t. The apparent intensity of the CS, 1523-cm™ band as a 
function of path length. 


The Absolute Intensity of the CS, 
Stretching Vibration 


Carbon disulfide is a linear symmetric molecule with 
an active infrared stretching fundamental vibration 
occurring at 1523 cm™. Since the structure of carbon 
disulfide is similar to that of carbon dioxide, the bond 
properties, including the effect of resonance, would be 
expected to be quite similar.* 

The intensity of the 1523-cm™ band was obtained 
witha Baird Associates double-beam spectrophotometer. 
The partial pressures which gave absorptions in the 
correct range were of the order of a few hundredths of a 
millimeter. These partial pressures were obtained by 
diluting mixtures of CS, and air, one atmosphere of air 
being sufficient to broaden the band. The path length 
was varied by further dilution. The spectra were ob- 
tained directly as percent transmittance vs wavelength. 
Since the integral of the absorbance on a linear fre- 
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Fic. 2. The ae integrated absorption coefficient as a function 
ot path length for the CS, 1523-cm™ band. 
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quency scale was needed, the spectra were replotted on 
semilogarithmic paper and the areas obtained with a 
planimeter. The apparent intensity of the band as a 
function of path length is shown in Fig. 1. The apparent 
integrated absorption coefficient is obtained by dividing 
the values of the intensities on the smooth curve by 
the corresponding values of the path length. The 
extrapolation of these ratios to zero path length gave the 
absolute intensity of 756010" cycles sec! (cm of 
vapor at NTP) (Fig. 2). 


The Intensity of the OCS Stretching Vibration 


Carbonyl] sulfide was prepared by the method de- 
scribed by Partington® and was purified by distillation 
at low temperatures under vacuum. OCS has two active 
stretching vibrations: v3 an unsymmetrical stretching 
vibration at 2079 cm™ and »; at 859 cm~. The spectra 
were recorded and the intensities measured and plotted 
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Fic. 3. The intensity of the 859-cm™ band of OCS as a function 
of path length. The slope of this line is 110 10" cycles sec (cm 
of vapor at NTP)". 


on Figs. 3 and 4. Since all the points fell on straight lines, 
there was no need to extrapolate the slope. The results 
for OCS, CSe, and CO.’ are shown in Table I. 


Method of Interpretation of Infrared Intensities 


It is well known that the absolute intensity of a band 
depends on the change of dipole moment as the molecule 
goes through its normal mode of motion. The actual 
formula can be represented by 


A.=(Nxr/3c)| ay/AQ41", (2) 


where A; is the intensity of the band, NV the number of 
molecules per cm*, c the velocity of light, and dy/dQ: 
the rate of change of dipole moment with the particular 
normal mode Q;. The assumptions made in deriving this 
formula are that the molecule undergoes harmonic 


5 J. R. Partington, Textbook of Inorganic Chemistry (Macmillan 
and Company, Ltd., London, 1939), p. 695. 
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vibrations and that the dipole moment is a linear func- 
tion of the displacement.® 

The absolute intensity can therefore give quanti- 
tatively the change in the dipole moment of the molecule 
for each normal mode. We would, however, like to relate 
this change with the properties of the individual bonds. 
To do this, two things are needed: first, the actual 
changes in bond length and bond angle during the 
normal vibrations; second, enough intensity data to 
assign unambiguously changes in moments to the bonds. 
For example, in OCS, since the vibration at 2079 cm™ 
involves only the stretching of the C=O and the C=S 
bonds, the intensity of only one other stretching vibra- 
tion involving these bonds is needed. Once the changes 
in moments for two stretching vibrations have been 
determined, the change for the individual bonds can be 
found. 

Algebraically, we have 


0;= Dk Liz Ri, (3) 


where the Z~ are the normalized transformation 
coefficients relating the internal coordinates and the 
normal modes Q. 

Using Eq. (3) we obtain,” 


du/OR.= >; Lig Op / 803. (4) 


Here du/AR is the change of dipole moment of the 
molecule that occurs when the internal coordinate R is 
changed. Thorndike tried the approximation, following 
Wolkenstein,’ and Rollefson and Havens,*® that if R 
was a bond distance, du/0R was the change in the bond 
dipole moment as the bond was stretched, while if R was 
a bond angle, du/dR was the bond moment. 

Unfortunately, this approximation does not seem to 
agree well with experiment, as Thorndike found. To the 
change in dipole moment of a given bond must be added 
the change of dipole moment thereby produced in the 
test of the molecule. The existence of an interaction 
term in the potential energy function shows that this 
latter contribution is important because it implies that 
changes in one coordinate will alter the character of the 
other bond. It is only by considering such secondary 
effects that the discrepancy between the values of the 
dipole moment of the CH: band in ethylene can be 
accounted for.’ 

In any event, to obtain du/dAR, it is necessary to know 
not only the normal frequencies but also the normal 
coordinates. Accurate normal modes are hard to obtain. 
The complete force field is necessary for their calcula- 
tion, and the complete force field is known for very few 
polyatomic molecules. Most often the assumption of a 
valence force field is made. It is then possible to calcu- 
late force constants that will fit the known frequencies. 


However, there are 2! sets of constants (where is the 
ee . 

*B. L. Crawford, Jr., and H. L. Dinsmore, J. Chem. Phys. 18 
983 (1950). ‘ . vate 

™M. W. Wolkenstein, J. Phys. (U.S.S.R.) 5, 185 (1941). 

*R. Rollefson and R. Havens, Phys. Rev. 57, 710 (1940). 
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Fic. 4. The intensity of the 2079-cm™ band of OCS as a function 
of path length. The slope of this line is 7900 X 10” cycles sec (cm 
of vapor at NTP). 


order of the secular equation being solved), and some 
of the constants have to be brought over from other 
molecules. 

Even when we know the normalized modes, we have 
to know the direction of du/0Q. Different signs for these 
quantities will lead to different values of du/AR. It is 
necessary to use data from other similar molecules and 
physical arguments in order to eliminate as many of 
these combinations as possible. 


Interpretation of the CS. Result 


Since the 1523-cm™ vibration of CSz is the only one 
in its symmetry class, the symmetry coordinate and the 
unnormalized normal coordinate are the same In OCS, 
however, the symmetry is lost; and it is necessary to 
calculate the actual normal modes. The calculations of 
the du/dr of CSe will be done first. 

Let the molecule be written as S=C=S, and let Ar; 
be a change in bond distance of the C=S bond and Are 
be a change in the S=C bond. The symmetry coordinate 
is then 

R= 24(Ar;— Ar). (5) 


To normalize this coordinate’ it is necessary to multiply 
it by (Gss)+, where Gs; is given by 


G33 = (m,)+ 2 (m.)7. (6) 
The normal mode is then 
Q3=2.8X10-°'Rs. 


TABLE I. Intensities of stretching vibrations of XCY molecules 
X 10-" cycle sec (cm of vapor at NTP)". 








Molecule Co# Oocs 


vy, unsym. stretch 8600 7900 
v3 sym. stretch 0 110 











9 E. B. Wilson, Jr., J. Chem. Phys. 9, 76 (1941). 
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From Eq. (2) and Table I we can obtain 0u/0Q3;, the 
rate of change of moment during the normal vibration: 
du/dQ3;= +283. (7) 
The change of moment for a unit change in symmetry 
coordinate is, from Eq. (4), 
dp /ORs=2.8X10-"du/dQ; 


= +7.93X10-" esu. (8) 


To convert this value to the property of the individual 
bonds we need the relationship between the symmetry 
and the internal coordinate: 


(Ou/dr,) = (Ou/OR3)(OR3/dr1)+ (Ou/ OR) AR, / On. (9) 

Since ti, the symmetric stretching vibration, is inactive, 

du/AR, is zero. From Eqs. (8) and (5) we obtain 
Ou/dr= —5.6X10-" esu. (10) 


The sign of the change of moment of the AB bond will 
be considered negative if atom B becomes more negative 
when the bond is stretched. Since stretching the CS 
bond will favor a single-bonded structure with a nega- 
tive sulfur atom, the sign in Eq. (10) is negative. 


Calculation of the COS Bond Properties 


Since there are two vibration frequencies and three 
force constants (the CO stretching constant, the CS 
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stretching constant, and the interaction constant), no 
unique set of force constants can be calculated from 
these data alone. In order to see what effect reasonable 
values of the interaction, fi2, would have on the calcu- 
lated bond properties, it was felt that a complete normal 
coordinate treatment would be useful. A comparison 
with the constants for COz and CS» would be also of 
value. 


FORCE CONSTANTS FOR CO:, CS,, AND OCS 


It can be shown that for CO2 or CS, the force con- 
stants, the frequencies, and the reciprocal masses have 
the following relationship: 


A= (fit fis) m1, 
A3= (fi— fis) (u1+2ys), 


where A, =47r,”, and wi, ms are the reciprocal masses 
(uz is the carbon reciprocal mass, and y; the O or S 
mass). Using 2396 and 1361 for v3 and »; for COs, and 
1523 and 660 for v3, »; for CSe, we obtain the following 
force constants (in units of 10° dynes/cm). (All fre- 
quencies are in cm.) 


for COz: feo= 16.11, 
frx= 1.34; 
for CSo: a= 1.56, 
fr= 0.63. 


In OCS the potential energy can be written in the 
form (r; is the C=O bond, rz the CS bond): 


2V= frAre+ fodre+ 2fi2Ar Are. 
The kinetic energy can be written in the form 
2T = (wits) Arye+ (wot ws) Are?— 2u3AnAre. 


If we solve for the frequencies in terms of the constants, 
we get the equations 


MAs=Lfife— fir” (mit ws) (uot ws) — ws], 
A+A3= (wit bs) fi— 2usfiet (uot Ms) fe. 


We can solve for f; and fo as a function of fi. if we use 
the known (uncorrected) frequencies. They are plotted 
in Fig. 5. 

From resonance theory, fi: should be positive. Wu 
has suggested that the average value 0.9 of the CO: and 
CS» cases be used. However, the resonance might mainly 
be between the structures 


-O-C=St, O=CS=S. 
TABLE II. Bond lengths in XCY molecules. 











Bond CO CS2> OCs ocs 
C=O 1.15A 1.16A 1.165A 
C=S 1.54+0.03A 1.56A 1.558A 








s P, E, Martin and E. F. Barker, Phys. Rev. 41, 291 (1932). 
b P. C. Cross and L. O. Brockway, J. Chem. Phys. 3, 821 (1935). 
eC. H. Townes, Phys. Rev. 74, 1113 (1948). 
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CS. 


If the magnitude of the interaction constant is due to 
resonance and only two structures of about equal energy 
are resonating, we might expect the interaction constant 
to be smaller than either the CO: or CS» interaction con- 
stants. This assumption is normally made; but the 
evidence for less resonance is not certain, as will be 
discussed later. 

In any event, the stretching constant of the C=S 
bond in OCS should be greater than that of CSe, and 
the C=O constant in OCS should be less than that in 
CO: because of the resonance. If the bond force constant 
for the CS bond is to be greater in OCS than in CSs, the 
interaction constant must be less than 0.7. We can take 
0.5X10°+0.2 as a value that is probably correct. We 
might perhaps get some information from the bond 
distances. They are given in Table II. The CO bond is 
probably longer in OCS than in CS», but nothing can be 
said about the CS, bond because of the experimental 
uncertainty in the electron diffraction determination for 
CS:. However, the CS bond in OCS is unlikely to be 
more than 0.01A shorter than the bond in CS». These 
distances therefore suggest that the bonds in OCS are 
similar to those in CS2 and CO. Consequently, fis was 
taken as near the average of CO: and CS: as is com- 
patible with having the C—S constant in OCS larger 
than in CS». This value is approximately 0.7 X 10°. 


OCS NORMAL COORDINATES 


Once we have the force constants and the frequencies, 
there is no difficulty in solving for the normal coordi- 
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Fic. 6. ACS/ACO for the OCS 859-cm— band as a function of fi. 
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Fic. 7. ACS/ACO for the OCS 2079-cm™ band as a function of fi2. 


nates. They can be written in the following form: 
Q1=Ly'RitLys'Re, 
Q3= L311 Rit Lo Re, 


where the Q,, are the normal coordinates associated with 
Vn, R, are the internal coordinates, and L,,~' is the 
transformation coefficient. 

Then it can easily be shown? that 


Lair = (GF) nu dn|/(GF)a1. 


The ratios obtained are plotted in Figs. 6 and 7. 

It is worth noting that the exact form of the normal 
coordinates is a sensitive function of the interaction 
constant. For example, a change in the interaction force 
constant by 0.5X10° dynes per centimeter makes a 25 
percent change in L3;~'/Z39~' for the 2079-cm™ band. 

The 2079 band can be described as an unsymmetrical 
stretching vibration mainly involving the C=O bond 
and the 859 band as an asymmetrical stretching vibra- 
tion with the CS bond mainly involved. 

From the calculation of the ratios it is easy to nor- 
malize the coefficients using the method of Wilson.° If 
we take L,,;-'=1, then the normalization constant K,, 
which multiplies each coefficient is given by 


Ky=(Gut2Ln2 "Gist (Laz )’Go2)4. 


du/dr FOR OCS 


Once we have the normalization constants, we can 
obtain du/dQ from the intensities: 


du/00,= 33.2, 
0u/003= +288. 


The + signs are due to the fact that we can measure 
only (du/0Q)*. We can obtain the relationship between 











esu x 102° 





















0 i i L i 4. i i 


) 0.4 0.8 1.2 
tf, » dynes/em x 1075 


Fic. 8. du/dr for OCS as a function of fie. 











the 0u/0Q’s and du/dr’s: 
Op/ On =Lyx-(0u/9Q1) + Lsrdy/ Qs, 
Op /Ore= Lys (Op/9Q1)+- Las pu /0Q3. 


In order to determine the signs, the following con- 
siderations were used. If we try giving the du/dQ both 
the same sign, we obtain 


Op/Ory=+8.7 X10" esu, - 
Ou /Ore=+1.72X10-" esu, 













if we use the Z~ for the case f12=0. Both these values 
are quite different from the CO2 and CS; results and are 
not near each other. If, on the other hand, we try 


du /90,= 33.2, 
0u/003= +288, 









we obtain 





p/dry=+6.3X10-, 
Au /dr2=*5.0X10-, 






The numbers are close to the results for CO2 and CS». 
They have different signs, which is to be expected, since 
the bonds point in different directions. We therefore 
accept this choice of signs. These values are plotted as a 
function of fi2 in Fig. 8. 

It is interesting to note that these values are not 
nearly so sensitive a function of fi: as are the normal 
modes. A change of 0.5 in the force constants makes 
only a 10 percent change in the values of the du/dr’s. 

We can summarize the results in Table III if we use 
the value 0.7 for f12. Owing in part to the larger error in 
measuring the intensity of the CO, 2350 band, it is 
difficult to determine if there is any real difference in the 
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TABLE III. du/drX 10" for CX bonds. 








CO2 
—6.0+0.6 esu 


ocs 





CS: 





—6.7+0.5 esu 
—4.3+0.5 


(0u/9P) co 


(Ou/Or)cs —5.6+0.5 esu 








values obtained. However, it is reasonably certain that 
the du/dr for the CS bond is smaller in OCS than 
in CS». 


CONCLUSIONS 


As discussed by Thorndike,’ these very high values of 
0u/ Or can be ascribed to the effect of resonance between 
the structures: 


XAtm#C-—Y~-, X=C=Y, X-—CH#Y*. 


Stretching a bond tends to favor the resonance structure 
in which that bond is single and thus induces a dipole 
moment in the molecule. This induced moment is much 
greater that would be expected if a final effective charge 
of a size high enough to give the observed bond moment 
were used to calculate the intensity. 

The most striking feature of these results is the great 
similarity between these OCS bond moments and the 
CO and CS moments in CO: and CS». This indicates 
that the resonance in OCS is about the same order of 
magnitude in OCS as in the other molecules, while 
considerations of electronegativity might give the im- 
pression that there would be reasonance between only 
two forms instead of three. 

It is of interest to examine the evidence for the 
amount of resonance in OCS. If only two forms were 
resonating, the CO bond length in OCS should be longer 
than in CO», while the CS bond distance should be 
shorter than in CS:. Table II shows that the CO bond 
distance in OCS is about 0.015A longer than in CO, 
while the CS distance can be no more than 0.01A 
shorter. These results certainly do not indicate that 
there is such difference in resonance. 

Many authors have shown that the bond force con- 
stants in OCS are quite different from those in the 
parent molecules. However, these authors have usually 
not taken into account the interaction constant. From 
Fig. 5 it can be seen that for fi2=0 the CO and CS 
constants are 13.3 and 8.3 for OCS compared with 16.1 
and 7.6 for CO; and CSe. However, if fi2=0.7, a reason- 
able value, the OCS constants become 14.5 and 7.6, 
respectively. This procedure lowers the difference 
markedly. 

In general, it can be concluded that the evidence from 
molecular data does not seem to point to great differ- 
ences in resonance between OCS, CSe, and COs. 
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E have studied the possibility of using infra- 

red absorption spectra for the determination of 

isotope abundances. For this purpose the isotope is 

measured in the form of a chemical compound, showing 
absorption in the infrared. 

The frequencies of the centers of the vibration- 
rotation bands of a molecule depend on the interatomic 
forces and on the masses of the constitutive atoms. 
Substitution of some atom in the molecule by one of 
its isotopes will therefore cause a change in the infra- 
red absorption spectrum of the molecule.! 

For the development of a method based on this 
effect carbon dioxide with variable C™ contents ap- 
peared to be a most suitable test object for several 
reasons. Carbon dioxide has strong absorption bands 
and this holds in particular for the v3 vibration band 
near 4.3u. Moreover, the position of this band has been 
accurately determined, both? for CO, and® for C¥Ox; 
and the isotope shift is rather considerable. An addi- 
tional advantage from the point of view of practical 
application is the easy convertibility of all molecules 
containing labeled carbon into carbon dioxide. 

To select the spectral region, where only the molecule 
with the isotope wanted shows absorption, we did not 
use a spectrograph but a detector selective for each 
isotope. This detector consists of a cell (D,) filled with 
the gas component to be measured (compare Fig. 1). 
For measuring the C/C¥ ratio the detector cell should 
be filled with pure C¥Op. 

A beam of unresolved infrared light from a Nichrome 
filament S, is projected in the detector and interrupted 
50 times per second by the chopper disk C. The part 
of the radiation with wavelengths in the spectral region 
of the absorption band of the component to be detected 
(C"O2) causes temperature oscillations in D, and con- 
sequently pressure oscillations. This sound of the fre- 
quency 50 is detected by a condenser microphone M, 


























Fic. 1. Experimental arrangement. S:=Source, C= Chopper 
disk. A,= Analysis cell. D:= Detection cell. V= Amplifier. G= Ac 
galvanometer. M=Microphone membrane. S2, A2, D2 source, 
and analysis and detection cells for compensation method. 


'G. Herzberg, Infrared and Raman Spectra of Polyatomic Mole- 

cules (D. Van Nostrand Company, Inc., New York, 1947), p. 227. 
*D. M. Cameron and H. H. Nielsen, Phys. Rev. 53, 246 (1938). 
* A. H. Nielsen, Phys. Rev. 53, 983 (1938). 


which is backed by a set constructed by one of us for 
the detection of small photoelectric currents.‘ 

This set consists of a two-valve ac amplifier and an 
alternating current galvanometer (sensitive to 50+1 
period only: favorable signal-to-noise ratio; mean square 
error 10~“ amp). 

When the absorption cell A, is filled with a gas 
containing C¥O>, the galvanometer shows a decrease of 
the deflection. 

The instrument described is a gas analyzer of the 
positive filtering type similar to those constructed by 
Luft ef al.> for ordinary gas analysis. 

Provided the gas mixture to be analyzed in A, does 
not contain any other gas that absorbs in the same 
region, or consists of only two gases with overlapping 
(but not coinciding) spectra, the change in the reading 
is a measure for the concentration in A; of the gas to 
be determined. 

Since the spectra of C’O2 and C"O.—although over- 
lapping—do not coincide, the method is adequate for the 
determination of the abundance of CO, in C?0.—C¥O» 
mixtures. As no pure CQ, was at our disposal, we had 
to fill the detection cells with a mixture 52.5 percent 
C¥0,—47.5 percent C’O, made from a corresponding 
BaCOs preparation kindly provided by the Eastman 
Kodak Company. This limitation implies a certain de- 
crease in sensitivity and an obvious ambiguity of the 
result, which however, is scarcely a drawback in view 
of the rarity of carbon with more than 50 percent C™. 

The instrument is calibrated with the help of stand- 
ard isotope mixtures. A typical calibration curve of 
percentage transmission versus abundance C® is shown 
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Fic. 2. Percentage transmission versus C%.abundance in sample. 


4J. M. W. Milatz, thesis Utrecht, 1937. J. M. W. Milatz and 
N. Bloembergen, Physica 11, 449 (1946). 

5K. F. Luft, Z. tech. Physik 24, 97 (1943). A. H. Pfund, 
Science 90, 236 (1939). 
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in Fig. 2. The accuracy with which C"/C®” ratios 
between 0.011 and 0.10 have been determined using 
one beam of light is 0.002. 

To increase the sensitivity the instrument is con- 
structed as a double-beam analyzer. Both detector cells 
are filled with the same gas and are separated by the 
membrane of the microphone. Compensation will be 
achieved either by adjusting a diaphragm in one beam 
or by filling the dummy analysis cell (A2) with a 
reference isotope mixture. 

In this wav we hope to attain an accuracy of about 
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1 percent of the C%/C® ratio near 0.011 and about 
2 percent in the interval 0.03-0.07. This is sufficient for 
a large number of biological tracer experiments. 

In principle the same method can be applied to the 
determination of other isotope abundance ratios in 
appropriate molecules. 

This work is part of the research programme of 
the “Stichting voor Fundamenteel Onderzoek der Ma- 
terie’”’ and was made possible by financial support 
from the “Nederlandse Organisatie voor Zuiver-Weten- 
schappelijk Onderzoek.”’ 
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The energetic distribution of OH(?Z*) and O,(82,-) in hydrogen-oxygen flames has been investigated. 


The measurements were made in the inner cones of these flames burning with various fuel ratios (lean, 
stoichiometric, and rich) at atmospheric pressure. The relative concentrations of the excited species were 
determined by comparing the calculated equilibrium intensity ratios of OH(?Z*) and O.(°2,-) with the 
experimental intensity ratios. The electronic, vibrational, and rotational transition moments relevant to this 
calculation have been computed. The good agreement between the experimental intensity ratios and the 
calculated equilibrium intensity ratios indicates that the electronically excited O2(°2,-) is in thermal equi- 


I, INTRODUCTION 


N Parts I and II of this series! there has been dis- 
cussed the determination of the rotational and 

vibrational distribution of electronically excited OH 
radicals from flame emission spectra. With the methods 
and data of these papers it is possible to ascertain 
whether electronically excited OH radicals are in ro- 
tational and vibrational equilibrium distributions; this, 
however, still leaves open the question as to whether the 
OH is in an electronic equilibrium distribution as given 
by the usual Boltzmann expression. The determination 
of the distribution of a molecular or atomic species 
among its various electronic states is of great help in 
elucidating the possible origin and role of this species in 
the flame reaction mechanism. Thus, for instance, an 
electronic non-equilibrium distribution such as the 
finding that a certain electronically excited species is 
present in a flame in great excess over its thermal 
equilibrium concentration may give valuable clues as to 
the elementary reactions occurring in the flame.? If, on 

* Research Fellow of the Applied Physics Laboratory, The Johns 
Hopkins University. 

¢ The work described in this paper was supported by the 
Bureau of Ordnance, U. S. Navy, under Contract NOrd-7386. 

1K. E. Shuler, J. Chem. Phys. 18, 1221, 1466 (1950). 

2 V. F. Griffing and K. J. Laidler, in Third Symposium on Com- 
bustion, Flame and Explosion Phenomena (Williams and Wilkins 


Company, Baltimore, 1949), p. 432. 
3K. J. Laidler and K. E. Shuler, Chem. Revs. 48, 153 (1951). 


librium with OH(?E*). It is possible, therefore, that O2 is excited thermally in the hydrogen-oxygen flame. 





the other hand, a state of complete thermal equilibrium 
is found for the flame, no direct information can be 
extracted in regard to the possible kinetic mechanisms 
and recourse must be had to further experimental work 
under different conditions of fuel ratios and total 
pressure.‘ 

For certain molecular species such as CH or Ce, which 
have several rather closely spaced electronic energy 
levels, the general methods discussed in I and ITI may be 
applied to determine the distribution of the molecules 
among the various energy levels. In the case of CH, for 
instance, one may compare the experimental and theo- 
retical (thermal) intensity distribution among the °II, 
2A, 22, and 22+ levels which have a spread of only about 
4 ev. This method cannot, however, be used for the OH 
radical, which has only one excited electronic state (?2*) 
which has been identified with certainty; and it is 
therefore necessary to proceed in a different manner.° 

The method adopted here is to compare the experi- 
mental intensity ratio of an OH(?2+—*II) and an 
O.(°2,-—*2,-) transition in an hydrogen-oxygen flame 

4 For a more detailed discussion on this point see K. J. Laidler 
and K. E. Shuler, Ind. Eng. Chem., to be published. 

5 It would of course be possible to make “absolute” intensity 
measurements similar to those of V. Kondratjew, Acta Physico- 
chim. U.R.S.S. 2, 126 (1935) ; 4, 547 (1936) ; 6, 625, 748 (1936) ; and 
subsequent publications, to obtain the desired results. There 15, 


however, some question as to the accuracy of these types of 
experiments. 
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FLAME EMISSION SPECTRA 


with that calculated on the basis of complete thermal 
equilibrium.® While this will not give direct information 
as to the separate electronic distribution of OH or O: it 
will permit a determination of the relative concentration 
of OH and O; in their electronically excited states and 
thus enable one to draw conclusions as to the equi- 
librium or non-equilibrium conditions in the flame. It 
may be pointed out that the method to be described 
here for the case of OH(?Z*) and O.(*Z.-) should be of 
general utility in these types of studies ; it could be used, 
for instange, in conjunction with the recent accurate 
calculation’ of the oscillator strength f for C2 to de- 
termine the relative concentration of electronically ex- 
cited C. and OH in hydrocarbon flames. 

It is desired to determine the intensity ratio of the 
R,(10) line in the (0,1) band of the 2=*+—II-transition of 
OH and the P(31)+R(35) lines of the (0,14) band of the 
sy, —*2,- transition of O2. The P(31) and R(35) lines 
of (0,14) O2 are separated by only 1.1 cm™ and could not 
be resolved by our spectrograph so that they can be 
considered as forming one “line” which will hereafter be 
referred to as PR(31,35). The choice of these particular 
lines of OH and O2 was dictated by the fact that they 
are only about 8A apart, so that it will not be necessary 
to be concerned with the wavelength response of the 
plate. The intensity ratio is given by 


I(OH) N[OH(?2+)]4 um(OH) 





(1) 


1(O:) N[O2(*2,-)J4 am(O2) ” 


where the frequency dependence has been canceled out, 
sinc ¥nm(O2)~Y¥nm(OH) for the lines chosen. To calcu- 
late the desired equilibrium intensity ratio it is neces- 
sary to calculate the equilibrium population of the elec- 
tronically excited levels, V [OH(?22*) ]and N [O.(°2.-) ], 
and the Einstein transition probability coefficients, 
Anm(OH) and A nm(O2), for the particular total transi- 
tions, i.e., electronic, vibrational, and rotational. 


II. CALCULATION OF MATRIX ELEMENTS AND 
TRANSITION PROBABILITIES 


a. The Electronic Matrix Elements 


The electronic matrix elements of the dipole moment, 
Ra=S Ver Merde, may be determined by evaluating 
the above integral after the electronic wave functions 
have been expressed in the appropriate AO or LCAO MO 
approximation. This method has been developed ex- 
tensively in a series of papers by Mulliken ;*:° however, 
owing to the difficulty encountered in the exact repre- 
sentation of the electronic wave functions, these calcula- 


°0.(82,-), which gives rise to the Schumann-Runge bands 
(Z,--8E,-), has recently been identified in various flames of 
oxygen. For the CO—Oz flame, see G. A. Hornbeck and H. S. 
Hopfield, J. Chem. Phys. 17, 982 (1949), for the H2—Oz flame see 
H. G. Wolfhard and A. G. Gaydon, Nature 164, 22 (1949). 

"H. Shull, Astrophys. J. 112, 352 (1950). 

. R. S. Mulliken, J. Chem. Phys. 7, 14 (1939), and subsequent 
publications in this Journal. 

*R. S. Mulliken and C. A. Rieke, Phys. Soc. Rept. Progress 
Phys. 8, 237-273 (1941). 
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tions are of necessity rather approximate. It is therefore 
preferable, in the present state of the subject, to de- 
termine the electronic matrix elements from experi- 
mental data on intensities. Fortunately, the electronic 
absorption spectra of OH and O2(*2,-—>*Z,,-) have been 
studied rather thoroughly, and the necessary data can 
thus be readily obtained.!° 

The experimental data of absorption are frequently 
expressed in terms of the “oscillator strength” f"™. This 
quantity is related to the electronic dipole moment 
matrix element by 


where g» is the electronic statistical weight of the lower 
state m and where the summation extends over all the 
allowed combinations of the component sublevels 7 and 
k of the states n and m. The quantities u and e¢ are, re- 
spectively, the mass and charge of the electron. The 
oscillator strength {"” of Eq. (2) refers to the absorption 
intensity summed over all the rotational and vibrational 
levels of the final state ” with which the initial rotational- 
vibrational level of the state m can combine; it is thus, 
for discrete bands, the sum of the oscillator strengths of 
the separate transitions starting from a common level. 
This relationship between f/*” and | R.,"”|? arises from 
the application of the rotational and vibrational sum 
rules to the total transition moment | R"™|?, which may 
be written as 


| Rom |?= | Rar |?| Revive”? |?| Rroe?’”"|?, (3) 


where the terms on the right-hand side are the squares 
of the electronic, vibrational, and rotational matrix 
elements. The neglect of the interaction of the internal 
degrees of freedom implicit in writing R"” as a product 
function of the various transition moments will intro- 
duce a certain amount of inaccuracy in these calcula- 
tions; the approximation in writing R"™ as in Eq. (3) 
seems, however, to be unavoidable if the problem is to 
be tractable at all." 

The oscillator strengths f?’’’"”’’’’’™ for the various 
rotational lines of the (0,0) band OH have been meas- 
ured by Oldenberg and Rieke! and subsequently been 
corrected by Dwyer and Oldenberg.'* According to this 
correction, the f-values of reference 12 should be 
multiplied by 4.2. Forming the sum" >>, D> j, frme’'r'"7”" 
from the corrected data of Oldenberg and Rieke, one 
finds f*"=1.26X10-*. Substitution of this value into 
Eq. (2) with g,.=2 (ground state is a doubly-degenerate 
TI) and pan x| R,"'"*| 2=2| R.."™| 2 (since i= 1, k= a y & 

10 The matrix elements calculated by Mulliken for OH and O2 
are in good agreement with these experimentally determined 
values. 

1 The principal interaction is that of the electronic and vibra- 
tional motions; this has been discussed in I and in more detail by 
Mulliken (reference 9). 

2 QO. Oldenberg and F. F. Rieke, J. Chem. Phys. 6, 439 (1938). 


18 R. J. Dwyer and O. Oldenberg, J. Chem. Phys. 12, 351 (1944). 
4 R. S. Mulliken, J. Chem. Phys. 8, 382 (1940). 
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and | R..™ | = | R.™™| 2) gives 
| Rei” | ?onez+—m = 8.3X 10-* g cm® sec. (4) 


The f-value for the O.(*2,-—*2,") transition has 
been determined by Ladenburg and Van Voorhis.” 
Their value of f=0.193 was obtained for the continuous 
absorption of O2 between 1300 and 1750A with an ab- 
sorption maximum at 1450A (69,000 cm). An analysis 
of their data indicates that the continuum investigated 
by them is indeed due principally to the Schumann- 
Runge transition.” Since their absorption measurements 
correspond to molecules going principally from the level 
v’’=0 to all of the Franck-Condon allowed unquantized 
vibrational and rotational “levels” of the upper elec- 
tronic state, their oscillator strength is the f*” of Eq. 
(2), ie., an f-value integrated over all the upper state 
levels which combine with the initial level of the ground 
state. For vam of Eq. (2) one can take ymax for the ab- 
sorption intensity maximum. The value which should be 
used is an average ?nm; however, since the absorption 
curve is very symmetrical and since the shift between 
the overlap and the intensity maximum is very small, 
the choice of ymax for nm Should be sufficiently accurate. 
Substitution of /*"=0.193 into Eq. (2) gives 


| Rei” | °o.@2,--22,-) =5.8X 10-* g cm5 sec. (5) 
b. The Vibrational Transition Moments 
(Overlap-Integrals) 


Since the lines whose intensity ratio is to be de- 
termined are in the (0,1) band of OH and in the (0,14) 
band of Os, respectively, it is necessary to calculate 
| Ryinr’””’ | =S Wo'bo''dr for these transitions. For the 
(0,1) transition of OH the values calculated in I can be 
used. The values quoted there (Table III) are, however, 
the squares of the matrix elements relative to the (0,0) 
transition and thus cannot be used directly. Absolute 
values of {\y.'y."’dr were, however, calculated for the 
construction of Table III, Part I; and for the (0,1) 
transition the square of the matrix element was found 
to be 


| Rvivr?|?0n=9.3X 107. (6) 


This value corresponds to p=0 [see Eq. (7), I], i-e., it is 
calculated for an electronic dipole moment matrix com- 
ponent which does not vary with internuclear distance. 
As mentioned before, this is an approximation which 
must be made for Eqs. (2) and (3) to be applicable. 
It is most probable that | Ryin:”’”’’|? for O2 would 
show a similar dependence upon r as was found for OH 
in Part I. Since this cannot be taken into account within 
the framework of Eqs. (2) and (3), the effort involved in 
making a very accurate calculation of |Ryip:””’|? 
similar to that of Part I would not be warranted by the 
results ; this may readily be seen from the data of Part I, 


( 18 y Ladenburg and C. C. Van Voorhis, Phys. Rev. 43, 315 
1933). 
16R. S. Mulliken, J. Chem. Phys. 7, 20 (1939). 
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where it was shown that the variation of | Ryinr””’”’|? 
with r is a much more important factor in the calculation 
than the use of more exact wave functions taking 
explicit account of the anharmonicity. The vibrational 
transition moments for O2(*2,-—>*2,-) have been 
calculated by Pillow” using wave functions distorted 
graphically to fit the proper Morse curves.!* While Miss 
Pillow’s paper” lists only the ratios of the transition 
moments relative to that of the (0,12) transition, she has 
very kindly communicated to me the absolute value for 
the (0,14) transition, which is 


| Ryinr? | 202=0.54. (7) 


This result should be of an accuracy comparable to that 
for OH (Eq. 6). 





c. Rotational Transition Moments 
(Intensity Factors) 


The rotational transition moment for the R,(10) line 
of OH was calculated from the intensity factors given by 
Earls'® for the ?2—*II-transitions. The “coupling con- 
stant” A, which takes account of the intermediate 
character of the *II-state between Hund’s case a and } 
was taken”? as A=—7.55. For the R,(10) line, Earls’ 
formulas gave 





| Rrot®1@ |2ou = 2.5. (8) 


The rotational transition moment for the O»2 “‘line” 
PR(31,35) can be obtained from the Hénl-London line 
strength formulas.”! Since the Schumann-Runge bands 
are a 2—2-transition, the formulas for AA=0 must be 
used. The Hénl-London equations are, however, derived 
on the assumption of negligible interaction of electronic 
and rotational motion (Hund’s case a) so that they 
would be applicable principally to singlet systems, while 
the Schumann-Runge bands, being a *2—*Z-transition 
obey Hund’s case 6. Mulliken? has given formulas for 
line strengths in a ?2—?2-transition to which Hund’s 
case b is applicable. A comparison of these formulas 
with those of Hénl and London for Hund’s case a show 
that there is only a negligible difference between the two 
sets, especially for large values of K. If the reasonable 
assumption is made that this is also the case for the 
3>—%-transition, it follows that the Hénl-London 
equations should give results of sufficient accuracy. 
Application of these equations to the R(35) and P(31) 
lines, bearing in mind that each of these lines really 
consists of an unresolved triplet, gave 

















PR(31, 35) 


| Rrot| 202= 33.5 (9) 


17M. E. Pillow, Proc. Phys. Soc. (London) 63A, 940 (1950). 
18M. E. Pillow, Proc. Phys. Soc. (London) 62A, 237 (1949). 
19L. T. Earls, Phys. Rev. 48, 423 (1935). 

20 G. H. Dieke and H. M. Crosswhite, The Ultraviolet Bands of 
OH, Fundamental Data, Bumblebee Report No. 87, The Johns 
Hopkins University, 1948. The spectroscopic notation of the 
present paper corresponds to that of this report. 

21 See e.g., G. Herzberg, Spectra of Diatomic Molecules (D. Van 
Nostrand Company, Inc., New York, 1950), second edition, p. 208. 
2 R. S. Mulliken, Revs. Modern Phys. 3, 89 (1931). 
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as the average value of the line strength. The composite 
nature of this “line” in regard to the P and R compo- 
nents with their triplet structure must be taken into 
account in calculating the population of the emitting 
level. The line strengths [Eqs. (8) and (9) ] include the 
rotational degeneracy gror=2J+1, which therefore does 
not have to be taken into account again in computing 
the population of these levels. 


d. The Einstein Transition Probabilities 


The Einstein coefficient for spontaneous emission A am 
is related to the total transition moment by 


Anm= (6444 ¥nm®/3h)(1/gn)d_ | Rime | *, (10) 


where g, is the electronic statistical weight of the upper 
state m and where the summation extends again over all 
the possible combinations of the degenerate sublevels 7 
and k of the states m and m. For OH, using the values of 
Eqs. (4), (6), and (8) in Eq. (3), one obtains | R™™|*on 
=1.9X10-*. With vnm= 29,138 cm, corresponding to 
the R,(10) line of the (0,1) band, g,=1 for the non- 
degenerate upper 22+ state and >> ;,| R™*™|?=2| R»™|? 
(see Sec. IIa), the Einstein coefficient Anm is given by 


A nm(OH)[R1(10), (0,1) ]=2.9X10° sec. (11) 


There is no orbital degeneracy in the *2-states of Os, so 
that gx=1 and >>| RX*™|?=|R™|?; using Eqs. (5), 
(7), and (9), one finds | R*™|%02.=9.3X10-* and with 
Vnm= 29,211 cm, Anm is given by 


A nm(O2)[PR(31,35), (0,14) ]=7.2X108 sec. (12) 


III. EQUILIBRIUM CONCENTRATION RATIOS 


It is now necessary to calculate the equilibrium 
population ratio of OH(2Z+) and O.(*2,—) in the rota- 
tional-vibrational levels for which the transition proba- 
bilities have been calculated above. Denoting these 
particular levels for brevity by the subscripts r and s for 
OH and Os, respectively, one has for an equilibrium 


distribution, 

N,LOH(?=+)] Nou g, o,F, [= 

= ed parememet 

N,[.0.(*2.-) ] Noe 2s Os F, kT 
where the F’s are the partition functions, the o’s are the 
symmetry numbers (o,=2, o,=1), the g’s are the ap- 
propriate statistical weights, and Nox/ No: is the total 
equilibrium concentration ratio of OH to Oz in the 





_ flame. This concentration ratio may be determined, for 
_ the equilibrium conditions discussed here, from a 


thermochemical calculation on an adiabatic hydrogen- 
oxygen flame. In the evaluation of g,/g, the rotational 


| degeneracies must be omitted, since they are already 


included in the line strengths (Sec. IIc). In computing 
the remaining degeneracy factors one has g..OH(?2+) = 1, 


Since the doublets are resolved; in the computation of 


the corresponding quantity for O2(*2,-) one must take 
account of the composite nature of the PR(31,35) line 
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TABLE I. Thermochemical flame temperatures and equilibrium 
OH/O: concentration ratios in the hydrogen-oxygen flame at 
atmospheric pressure (reference 23). 








Composition Condition T(°K) No: Nou Nou/No: 
0.109 0.40 
0.110 2.12 


0.018 28.3 





0.275 
0.052 
0.00064 


H:+0;, 
H2+30:2 
H.+}402 


2920 
3100 
2825 


Excess O2 
Stoichiometric 
Excess He 








and the unresolved triplet structure of the components, 
so that g..O2(*2,-)=6. In evaluating the electronic 
partition functions, f.1, the very small contribution of 
the 'A-state of O2 has been neglected, since it is outside 
the accuracy of these calculations and only introduces a 
complicating temperature dependence. For the same 
reason, no explicit account has been taken of the actual 
spin doublet separation and the separation of the A-type 
doublets for the *II-ground state of OH, so that f.:(OH) 
=4 and f.i1(O2)=3. The *2,- state of O2 and the 22+ 
state of OH are energetically too high to contribute to 
the partition functions. The evaluation of Eq. (13) then 
gives 


N,[OH(S+)] Nou 
NOE] Nos 
exp(2.26 10*/T) —exp(1.72 104/T) 
| 1—exp(— 2.29 10°/T) } ns 








where the exponential terms arise partly from the 
exponential in the Boltzmann expression and partly 
from the vibrational partition functions. 

Substitution of this population ratio [Eq. (14) ] and 
the transition probabilities [Eqs. (11) and (12)] into 
Eq. (1) finally gives the calculated equilibrium intensity 
ratio of the OH[R;(10), (0,1) ]and O.[ PR(31,35), (0,14) ] 
lines as 


Tou Nou 
—= 3.2 10-*—_ 
Tos No2 


SS 10‘/T) 
1—exp(—2.29X 108/T) 





The adiabatic equilibrium flame temperature 7 and 
equilibrium composition ratios Nou/No: of the hydro- 
gen-oxygen flame which are necessary for the complete 
evaluation of Eq. (15) were obtained from the tables of 
Hottel, Williams, and Satterfield ;?* they are listed in 
Table I. 


IV. EXPERIMENTAL 


Hydrogen and oxygen were metered through cali- 
brated flowmeters and burned off a commercial welding 
torch modified for use with H2—O:2 mixtures. The 

% Hottel, Williams, and Satterfield, Thermodynamic Charts for 


Combustion Processes (John Wiley and Sons, Inc., New York, 
1949). 
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Fic. 1. A plot of Ey:-— E; vs log(Ax-/Ax) for the Re branch of the 
(0,0) band of OH?2*—*II) in the inner cone of a 1:1 hydrogen- 
oxygen flame. 



































spectra were taken in the second order of a 21-ft Jarrell- 
Ash grating spectrograph (Wadsworth mounting) with 
a dispersion of 2.4 A/mm. The exposure times using 
Eastman II-O and 103-0 plates were about 10-30 
minutes for the (0,0) band of OH and about 2-3 hours 
for the (0,14) band of O» and the (0,1) band of OH, the 
exact exposure times depending upon the particular fuel 
ratios. For the 4:1 hydrogen-oxygen flame a 5-hour ex- 
posure was taken on a 3-meter Jarrell-Ash grating 
spectrograph when it was found that no discrete 
Schumann-Runge bands could be detected for this 
mixture on the bigger and slower instrument. While the 
(0,1) band of OH showed up well on both spectrographs, 
no lines of the (0,14) band of O2 could be found on any 
plate for this fuel ratio. 

The spectra were all taken in the region of the inner 
cone of the flame about 1 cm above the nozzle opening. 
The geometry of the experimental set-up and the total 
flow rate of the gases remained the same throughout the 
experiments, so that the same region of the flame was 
being studied for all the fuel ratios. The visual appear- 
ance of the inner cone of the oxy-hydrogen flame differs 
from that of the oxy-acetylene flame and similar hydro- 
carbon flames. In place of a very bright inner cone, there 
is in the hydrogen-oxygen flame only a faintly luminous 
edge which barely delineates the inner cone. This differ- 


TABLE II. Experimental and calculated intensity ratios in the 
hydrogen-oxygen flame. 
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ence is probably due to the fact that there are no strong 





Composition Condition Trot(*K)OH(?2*) Ipp/Io, (exp) IoR/Io, (calc) 
H.+0O, Excess O- 2850 1.0 0.6 
H.+40, Stoichiometric 2950 2.5 1.6 
H.+40, Excess He 2700 >10 4.110! 








transitions of OH or O, in the visible region, such as the 
strong Swan bands of C2 in the hydrocarbon flames, 
which would give a highly luminous appearance to the 
inner cone. The radiation reaching a spectrograph 
focused on the inner cone will be due principally to the 
reacting gases in this luminous edge and to the hot 
reacted gases surrounding this combustion zone (inter- 
conal gases). The spectrum analyzed, therefore, repre- 
sents some average features of the flame; and the 
statement that the spectrum is that of the inner cone 
cannot be taken to mean, for the burner used in this 
investigation, that the radiation is that of the reacting 
gases exclusively. 

Intensity measurements were made with a Leeds and 
Northrup recording photoelectric microdensitometer. 
The rotational distribution and temperature of OH(?2*) 
was determined from the (0,0) band by the modified iso- 
intensity method discussed in some detail in Part II. 
Figure 1 shows a plot of logA;-/Ax vs Ex»—Ex (analo- 
gous to that of Fig. 2 in II) for a 1:1 hydrogen-oxygen 
fuel ratio. The good straight line which can be drawn 
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Fic. 2. Densitometer tracing of the spectrum of a 1:1 hydrogen- 
oxygen flame in the region between 3390A-3450A showing part of 
the (0,14) Schumann-Runge and (0,1) OH band. 





through the experimental points indicates that the 
OH(?=*+) radicals are in a rotational equilibrium distr- 
bution and that the rotational temperature may be 
determined from slope. The (0,0) intercept in Fig. 1 isa 
further indication (see Eq. 8, Part IT) of the rotational 
equilibrium distribution. Corresponding plots for 2:! 
and 4:1 hydrogen-oxygen flames gave concordant re- 
sults in indicating rotational equilibrium and_ thus 
permitted the determination of the corresponding ro 
tational temperatures. These are listed in Table II. 
Once the rotational temperatures had been deter- 
mined, the plates were calibrated for intensity response 
in the overlap region of the (0,14) O2 band and the 
(0,1) OH band by applying the method described in 
Sec. 5 of Part II to the R; and Re branches of the (0,1) 
band of OH. After the plates had been calibrated in the 
above manner, the intensity ratios of the PR(31,35) 
“line” of O2 and the R;(10) line of OH were determined 
for the various fuel ratios; since these two lines are only 
about 8A apart, it was not necessary to standardize the 
plate for wavelength response. The results of these e* 
perimental intensity ratio determinations are listed 
Table II, which also gives the rotational temperatures 4 
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OH(?Z+) and the theoretical equilibrium intensity 
ratios calculated from Eq. (15) using the data of Table I. 
The appearance of the spectrum (for a 1:1 fuel ratio) in 
the O2 and OH overlap region in which the above 
measurements were made is shown in the densitometer 
tracing reproduced in Fig. 2. 


V. DISCUSSION OF RESULTS 


The agreement between the calculated equilibrium 
intensity ratios and the experimental intensity ratios 
(Table II) is quite good and would seem to indicate 
that thermal equilibrium conditions obtained in the 
flames. There certainly is no indication that either 
OH(?=*) or O2(*2,-) is in large excess of its thermal 
equilibrium concentration. The finding of rotational 
equilibrium for OH(?2+) with a rotational temperature 
in good agreement with and following the trend of the 
calculated equilibrium flame temperature reinforces this 
conclusion as to the equilibrium conditions in the flame. 

In a discussion of the possible thermal or chemipro- 
duction of O.(*2,-) in flames, Wolfhard and Gaydon’ 
pointed out that owing to the high energy of excitation 
of O.(*2,-) to the *2,- state (6.17 ev), appreciable 
amounts of O.(*2,-) could be produced thermally only 
in very hot flames. However, an examination of Eqs. 
(11) and (12) shows that it is not at all necessary to have 
a high concentration of Oz in the excited (*2,—) state in 
order to have strong Schumann-Runge bands. A rough 
calculation indicates that for thermal equilibrium at 
3000°K the concentration ratio OH(?Z+)/O2(#2,-) is 
about 3.5X10%. The ratio of transition probabilities 
Anm(OH)/A nm(Oz) is, however, about 4.0X 10~4, so that 
the intensity of the Schumann-Runge bands is about 
equal to that of the hydroxyl bands when the concen- 
tration of O2(*2-.) is only about 10-* that of the 
OH(?2*). This points up the danger of drawing con- 
clusions as to the relative concentrations of different 
excited species from spectroscopic data under the tacit 
assumption that the total transition probabilities are of 
about equal magnitude.”4 

As pointed out in Sec. I, the finding of thermal equi- 
librium in a flame precludes the drawing of any definite 
conclusions as to the mode of production of the now 


| equilibrated species. In particular, the fact that certain 


experimental observations indicate a state of thermal 


| equilibrium in the flame does not necessarily point to 


the thermal production of the radicals. The results of 
this investigation do not, however, rule out this possi- 


| bility; and in view of the fact that this equilibrium 


distribution has been found to be present in such a wide 


eS 


_ *In the case of O2(8E,-—*,-) and OH(?Z*—*I1) the difference 
in the values of Anm is occasioned principally by the different 
Values of the electronic matrix moments [Eqs. (4) and (5) ]. This 
difference arises from the fact that in the O, transition an electron 
goes from a nonbonding z,-orbital to a corresponding z,-orbital 
which is a strongly allowed transition (charge transfer spectra), 
while in the case of OH the electron goes from a # to a non- 
Corresponding g-orbital, which is a much weaker transition 
(references 9 and 14). 
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range of fuel ratios, the author is inclined to the belief 
that O2(%2,-) is produced thermally in the hydrogen- 
oxygen flame. 

It will be of some interest to discuss briefly some 
possible processes leading to electronically excited 
O2 in the hydrogen-oxygen flame. In discussing the 
production of O2(*2,-) in the CO—O, flame, Laidler”® 
suggested, in order to account for some previous work on 
this flame by other investigators, the specific energy 
transfer process 


CO2*(*I,)+O2(*2,-)-CO2(*Z 5+) +02*(*Z.-), (16) 


which was to produce O2(*2,-) in a non-equilibrium 
distribution. Aside from the question as to whether the 
chemiluminescence of the CO—QOz2 flame is due to 
O.(82,-) or to CO2*(*II, or 'II,), the above reaction is a 
plausible one on the basis that the radiative lifetime of 
CO,.*(*II, or 'II,) is sufficiently long for the transfer of 
electronic energy to O2(°2,—) to be quite effective.* An 
analogous process (proceeding via a nonlinear inter- 
mediate complex)* in the hydrogen-oxygen flame would 


be 
OH*(?2+)+0,.(?2,-) OH (711) +0.*(82,-). (17) 


While some of the O2(*2,-) is probably produced by this 
energy transfer reaction, it is very doubtful that (17) is 
as efficient as (16), since the radiative life time of 
OH(*2*) is probably considerably shorter than that of 
CO.(°II,, ‘II,). Another reaction which may be con- 
sidered to account for a possible chemi-production of 
0.(%2,-) is 


O(?P)+0(¢D)+M—0,(*2.-)+M, (18) 


which has been discussed in some detail elsewhere.’ 
Reaction (18) requires a third body to produce O2(*2,~) 
in the quantized vibrational levels which give rise to the 
discrete Schumann-Runge bands. There are also several 
bimolecular processes which may produce O2(*2,~) as a 
stable molecule. A plausible example of this is the 
reaction 


O(?P)+OH(?E+)-0,(*2,-)+H(2S), 


which is allowed by the spin correlation rules and which 
is endothermic by only 1.4 ev. At a temperature of 
about 3000°K reaction (19) might thus take place quite 
efficiently. Which one, if any, of these reactions plays an 
important role in the production of O.(*2,-) in the 
hydrogen-oxygen flame can be decided only after 
further experimental and theoretical work. Such an 
investigation, involving the study of various flames with 
a number of different fuel ratios, is now being under- 
taken in collaboration with Dr. H. Broida of the 
National Bureau of Standards. 


(19) 
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Dissociation Energies of the Cd++ Vacancy Complex and of the Double Vacancy 
in Sodium Chloride 
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Dissociation energies for two types of lattice imperfection (namely, the impurity ion vacancy complex and 
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the double vacancy) have been determined theoretically for NaCl, using the semiclassical model of ionic crys- 
tals developed by Born and Mayer. The procedure followed in calculating these energies was based on the 
method developed by Mott and Littleton for computing the formation energies of single vacancies. The 
numerical results which were obtained are 0.44 ev and 0.89 ev for the dissociation energies of the complex and 


double vacancy, respectively. 


INTRODUCTION 


HE theoretical work of Schottky! and Jost,’ later 
refined by Mott and Littleton,* has shown that 
only the migration of lattice vacancies is important in 
explaining the ionic conductivity of alkali halide crys- 
tals. Furthermore, it is known experimentally*> that 
below 400°C in KCl practically all of the current is 
transported by positive ions, and this result is believed 
valid also for NaCl. 

Seitz’ has suggested that because of the coulomb 
attraction between them, positive and negative ion 
vacancies will tend to combine into neutral pairs (double 
vacancies) or perhaps into even larger aggregates. In a 
similar fashion, divalent impurity atoms in an alkali 
halide lattice will tend to combine with positive ion 
vacancies to form neutral complexes. The complexes and 
double vacancies (shown in Fig. 1) are electrically 
neutral; however, the mere fact that they exist is of 
great importance in interpreting conductivity and 
diffusion data. In fact, it may be that the migration of 
paired vacancies is the predominant diffusion process in 
alkali halides at low temperatures; the low activation 
energy for diffusion of the pairs calculated by Dienes® 
seems to bear out this conclusion. Certainly, a determi- 
nation of the dissociation energy of the pair is desirable 
in view of its importance in ionic conduction. Further- 
more, it should be mentioned that knowledge of the 


* Work done under the auspices of the AEC. 

1W. Schottky, Z. physik. Chem. B29, 335 (1935). 

2W. Jost, Diffusion and Chemische Reaktion in festen Stoffen 
(Theodor Steinkopf Verlag, Dresden, 1937). 
a . 38) F. Mott and M. J. Littleton, Trans. Faraday Soc. 34, 485 

4C. Tubandt, Handbuch der Experimentalphysik Vol. XII, I. 
Teil (Akademische Verlagsgesellschaft M.B. H., Leipzig, 1932). 

5 F. Seitz, Revs. Modern Phys. 18, 384 (1946). 

®G. J. Dienes, J. Chem. Phys. 16, 620 (1948). 






dissociation energy, not only of pairs, but of larger 
aggregates as well, would be of interest for a quantitative 
treatment of the formation of dislocations by condensa- 
tion of vacancies.’ 

Recently, Etzel and Maurer® have measured the 
electrical conductivity of sodium chloride in which the 
number of positive ion vacancies was artificially in- 
creased by the addition of cadmium impurity. From the 
dependence of conductivity on impurity content, they 
were able to determine, among other things, the equi- 
librium constant for the reaction between positive ion 
vacancies and cadmium impurity ions to form com- 
plexes. The variation of this equilibrium constant with 
temperature enabled them to deduce the heat of forma- 
tion (dissociation. energy) of the complex, which they 
found to be of the order of 0.3 ev. 

The purpose of the present paper is to calculate 
theoretically the dissociation energies of both the Cd** 
positive ion vacancy complex and the double vacancy in 
NaCl. The procedure followed is to calculate the work 
done in removing a sodium ion from the (110) lattice 
site to a point infinitely far from the crystal, assuming 

_- f+ =» + = fH = + 
-@-+-0- 
- +i t+ - +4 

: 4 Fic. 1. Schematic repre- 
+ — {4} —- + = sentation of vacancies, diva- 


ma + lent impurity ions, and com- 
plexes in an NaCl crystal. 
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7F. Seitz, Phys. Rev. 79, 890 (1950). 
® H. W. Etzel and R. J. Maurer, J. Chem. Phys. 18, 1003 (1950). 
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the cadmium impurity ion at (000). This result sub- 
tracted from the work done in producing a single 
positive ion vacancy at some distant point in the lattice 
is the dissociation energy, or heat of formation, of the 
Cd++ vacancy complex. (The work to produce single 
vacancies in NaCl has been previously calculated by 
Mott and Littleton.*) Similarly, for the double vacancy 
case, the work to remove a sodium ion from the (100) 
position, assuming a negative ion vacancy at (000), is 
to be calculated. The dissociation energy may then be 
computed as above. 


INTERACTION ENERGIES IN A SODIUM 
CHLORIDE LATTICE 


An ion at a lattice point in an undistorted lattice ex- 
periences two types of interactions, a coulomb (the 
Madelung) term and a repulsive (or overlap) term. The 
Madelung energy, which arises from the coulomb inter- 
action with all other ions in the lattice, can be written as 
—ay(e?/ro), where ay is the Madelung constant, and 
ro is the anion-cation distance. For the sodium chloride 
lattice, ay has the value 1.7476. For small displacements 
of the ion from the lattice point in an otherwise undis- 
torted lattice, the coulomb energy varies quite slowly ; 
up to about 0.179 displacement, one can approximate the 
coulomb term by the Madelung energy without signifi- 
cant error. To obtain coulombic potentials at other 
points in the crystal, one must use the technique de- 
veloped by Ewald.® 

Following Born and Mayer,'*" the function 


$(r) =¢12b exp[(r1+172—1)/p ] (1) 


has been used in the present study for the repulsive 
interaction between two ions. Here 7; and r2 are ionic 
radii. For sodium chloride the following constants were 
used : 


ro=2.815A, 
r,=0.98A, 
r_=1.81A, 
Tca= 1.03A, 
b=0.229X 10-” erg. 


64.4.= 1.25, 
c__=0.75, 
C4... = 1.00, 
Ccaq—= 1.125, 
p=0.345A, 


The + and — refer to the sodium and chloride ions, 
respectively. In calculating repulsive energies nearest 
and next-nearest neighbors were taken into account; 
third-nearest neighbor interactions can be shown to be 
negligible. For the case of a chloride ion at a lattice site, 
the twelve next-nearest neighbors (—— interaction) 
contribute almost half of the repulsive energy, almost as 
much as the nearest neighbors contribute. For the 
sodium ion, the next-nearest neighbors (+ + interaction) 
contribute only one percent of the nearest neighbor 
interaction. 


ee 


* Ewald potentials needed for the present study were computed 
from Eq. (6) of reference 6. 

M. Born and J. E. Mayer, Z. Physik 75, 1 (1932). 

"F. Seitz, Modern Theory of Solids (McGraw-Hill Book 
Company, Inc., New York, 1940), 


Fic. 2. Change in lattice 
distortion as the (110) ion 4 
is removed from the vicin- 
ity of a Cd impurity ion to 
form a complex. The dots 
represent points in the rigid 
lattice. 
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When one or more ions are missing from the lattice, 
not only are their coulomb and repulsive interactions 
with other ions lost, but there is a resultant polarization 
of the lattice. The ionic polarizabilities which were used 
are those given by Pauling,” and are a_-=3.66X10-" 
cm’, a,=0.179X10- cm’, aca=1.05X10-* cm*. The 
dielectric constant for NaCl for static fields* is x= 5.62. 


CALCULATION OF THE DISSOCIATION ENERGY 
OF A Cdt+t+-VACANCY COMPLEX 


As the sodium ion is removed from the (110) position, 
both the lattice distortion and polarization of neigh- 
boring ions is changed ; these changes reflect a change in 
the potential at (110). Initially, the lattice distortion is 
just that due to the cadmium impurity ion; finally, it is 
that due to the complex (see Fig. 2). : 


1. Equilibrium Distortion around a Cadmium 
Impurity Ion 


Finding the equilibrium distortion around a cadmium 
divalent impurity ion (Fig. 2(a)) is exactly the problem 
of Mott and Littleton’ in finding the distortion around 
single vacancies, except that here the displacement of 
nearest neighbors is inward instead of outward. The 
problem is complicated by the long-range polarization 
produced in the lattice. 

Mott and Littleton found for the case of an extra 
positive charge at (000) that the dipoles induced at 
distant positive and negative lattice sites are, re- 


spectively, 
My'r,*e/r’, 


1 at Qi 
--) ’ (3) 
3(ai+a2)+a 


M2'1r*e/r’, (2) 
where 


1 
M,=— 


ar K 





and a similar expression is used for M2’. Here a; and a» 
stand for the a, and a_, respectively, defined above, and 
a=e’/pis a quantity which determines the displacement 
polarization of the medium. The ? is defined as follows: 
— px is the restoring force, due to overlap forces, on any 
ion in a uniformly polarized medium where each ion is 
displaced a distance +x." For sodium chloride the 
quantity a has the value 4.215 10-* cm’. 
The displacement «x of the ions is 


x= M’'r,3/r?, (4) 
where 
1 1 a 
M’=— 1--) , (5) 
4a x] 4(a;t+a2)+a 
21. Pauling, Proc. Roy. Soc. (London) A114, 181 (1927). 


18 See reference 3 for further details about the quantities p and 
a=r°B, 
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In the first-order approximation, the dipole » and the 
displacement x of the nearest neighbors to the cadmium 
impurity ion are taken as unknowns; those of the more 
distant ions are computed from Eqs. (2) and (4). To 
simplify the algebra the displacement, which is inward, 
is written x= ro, and 4= mero. The repulsive force on 
one of the (100) ions inward can readily be shown to be 


>= —B exp[—(1—£)ro/p] 
+4Ad-(&+M’/2v2) exp[ —dro/p ] 
+A expl—(1+£+M"/4)ro/0] 
— 2v2C exp[—Vv2(1—£)ro/p] 
+4Cy-(14+-€—2M’'/5-54) expl—n10/p] 
+4Cd-'(é—M'/3v3) expl[—Aro/p], (6) 


where 
B=1.125bp™ exp[(r_+1rca)/p], 
A=bp— exp[(r4+r_)/p], 
C=0.75bp— exp[2r_/p ], 

and 


P= (14+M"/2V2)%+ (E+-M'/2V2)?, 
P= (1+ £—2M'/5-5!)*4 (1—M"/55}), 
\?= 2(1— M’/3v3)?+ (— M’/3v3)?. 


The electrostatic force on one of the (100) ions inward is 








{= 4(1—£) 1 
=— + + 
rot (1—£)? §  (2—2&+8*)!  (2—8) 
2.3713m 
_ —1.965M,'— 0.388 | (7) 
G-—" 
The equations determining m and £ are 
F,+F,.=0, 
() 
me*ro/a2= F,. 


This system of equations has been solved by trial and 
error procedure, and the results are as follows: 


£=0.068;, 
m=0.092s. 


The displacement x=éro is inward, and the induced 
dipole 4 = merp is along the direction of the field, radially 
outward. 

We are now in a position to compute the initial 
potential at the (110) lattice point, i.e., at the sodium 
atom which we wish to remove. The electrostatic 
potential can be written as follows: 





V vee+—|2(1 , at 
— ro ( (1+é)! v3 








1 1 1 ) 
[2+(i—2} 5! [1+(2-27) 


—0.7428m—4.152M,'—4.29;M 2’ (9) 


R. REITZ AND J. 
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where V,®-"- is the potential which would exist in a 
rigid lattice without polarization effects; namely, 


VBL. = — (e/r9) fay —1/(W2+M"/2)]= —1.0504(e/1). 


The term in parentheses in Eq. (9) is due to the dis- 
placement of the six (100) ions from their rigid positions, 
and the last three terms represent the potential due to 
the induced polarization. Of these polarization terms, 
the one in m is obvious, being due to the induced dipoles 
on the (100) ions; the other two were computed from 


cos(7ir2) 








cos(7172) 
+M,'> | (10) 


rr 


V= ery rs 


ee fe 2 


Here 7; denotes the distance from the lattice point in 
question to (000), 72 the distance from the lattice point 
to (110), and the summations are over lattice points of 
types 1 and 2. Equation (10) israther slowly converging; 
however, it was found that the individual terms ap- 
proach and essentially equal the terms in the Jones and 
Ingham series,'* namely, 


1 1 
M,'> —+M'> -, (11) 


1 4 2 4 


for distances greater than 4r9. The value of this latter 
summation is known. Thus, the terms in Eq. (10) were 
only computed for lattice points within the sphere 
r1=4ro, and the remainder of the series was obtained 
from Eq. (11). 

The repulsive energy of the (110) ion initially is 


®,= 2b exp[(r4+7_)/p ]{expL—(1—M"/2v2)ro/p] 
+exp[—dro/p]+expl—ro/p]}, (12) 


since the next-nearest neighbors give a negligible con- 
tribution for sodium. 

Equations (9) and (12) give the initial potentials at 
(110). As the sodium ion is removed, the potential 
changes because of the changing lattice distortion and 
polarization. The next step, then, is to compute the 
(110) potential for the final configuration. 


2. Equilibrium Distortion around a Cd*+* 
Vacancy Complex 


Finding the distortion around a complex (Fig. 2(b)) is 
really a difficult problem. Because of the low symmetry, 
there are five different displacements for the ten nearest 
neighbors. 

In the present study a more symmetrical distortion 
was assumed. It was assumed that the resultant dis- 
placement of nearest neighbors was the vector sum of an 
inward displacement, x, of the six cadmium neighbors, 
and an outward displacement, x2, of the six neighbors 
of the positive ion vacancy. As a first approximation, 
one could use for x; and x2, the values computed in the 


4 See reference 3, p. 491. 





= i tet ee ae fe lUCUCO |e 


ca. 


ne} 


ani 
pos 
Sec 
dip 
vic 
her 
ess 


latt 
P,- 


whe 


and 





b)) is 
etry, 
arest 


yrtion 
t dis- 
of an 
:bors, 
hbors 
ation, 
in the 


Cdt+t+ IN NaCl 


last section and those by Mott and Littleton, re- 
spectively, for the single types of distortion. One can do 
better than this, however. Since for the case of the 
complex, the long-range polarization is essentially 
absent, one can again solve Eqs. (8), this time leaving 
out the long-range polarization terms in F,, and obtain 
a value for 2. Similarly, one can solve Mott and 
Littleton’s equations without the terms in M,/ and M,/ 
and obtain an x2. This procedure was followed here, and 
the displacements which were obtained are 


11> 0.07370, 
r= 0.074ro. 


Using these displacements, one can now compute the 
potential at the (110) lattice point for the final lattice 
configuration. Again we write the electrostatic potential 
as a sum 


Vo= VBL Vpsis+ V_Pol, - (13) 


where 


Vok-b= — (e/ro)Lam—1/(V2+M'/2)], 


V24%s is the change in potential due to the displacement 
of the nearest neighbor ions, and V2?°! is the potential 
at (110) produced by the induced polarization. Here 
V,"°! is computed as follows: first, the polarizing field, 
E, can be thought of as produced by a positive charge 
at (000), a negative charge at (110), and displacement 
dipoles at each of the nearest neighbor lattice points. 
Then, the induced dipole at a lattice point is u;= aE, 
and V.P°! can be computed from 


VoPl=e)>; (ui cos6;)/r?, (14) 


where 7; is the distance from (110) to ion 7, and 6; is the 
angle between the direction of u; and that of r;. In the 
calculation of Eq. (14), the summation was over the 
Cd*+*, the ten nearest neighbors of the complex, and 
second- and third-nearest neighbors of (110) ; for ions at 
more distant lattice points, the contribution was 
negligible. 

Several other effects which could influence the value 
of V2 were examined. First, the second-nearest neighbors 
and more distant ions do not remain in their rigid lattice 
positions, but actually undergo slight displacements. 
Second, the dipole-dipole interaction of the induced 
dipoles and the variation of Madelung potential in the 
vicinity of a lattice point can affect the value of u;, and 
hence V2"°!, These terms were found to be small and 
essentially to cancel one another out. 

The repulsive energy of the (110) ion for the final 
lattice distortion is 


®:= 2b exp[(r4+r_)/p] 
X {exp[—ro(1+ &—M’/2v2)/p] 
+exp[—dero/p]+-expl—ro(1+&2)/p]}, (15) 
where 
rofea=X2, roei=%X1, 
and 


d?= (1+ fo-+-M’/2V2)?+ (E1-+M’/2V2)2. 
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TABLE I. Work done in removing a sodium ion from (110) 
position surrounding a Cd** impurity to a point infinitely far from 
the crystal. (Result is one-half the sum of columns 1 and 2.) 








1 2 





Electrostatic: 
y8.L. 5.320 ev 
Displacement 0.225 
Polarization 3.164 
Repulsive : —0.796 
Total 


5.320 ev 
— 1.835 
—2.354 


—0.435 
4.305 ev 








3. Dissociation Energy of the Complex 


The work to remove a sodium ion from the (110) 
position surrounding the Cd**, and thus the work to 
form a Cd** ion vacancy complex, can now be com- 
puted. That part which is done against electrostatic 
forces is 


— (e/2)(Vit V2). (16) 


Similarly, the work done against repulsive forces (a 
negative contribution) is 


~(®,46,)/2. (17) 


Substituting the values of the preceding sections into 
Eqs. (16) and (17), we obtain the value 4.30; ev for the 
total work to remove the sodium ion. A breakdown of 
the work is shown in Table I. 

Thus far we have obtained the work needed to remove 
the (110) ion to a point infinitely far from the crystal. 
Actually, the removed sodium ion will be deposited at 
some distant vacant lattice site in the crystal, and a 
certain amount of work will be regained. If this latter 
work is greater than the 4.31 ev calculated above, then 
the complex is stable. 

Mott and Littleton*® have calculated the work needed 
to form a single positive ion vacancy (equivalently, the 
work obtained in destroying the vacancy) and have 
obtained the value 4.62 ev. We cannot use this value 
directly, however, since Mott and Littleton used a 
slightly different repulsive potential from the one used 
by us. They considered only nearest-neighbor interac- 
tions in the repulsive energy, and, consequently, had to 
use a somewhat larger value of 6 in order to insure that 
the crystal was in equilibrium under the combined 
electrostatic and repulsive forces. Using the value of 5 
quoted in an earlier section and taking into account 
second-nearest neighbors, we obtain 4.75 ev for this 
quantity. The dissociation energy of the complex, then, 
is (4.75—4.31) ev equal to 0.44 ev. 

This result is in fair agreement with the heat of 
formation of the complex which Etzel and Maurer® 
found to be of the order of 0.3 volt. It might be well to 
examine our theoretical calculation and see how far we 
can trust the 0.44 volt figure. The repulsive energies 
should be fairly reliable for the rather small distortions 
involved in the present study. The weak point in our 
calculation, as mentioned above, is the equilibrium 
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Fic. 3. Change in lattice distortion as the (100) ion is removed 
from the vicinity of a negative ion vacancy to form a double 
vacancy. 


distortion around the complex. Therefore, several other 
displacements were chosen for x; and x2 and the calcu- 
lation repeated. It was found that the final result for 
the dissociation energy was not affected appreciably. 
(For example, the choice of x,=0.0879 and x2=0.07179 
gave a final result of 0.41 ev.) Thus, we believe our 
calculation to be accurate to +0.1 ev. 


DISSOCIATION ENERGY OF A DOUBLE VACANCY 


In calculating the dissociation energy of a double 
vacancy, the procedure is essentially the same. In this 
case the work to remove a sodium ion from the (100) 
position surrounding a negative ion vacancy is com- 
puted. The initial and final distortions of the lattice are 
shown in Fig. 3. 

The equilibrium distortion around a single negative 
ion vacancy has been computed by Mott and Littleton 
to be £;=(x,/ro)=0.078. Using these distortions, we 
write 


Vi= V,R-L-+ V ,4is- VP, (18) 
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Fic. 4. Energy changes as a function of ion displacement for ions 
surrounding a pair of vacancies (NaCl). 
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where 


ViP-L- = —(e/ro)[1.7476—1/(1+€,) ], 


V, 4's is the change in potential due to the displacement 
of nearest neighbor ions, and 


Vy ypl= —- (e/ro)[4.154M1’+5.74,M 2’ 
+1.6642m/(1+£)"] 


is the potential due to the induced polarization. Here 
again the terms in M;’ and M,’ were obtained from a 
formula of type (10), in which 7; denotes the distance 
from the lattice point in question to (000), and r2 the 
distance from the lattice point to (100). 

The repulsive energy of the sodium atom in the initial 
configuration is 


#,=b exp[(r,+1_)/p]{4 expl—dro/p ] 
+exp[—(1—£;)ro/p]}, (19) 


&= (1—M’/2v2)?+- (€:+M’/2v2)?. 


In finding the distortion around the double vacancy 
(Fig. 3(b)), it was assumed that each of the ten nearest 


where 


TABLE II. Work done in removing a sodium ion from (100) 
position with respect to a negative ion vacancy to a point infinitely 
far from the crystal. (Result is one-half the sum of columns 
1 and 2.) 











1 2 
Electrostatic: 
y®.L. 4.153 ev 4.153 ev 
Displacement 0.574 — 1.376 
Polarization 3.457 — 2.003 
Repulsive : — 0.835 —0.392 
Total 3.863 ev 








neighbors was displaced outward by the same amount. 
Then, using the procedure followed by Dienes,® the 
change in lattice energy was plotted as a function of ion 
displacement (see Fig. 4). The minimum occurred at 
£;= (x,/ro) =0.083. Using this displacement, the values, 
V2 and ®», for the final lattice configuration were com- 
puted. These quantities were computed in a similar 
fashion’to that used for the “complex” case described in 
the preceding section. 

The work to remove the sodium ion can again be 
written 


W = — (e/2)LV1+V2]—(3)[4:14+ 2], (20) 


and was found to have the value 3.863 ev. (See Table II.) 
The work regained by destroying a positive ion vacancy 
somewhere in the crystal is, as before, 4.75 ev. Thus, the 
dissociation energy of the double vacancy is (4.75—3.86) 
ev, i.e., 0.89 ev. 


CALCULATION OF POSSIBLE ACTIVATION ENERGY 
FOR THE DISSOCIATION OF THE 
DOUBLE VACANCY 


It is also of interest to determine whether there is a 
activation energy for the first step in the dissociation of 
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Fic. 5. The first step in dissociation of a double vacancy. 


a double vacancy, namely, for the jump of a sodium ion 
from the (110) position to the (000) position, assuming 
the double vacancy at (000) and (—100). (Note the 
change in origin from the preceding section.) This jump 
is depicted in sequence in Fig. 5. 

Now the saddle point, if it exists, is essentially re- 
stricted by electrostatic forces to the plane of Fig. 5. 
Further, the saddle point will be close to ($30), as shown 
in Fig. 5(b). The configuration energy was computed in 
rigid lattice approximation for the moving sodium ion at 
several points in the neighborhood of ($30), and the 
differences between these energies and that of the 
original configuration (Fig. 5(a)) were obtained. Indeed, 
the saddle point was found to be exceedingly close 
to (330). 

As the ion moves from state (a) to state (b) (Fig. 5), 
the distortion of the lattice will change. The principal 
change is the outward motion of the two negative ions 
at (100) and (010). Assuming these ions move outward 
by the same amount and neglecting other distortions, it 
is found that lattice energy is a minimum for state (b) 
when the two negative ions move outward a distance 
x=0.1r5. 

The difference in configuration energy of state (b), 
distorted, and state (a) has been calculated to be 0.22 
ev. Thus it appears that there is no activation energy, 
but a continuous increase in energy in going from (a) to 
(c). It should be mentioned that activation energies 
cannot be calculated very accurately in terms of our 
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A= O5iew. (theor.), 
= 0.85 ev. (exp.) 
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Fic. 6. Energy profile for dissociation of a double vacancy along a 
(110) line. 


simple theory, because this computation involves a 
knowledge of the repulsive energy at distances of the 
order of 0.779, where the Born-Mayer formula, Eq. (1), 
is not expected to be accurate. 

An energy profile for dissociation of the double 
vacancy along a (110) line is presented in Fig. 6. The 
dotted line, which is the approximate envelope of the 
energy minima, is computed from —e?/xr, where r is the 
distance between the positive and negative ion vacancies. 
This formula gives, of course, the energy of two 
“charges” (e and —e) in a dielectric x. At very large 
separation, the two vacancies are essentially free, and 
the activation peaks, shown in Fig. 6, are for diffusion 
of the single positive ion vacancy. The theoretical value 
of this activation energy for diffusion is 0.51 ev (Mott 
and Littleton); the experimental value (see Etzel and 
Maurer’) is 0.85 ev. 
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A classification and nomenclature for 2s—2p hybrid AO’s 
(atomic orbitals) of any degree of hybridization is proposed, and 
the concepts of cohybrids, antihybrids, and orthohybrids are 
defined. Overlap integrals S as follows are computed and tabulated 
as a function of the hybridization coefficient and the interatomic- 
distance parameter for the case of two like first-row atoms: 
S(hp, hp; p), S(hg, tog; p), and S(1s, hg; p). (See also Figs. 1 and 
2.) Here hg denotes any 2s—2p hybrid, and hog the corresponding 
orthohybrid. Slater AO’s were used, and also, for selected p values 
for the case of C—C bonds, SCF AO’s. 

In connection with this work, and extending fragmentary 
tables given in a previous paper, complete tables from p=3 to 
p=14, for the case of two like atoms, are given for the overlap 
integrals S(1s, 2s), S(2s, 2s), S(1is, 2p0), S(2s, 2pa), S(2pa, 2p0), 


and S(2pzx, 2p) using orthogonalized Slater 2s AO’s, and carbon 
SCF 2po and 2pm AO’s. 

Tables of Slater-AO overlap integrals S(1s, ig) are given as a 
function of 8 for the radicals FH, OH, NH, and CH at their 
equilibrium distances, also similar tables based on SCF AO’s for 
the case of C—H bonds of lengths 1.12, 1.09, and 1.06A. (See 
also Fig. 3.) 

The various tables and figures show that “a little hybridization 
goes a long way”’; that is to say, a small amount of s character 
in a po AO, or of po character in an s AO, causes a large change in 
S. Applications of this fact to problems of chemical binding are 
briefly suggested. These will be developed in a following paper. 
(Also see Note added in proof at end of this paper.) 





I. INTRODUCTION 


HEN a first-row atom forms one or more bonds, 

one usually describes these in terms of o and r 
bond orbitals. Depending on the number and geo- 
metrical arrangement of the bonds, one or another 
set of mutually orthogonal AO’s is used. The most 
frequently used orthogonal sets are: 


For 90° bond angles: s, ¢, 0’, 0”. 

For tetrahedral bond angles: fe, te’, te’’, te’”’. 

For 120° (trigonal) bond angles: ér, ir’, ir’’, of (1) 

For 180° (digonal) bond angles: s, o, 7, 2’ or 
di, di’, m, 1") 


The brief AO symbols used in (1) and elsewhere below 
are explained in Table I. Symbols differing by the use 
of one or more primes in (1) denote mutually orthogonal 
and geometrically equivalent but differently oriented 
AOQ’s.} 

The symbols ?#e, /r, di, te’, etc., in (1) all belong to 
a class of hybrid « AO’s which may be designated by the 





TABLE I. Brief AO notation for this paper.* 








Brief Full Brief Value of B 
symbol symbolb symbol in Eq. (2) 


k 1s te (3/4)! 
s 2s tr (2/3)4 
po 2po di (1/2)3 
T 2pr di’ — (1/2)! 











® The AO's k, s, pa, te, tr, di, relative to their respective axes of symmetry, 
are all ¢ AO’s. 

b By 2p¢0 is meant a 22 AO taken with its positive end on the positive z 
axis, with the latter directed toward a bond-partner. 


* This work was assisted by the ONR under Task order IX of 
Contract N6ori-20 with the University of Chicago. 

1 The notation used here differs in one or two respects from that 
of a previous paper (see reference 5). The present Eq. (2) appears 
as Eq. (9) in reference 5; te’ and #r’ are there used in a different 
way than here. Another change is the use here of the symbol p to 
denote the parameter formerly called . 


general symbol /g and which are defined as follows :! 
hg=a:s+B-o=cosd:s+sing:o. (2) 


Here ¢ may be taken as ranging from 0 to +7, but 
ordinarily we shall use only the range 0 to +32. This 
makes 0<a<1 but —1<8<-+1. The added range from 
+37 to +7 gives no new hybrids, but merely a reversal 
of sign of the whole AO. In (2), 8 may be called the 
hybridization coefficient. Hybrids having a and £8 alike 
in sign will be called positive hybrids, those with a and 6 
different in sign, negative hybrids. 

Except in tetravalent cases, not all the AO’s of any 
one set in (1) are used as bond orbitals. Following are 
some examples of molecular electron configurations 
(omitting 1s electrons) written in terms of the AO’s of 
(1) using the valence-bond method,? for the ground 
states of several molecules: 


Lie: s-s 

Ne: S)*s)*po- pao)a:m)m’+ 2’) or8 
di-di)di')*di’)*r- 3) x’ - x’) 

C.H2: di-h)di’-h’)r-2) x’ - 7’) 

F,: s)*s)?o-a)m)*x)4 

CHa: te-h)te’-h’)te’’-h’’)te’”’ -h’’’) 

H,0: s)?a-h)o’-h’)o"’)?. 


Dots connect AO’s for electrons forming an electron- 
pair bond. Lone pairs appear as s)*, di)?, or the like. 
The symbol 7)‘ is equivalent to 1)?’)*. The symbols 
h, h’, etc. refer to H atom 1s AO’s (do not confuse this 
use of h with hg in Eq. (2)). 

As is well known, the formulations (3) are not ac- 
curate descriptions, but represent arbitrary simplifica- 
tions. In some cases, for example No, one may question 





?See R. S. Mulliken, J. chim. phys. 46, 497 (1949), Sec. 1, for 
further discussion. Reprints of this article in mimeographed form 
in English are available in limited numbers. 

5 As first suggested by Pauling. 
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which of two formulations involving different assumed 
degrees of hybridization is the more nearly correct. 
On further consideration, it is evident that the possi- 
bilities of accurate description are greatly improved 
by using hybrid « AO’s of the general form of Eq. (2) 
without restricting 6 to the special values represented 
by the types po, te, tr, di, and s. Further, one should 
in general use different o hybrids for different ¢ AO’s in 
one and the same molecule. The best choice of hybrid 
AO’s for a ground-state electron configuration is of 
course that which minimizes the total energy. Similar 
remarks apply to hybrid AO’s in general, but only 
hybrids of 2s and 20 AO’s will be considered in this 
paper. 

In a recent paper‘ it was pointed out that the overlap 
integral S between bond orbitals of two bonded atoms 


TABLE IT. Hybrids related to a given hybrid hg.* 








Hy- hg a positive hybrid hg a negative hybrid hg general 
brid a B a B a 





+(1—a?)! a 
hap a —(1—a?)} a 
hep + (1—o*)# +a 
hog (1—a?)§ —a 


oar B 
+(1—a*)! —B 
(l-o)t —-e ta 


hg a 


| 
(1-—a*)t +a | Fa 








* The specifications for a and B of hcg and hog could have been simplified 
in the last columns if we had not imposed the requirement that the coeffi- 
cient of the s AO in Eq. (2) shall always be =0 (see sentences immediately 
following Eq. (2)). Imposition of this requirement, while not essential and 
sometimes awkward, appears on the whole advisable because it helps to 
diminish confusion in the interpretation of positive and negative values of 
overlap integrals. 


TABLE III. Some hybrids and their orthohybrids. 








Hybrids 

a B AO 

1 0 po 0 —1 
(3/4) = (1/4)! ate (1/4) —(3/4)§ 
(2/3)* (1/3)4 alr = (1/3) += —(2/3)8 
(1/2) = (1/2)4 odt (1/2) +  —(1/2)8 
(1/3)! = (2/3)8 otr = (2/3) += (13) 
(1/4) = (3/4)8 ote (3/4) —(1/4)4 

0 1 Ss 1 0 


Their orthohybrids 
a B 











should be a useful measure of the bonding powers of 
electrons in these orbitals. It is a simple matter using 
available tables® to compute S for any pair of o hybrid 
orbitals.4* One may then use these S values as at least 
a rough guide to the choice of hybrids which mini- 
mizes the total energy. 


*R. S. Mulliken, J. Am. Chem. Soc. 72, 4493 (1950). See also 
reference 4a. 

** While the present paper was in preparation, a valuable article 
appeared by A. Maccoll (Trans. Faraday Soc. 46, 359 (1950)) on 
“The principle of maximum overlapping.” This is similar in part to 
reference 4. It also contains discussion, and a figure showing S 
values for positive hybrids for C—C and C—H, which are similar 
to part of the present discussion and Figs. 1 and 3. Two other im- 
portant papers have also recently appeared: W. Moffitt, Proc. 
Roy. Soc. (London) 202A, 534, 548 (1950). The second of these 
discusses among other topics the effect of a little hybridization in 
stabilizing CH, NH, and OH. 
ise, Rieke, Orloff, and Orloff, J. Chem. Phys. 17, 1248 


TABLE IV. Brief notation for overlap integrals. (See reference 1.) 








Brief notation Full notation*® 


Sk(p) S(1s, 1s; p; #=0) 

Ss(p) S(2s, 2s; p; #=0) 

So(p) S(2pe, 2po; p;t=0) 

Ssa(p) S(2s, 2pa; p; t=0) 

Sa(e) or Sa(B, p) S(hp, hp; p; #=0)" 

Sp,op(p) or Sp,og(B,) S(hp, hop; p;t=0)° 

Sks(p, t); or Sks(wap, ta) S(1s, 2s; p; t); S(1s, 25; wap, ta)4 
Sko(p, t); or Ske(wap,ta) S(1s, 2p0; p; t); S(1s, 2po; wap, ta)4 
Sia(p,t); or Sig(wap,ta) S(1s, hg; p; t)®; S(1s, hp; wap, ta)! 











a In general, S(x, ¥; 9;t) means /xayodv, if x and y are any two AO’s 
of overlapping atoms a and b. The case ¢ =0 occurs if x and y belong to like 
atoms and have equal Slater yu values. In general, 

Mz =Z:/nz, 


Zz and mz being the Slater effective charge and quantum number for the 
x AO of the particular atom involved. (See reference 5.) Further (except for 
the special definition of p in Eq. (8) for use with the second notation above 
for Sks, Ske, Skp). 
p =4(urt+my)R/an; t = (uz — py) /(ue +h). 

b See Eq. (2). 

¢ See Table II and Eqs. (6). ’ 

4 See first line of Eqs. (12). The second line of Eqs. (12) applies only to 
the special case of AH. 

© See Eq. (10). 

f See Sec. V. 


As a preliminary, it is desirable to set up some fur- 
ther terminology for o hybrids. (1) The amount of po 
(or s) character in any s, po hybrid may be defined as 


Fic. 1. Maps of overlap integrals Sg(p) for 2s, 2p-hybrid AO’s in 
homopolar bonds, plotted against a?. The dashed-line graphs are 
based on the Slater-AO S values of Tables VA, VB. The full-line 
graphs are based on carbon SCF-AO S values which differ only 
slightly from the SCF values of Tables VA, VB. (The slight 
difference is that the S values graphed here were computed using 
SCF 2po AO’s but Slater instead of orthogonalized-Slater 2s 
AO’s.) From the forms of Eq. (4) and the fact that a?+6?=1, it 
can be shown that the curves in Fig. 1 are all ellipses. 
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TaBLeE VA. Overlap integrals Sg(8, p) for 2s, 2p-hybrid AO’s in homopolar bonds: negative hybrids. 















—2ap= ¥ 0.39192 0.57236 
a=0 a =0.1 a =0.2 a=0.3 
B=-1 —0.99499 —0.97980 —0.95394 





0.73322 0.78460 0.86603 0.96 
a =0.4 0.43589 a=0.5 a=0.6 
—0.91652 B=-0.9 —0.86603 B= -—0.8 


















0.159 0.063 —0.021 


3.0 0.159 














0.027 





0.208 0.112 


0.208 


0.248 
0.248 


0.279 
0.279 


0.303 
0.303 


0.319 
4.0 0.319 
0.181 


0.328 
0.328 


0.332 
0.332 


0.332 
0.332 


0.327 
0.327 


0.319 
5.0 0.319 
0.249 


0.289 
0.289 


0.250 
6.0 0.250 
0.251 


0.210 
0.210 


0.171 
7.0 0.171 
SCF 0.222 









0.153 0.068 























0.212 0.129 










0.150 
— 0.002 
0.165 


0.232 
0.085 
0.245 






























0.177 





0.253 










0.256 0.184 








0.187 





0.256 








0.187 










0.252 
0.168 
0.233 






0.091 
0.178 


















0.159 
0.127 
0.137 


0.205 
0.188 






















0.174 













0.114 





0.143 








— 0.089 
—0.001 — 0.099 —0.181 — 0.244 
— 0.044 








— 0.005 


0.187 0.102 0.028 


0.055 


0.077 
—0.078 
0.093 








0.107 


0.117 





0.123 






0.126 
0.020 
0.125 







0.115 
0.068 
0.101 












0.085 
0.177 0.130 0.085 








—0.137 —0.162 —0.157 
— 0.149 —0.157 
— 0.284 —0.292 —0.297 —0.278 


—0.129 — 0.133 
—0.133 


—0.111 
—0.111 

















—0.097 
—0.112 












— 0.062 —0.100 


— 0.078 


— 0.032 —0.074 —0.091 
— 0.049 —0.091 



















— 0.074 
— 0.074 


— 0.006 —0.051 


—0.025 


0.015 — 0.032 — 0.058 
— 0.004 — 0.058 
—0.139 —0.156 —0.180 — 0.196 























—0.016 — 0.046 


— 0.046 


0.032 
0.013 


0.047 —0.001 — 0.033 
0.028 — 0.033 


0.058 0.010 — 0.023 
0.039 — 0.023 

















—0.015 
—0.015 


0.026 — 0.008 
0.054 — 0.008 
— 0.061 —0.091 —0.124 


0.036 0.005 
0.005 


0.039 0.011 
0.061 0.011 
— 0.004 — 0.033 — 0.069 


0.038 0.014 
0.014 


0.066 0.019 


0.047 

















0.071 
— 0.042 
0.077 









0.062 






0.075 
0.013 





0.068 
0.056 








0.058 0.034 0.014 
0.049 0.014 
0.041 0.026 0.002 —0.031 















the value of 6 (or a’) in (2); for example, fe has 75 
percent po (or 25 percent s) character. (2) We may 
conveniently distinguish between positive hybrids and 
negative hybrids (see text after Eq. (2)). In general, 
positive hybrids have strong overlap and bonding 
power in the direction of the positive side of po, while 
negative hybrids have weak overlap and bonding power 
in that direction. (3) If two hybrids have equal a and 
differ only in the sign of 8, each may be called the 
antihybrid of the other. (4) If two hybrids which are 
both positive, or both negative, differ in such a way 
that one has the amount sin’¢ (=) of po character 
(and cos*@ of s character) and the other has an amount 
cos’? (=1— ") of po character (and sin*¢ of s char- 
acter), each may be called the cohybrid of the other. 
(5) The antihybrid of a cohybrid (or what is the same, 
















the cohybrid of an antihybrid) may be called the anti- 
cohybrid or orthohybrid of the original hybrid. (6) As is 
readily verified, every hybrid is orthogonal to. its 
orthohybrid, and the antihybrid of any hybrid is 
orthogonal to the cohybrid. 

The foregoing relations and definitions are reviewed 
in Table II, using the brief symbols fag, h-g, and hog 
for the antihybrid, the cohybrid, and the orthohybrid 
respectively of any given hybrid hg. For maximum 
clarity, the case where hg is a positive hybrid and that 
where it is a negative hybrid are first listed separately. 
In each case, the a and 8 of each related hybrid are given 
in terms of the a, or the a and 8, of the original hybrid /y. 

In order to illustrate further the preceding discussion, 
the cohybrids, antihybrids, and orthohybrids of the 
familiar positive hybrid types /e, ér, and di are listed in 
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TABLE VA—Continued. 











0.99980 
a =0.7 
—0.71414 


0.99980 
0.71414 
B= -—0.7 


0.96 
a=0.8 
B= —0.6 


B=—0.5 


a=0.9 


B=—0.4 


B= —0.3 


B=—0.1 


o=_ 





—0.115 
0 
SCF -—0.218 
—0.102 


— 0.090 
— 0.078 
— 0.068 


— 0.058 
4.0 
SCF —0.180 


4.2 —0.051 
4.4 —0.041 
4.6 — 0.034 

— 0.028 


—0.023 
0 
SCF —0.132 
—0.013 


— 0.006 

SCF —0.089 
— 0.002 
0.000 


7.0 
SCF —0.054 


— 0.106 
—0.205 


— 0.094 


— 0.084 


— 0.073 


— 0.064 


— 0.055 
—0.175 


— 0.049 


— 0.040 


— 0.034 


— 0.028 


— 0.023 
—0.131 


—0.001 
— 0.061 


— 0.023 
— 0.023 
—0.103 


— 0.023 
— 0.023 


— 0.023 
— 0.023 


—0.022 
—0.022 


—0.021 
—0.021 


— 0.020 
— 0.020 
—0.120 


— 0.020 
— 0.020 


—0.017 
—0.017 


—0.015 
—0.015 


—0.014 
—0.014 


—0.012 
—0.012 
— 0.108 


— 0.009 
— 0.009 


— 0.006 
— 0.006 
— 0.085 


— 0.004 
— 0.004 


— 0.003 
— 0.003 
— 0.061 


0.077 
0.014 


0.067 


0.058 


0.050 


0.043 


0.037 
— 0.043 


0.031 


0.028 


0.024 


0.020 


0.017 
— 0.063 


0.012 


0.008 
— 0.062 


0.005 


0.004 
—0.052 


0.147 
0.094 
0.131 


0.117 


0.104 


0.049 


0.044 
— 0.026 
0.031 


0.023 
— 0.040 
0.016 


0.011 
—0.041 


0.188 
0.140 


0.169 


0.152 


0.136 


0.122 


0.109 
0.048 


0.096 


0.086 


0.077 


0.068 


0.060 
— 0.003 


0.023 


0.017 
— 0.032 


0.303 
0.267 


0.277 


0.253 


0.230 


0.209 


0.190 
0.147 


0.171 


0.155 


0.140 


0.125 


0.113 
0.067 


0.086 


0.064 
0.020 


0.048 


0.035 
— 0.004 


0.190 


0.172 
0.143 


0.133 


0.102 
0.073 


0.077 


0.058 
0.031 


0.531 
0.512 


0.496 


0.462 


0.429 


0.397 


0.367 
0.354 


0.337 
0.310 
0.284 


0.259 


0.236 | 
0.224 


0.185 


0.144 
0.131 


0.110 


0.083 
0.071 


Ras 
tS 


0.114 








(1) The listed values of Sg(8, p), at 0.1 intervals of a or of 8, were computed using Eq. (4); see also Table IV and Eq. (2). (2) For convenience of refer- 
ence, values of a corresponding to 0.1 intervals of 6 for B=0 to —0.8, and corresponding values of |2a8|, are given at the top of Table VA; beyond 
8 =—0.7, the same numbers would repeat, and so are omitted. (3) All the listed values of Sg were obtained using Ss, Sg¢, and Sg values from Table VI. 
All except those marked ‘“‘SCF”’ were based on the left-hand (Slater-AO) columns of Table VI. Those marked ‘‘SCF”’ are based on the right-hand columns, 


involving 25°" and 2pe%°F carbon AOQ's (see reference 7). 


Table III. The table is so arranged that the AO’s on 
each line are orthohybrids of each other. 


II. OVERLAP INTEGRALS FOR 2s,2-HYBRID AO’S 
IN HOMOPOLAR BONDS 


We first consider the overlap integral Ss for two like 
2s,p-hybrid AO’s (see Eq. (2)) of two like atoms. In 
terms of the overlap integrals S, and S, for pure 2s 
and pure 2p0 AO’s, this is* 


Sa(p) = a?S.(p)+2aBS so(p)+6'So(p). (4) 


®See reference 5, Eq. (78). 


The value of Ss depends on 6 and also on a parameter p 
proportional to the internuclear distance R. The nota- 
tion used here and elsewhere in this paper for overlap 
integrals is summarized in Table IV. 

It is now necessary only to compute a”, 6”, and 2a8 
for each desired value of a, to look up S,(p), Sso(p), 
and S,(p) for each desired value of p in the tables pub- 
lished previously,’ and to combine the results according 
to Eq. (4). This has been done for several values of p 
in the range of interest for stable homopolar bonds, and 
the results are presented in Table V and Fig. 1. Most 
of the S values in Table V are based on ordinary Slater 
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TABLE VB. Overlap integrals Sg(8, p) for 2s, 2p-hybrid AO’s in homopolar bonds: positive hybrids. 












a=1 


B=0 






8=0.1 8 =0.2 B=0.3 












a=0.9 


B=0.4 8 =0.5 












0.637 
3.0 0.637 0.734 0.818 0.885 
0.622 0.720 0.802 


0.600 
0.600 


0.563 
0.563 


0.527 
0.527 












0.696 0.781 









0.658 0.744 









0.620 0.705 0.779 












0.491 
0.491 


0.456 
4.0 0.456 0.543 0.625 0.698 
0.455 0.551 0.639 0.715 


0.581 0.665 0.739 










0.423 
0.423 






0.506 0.586 0.658 









0.390 
0.390 


0.360 
0.360 


0.470 0.546 0.615 









0.435 0.507 0.574 












0.330 
0.330 


0.302 
5.0 0.302 0.369 0.434 0.495 
SCF 0.306 0.387 0.465 0.536 


0.401 0.470 0.534 















0.240 
0.240 


0.188 
6.0 0.188 0.233 0.279 0.323 
0.193 0.255 0.317 0.376 


0.145 
0.145 






0.296 0.351 0.403 














0.182 0.218 0.254 












0.111 
7.0 0.111 0.139 0.168 0.197 
SCF 0.114 0.159 0.206 0.251 
















































954 
0.934 0.958 954 0.912 
0.906 0.919 











0.937 









0.911 









0.880 





0.845 








0.760 0.806 0.833 0.833 
0.792 0.816 





0.738 
0.767 






0.695 
0.724 0.764 
0.652 


0.681 0.726 










0.609 . 
0.591 0.638 0.671 0.685 











0.568 0.629 
0.550 0.596 0.629 0.644 
0.597 0.617 0.647 0.679 0.688 


















0.524 
0.524 


0.467 





0.452 0.493 0.542 








0.377 0.427 
0.364 0.399 0.427 0.444 
0.430 0.448 0.477 0.513 0.533 













0.341 
0.341 


0.299 





0.287 0.317 0.357 













0.233 0.268 
0.224 0.248 0.268 0.282 
0.295 0.310 0.334 0.367 0.390 





















2s and 2a AO’s, and are applicable to any first-row 
homopolar bond. Additional S values based on the use 
of SCF (self-consistent-field) AO’s of the carbon atom 
(see Sec. III, below) are also given in Table V. These 
should be roughly correct also for other second-row 
atoms, or at least for boron and nitrogen. Figure 1 
gives a graphical comparison of the Slater and SCF 
values.” 

The tables and figures bring out clearly an important 
fact which is already implicit in the form of Eq. (4): 
namely, a relatively small amount of s character in a 
po orbital, or of po character in an s orbital greatly 

7See Sec. Vb of reference 5 with regard to SCF 2p AO’s for 
carbon. As SCF 2s AO of carbon, an orthogonalized (see reference 
5, Sec. Va) Slater 2s AO has been used here (see reference 11a in 
reference 5). It would be desirable to use SCF S values for all 
atoms, but this will require separate computations for each atom, 


and it will be necessary first to obtain approximate analytical 
expressions for the SCF AO’s of each atom. 














increases (if B>0O) or greatly decreases (if B<0) the 
value of the overlap integral S. If S is a measure of the 
bonding power of an AO, this means that a small 
amount of hybridization may be of great importance 
for the bond energies of chemical bonds. In other words, 
a little hybridization goes a long way. 


III, SELF-CONSISTENT-FIELD OVERLAP INTEGRALS 
FOR CARBON ATOM 2s AND 2p AO’S 


In the course of the computation of hybrid SCF 
overlap integrals for Table V and Fig. 1, it was found 
desirable to replace the brief tables’ of 2p SCF and 2s” 
(orthogonalized 2s) overlap integrals given in reference 5 
by more complete tables, for convenience of reference in 
the SCF hybrid computations. These are given in 
Table VI. The S,, SCF column in Table VI is entirely 
new. 

The S, columns in Table VI document a previous 
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TABLE VB—Continued. 








a =0.6 a=0.5 


B=0.8 8=0.9 


a=0 


B=1 


a=0.4 a=0.3 





0.820 
0.820 
0.725 


0.832 
0.832 


0.719 
0.607 
0.742 


0.649 
0.827 0.527 
0.903 

0.677 
0.753 


0.895 0.834 


0.834 


0.828 
0.828 


0.694 
0.880 0.756 

0.702 
0.750 


0.858 0.815 


0.815 


0.795 
0.795 
0.756 


0.771 
0.771 


0.739 
0.739 


0.706 
0.706 


0.671 
0.671 


0.701 
0.738 
0.679 
0.720 


0.830 
0.693 
0.811 0.622 
0.800 
0.680 
0.763 0.695 
0.659 
0.725 0.668 
0.635 
0.685 0.637 
0.607 
0.645 0.634 
0.634 
0.663 


0.604 
0.618 
0.517 


0.578 
0.687 0.581 
0.543 0.538 
0.538 0.497 
0.445 
0.445 
0.529 


0.430 
0.506 


0.446 

. 0.416 
0.534 0.484 
0.358 0.359 


0.359 


0.350 

0.339 
0.283 0.285 0.278 
0.285 


0.397 


0.271 


SCF 0.392 0.388 0.377 


0.159 
0.159 
—0.001 


0.208 
0.208 


0.248 
0.248 


0.279 
0.279 


0.303 
0.303 


0.319 
0.319 
0.181 


0.609 
0.482 
0.640 


0.494 
0.354 
0.531 


0.660 


0.558 


0.576 


0.584 


0.666 0.585 


0.589 
0.655 


0.490 


0.580 0.328 


0.328 


0.332 
0.332 


0.332 
0.332 


0.327 
0.327 


0.637 0.568 


0.615 0.552 0.482 0.408 


0.467 0.398 


0.589 


0.531 


0.319 
0.319 
0.249 


0.449 0.385 
0.331 


0.343 


0.561 
0.558 
0.485 


0.509 
0.489 
0.443 


0.412 
0.396 0.289 
0.289 


0.250 
0.250 
0.251 


0.336 
0.371 


0.295 
0.312 


0.374 
0.424 
0.307 


0.406 
0.470 


0.278 0.245 0.210 


0.210 


0.332 


0.171 
0.171 
0.222 


0.265 0.247 0.224 0.199 


0.368 0.340 0.305 0.265 








statement (see Table II of reference 5) that the use of 
orthogonalized 2s AO’s produces only slight changes, as 
compared with Slater 2s AO’s, in overlap integrals. 

In a similar way, the values of 1sq—2sc and 
lsq—2poc overlap integrals using 2s° and 2po05°F 
carbon atom AO’s are compared in Table VII with those 
using Slater AO’s, for the special case of CH. These 
results will be used later, in Table XJ. 


IV. OVERLAP INTEGRALS FOR 2s,2p 
HYBRID-ORTHOHYBRID OVERLAPS 


According to valence-bond theory, the interaction 
between lone pairs on two atoms, or between a lone pair 
of one atom and a bonding electron on another, gives 
tise to an exchange repulsion of whose energy, as was 
Pointed out in a previous paper,‘ the square of the 
overlap integral concerned should be a measure. For 


example, there should in No, if we accept (3), be a re- 
pulsion of this kind between a po (or a di) bonding 
electron on one atom and an s)? (or a di’)? (lone pair on 
the other. If instead of these two alternatives for No, 
one considers the more general formulation 


k)*k)*hog)*hop)*hp- hg) +m)’ - 3’) (5) 


and seeks the value of the hybridization coefficient 6 
which makes the energy a minimum, one sees that the 
value of the overlap integral Sp, og (see Tables II, IV) 
as a function of 6 should be a measure of the repulsion 
between the /g bonding electron on one atom and the 
hog)? lone pair on the other atom.® Values of Sg, os(p, 8) 


8 Formulations (5) and (11), like (3), are based on the customary 
principle of using for each atom an orthogonal set of AO’s. While 
this is not strictly necessary, it simplifies both comprehension and 
computations. 
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TABLE VI. Comparison of Slater-AO with improved-AO overlap integrals for homopolar bonds.* 











Ss Seo Se Sr 
AO’s used> asSt — ie AO's used> AO's used> 
p 2st 25°" 2po5! 2peSt 2poSCF 2poS! 2poSCF 2px! 2pxSCF 
3.0 0.637 0.622 0.509 0.483 0.522 0.159 — 0.001 0.468 0.541 
3.2 0.600 0.589 0.503 0.481 0.525 0.208 0.047 0.427 0.506 
3.4 0.563 0.555 0.492 0.475 0.523 0.248 0.087 0.389 0.472 
3.6 0.527 0.522 0.479 0.465 0.518 0.279 0.124 0.352 0.439 
3.8 0.491 0.488 0.463 0.451 0.508 0.303 0.154 0.318 0.409 
4.0 0.456 0.455 0.444 0.435 0.496 0.319 0.181 0.287 0.380 
4.2 0.423 0.423 0.425 0.419 0.483 0.328 0.202 0.258 0.353 
4.4 0.390 0.392 0.402 0.397 0.466 0.332 0.219 0.231 0.329 
4.6 0.360 0.362 0.380 0.377 0.450 0.332 0.233 0.207 0.304 
4.8 0.330 0.333 0.357 0.355 0.431 0.327 0.242 0.184 0.282 
5.0 0.302 0.306 0.334 0.333 0.410 0.319 0.249 0.164 0.261 
5.5 0.240 0.245 0.278 0.278 0.361 0.289 0.256 0.121 0.213 
6.0 0.188 0.193 0.226 0.227 0.311 0.250 0.251 0.089 0.174 
6.5 0.145 0.149 0.180 0.182 0.264 0.210 0.239 0.064 0.142 
7.0 0.111 0.114 0.141 0.143 0.223 0.171 0.222 0.046 0.115 
8.0 0.062 0.064 0.083 0.084 0.152 0.107 0.182 0.023 0.075 
9.0 0.034 0.035 0.046 0.047 0.102 0.063 0.143 0.011 0.049 
10.0 0.018 0.019 0.025 0.026 0.067 0.035 0.108 0.005 0.031 
11.0 0.009 0.010 0.013 0.013 0.045 0.019 0.079 0.002 0.019 
12.0 0.004 0.005 0.007 0.007 0.027 0.010 0.057 0.001 0.013 
13.0 0.002 0.002 0.003 0.003 0.017 0.005 0.040 0.001 0.008 
14.0 0.001 0.001 0.002 0.002 0.010 0.002 0.028 0.000 0.005 























® The left-hand (Slater) columns in Table VI are taken from the ¢ =0 columns of tables in reference 5. The right-hand columns were computed in the 


manner indicated in Secs. Va and Vb of reference 5 (see Eq. (75) of reference 5 for Ss based on 2s°"). A sampling of the results for Sg and Sz has already 


been given in Table III of reference 5. 


have therefore been computed, and are presented in 
Table VITi.** 
These are based on 


S0.08= f (liga) (Ips) do 
= fe-se+6-po.)(\6! ‘Spa: poy)dv. 


Putting B=+(1—a’)! or a=(1—6?)}, this yields: 


Sp, op= a(1—a”)3(S,—S,)+(1—2a”) S56 (a) (6) 
= | B| (1—6")4(S,—S.)F (1— 26") Sse, (b) : 


where S;, Sz, See, hence Sg,os, are functions of p. The 
upper or the lower sign in the above equations applies 
according as the original hybrid hg is a positive or a 
negative one (See Table II). 

From Eqs. (6a) and (6b), it is seen that 


S-(a)=S*(8); St(a)=—S-(|B|), (7) 


where S refers to Ss,og and the superscript indicates the 
sign of 8 in the original hybrid 4g. In words, the value 
of Ss,os for a negative hybrid hg having, say, a= x is 
the same as that of Sg, 0s for the positive hybrid having 
B=; and the value of Sg, os for a positive hybrid having 
a=x is the negative of that for the negative hybrid 
having |8|=«. These relations are made use of in the 
headings of Table VIII, and are illustrated by Fig. 2. 


8* As a measure of the repulsion between the two /og)? lone pairs, 
one may use the value of Sg* from Table V, taken for a value of 8 
equal to that appropriate to hog. 


b The superscript ‘‘S/’’ refers to Slater AO’s, ‘‘or’’ to carbon atom orthcgonalized Slater 2s AO’s (see reference 2, Eq. (76)). (See reference 7.) 


V. INNER SHELL-OUTER SHELL OVERLAP INTEGRALS 


FOR HOMOPOLAR BONDS WITH 2s,2/-HYBRID 
OUTER SHELL AO’S 


According to valence theory, there should be ex- 
change repulsions between inner-shell electrons (here the 
K shell only) and both bonding and nonbonding outer- 
shell electrons. Of particular interest for this paper are 
the k,hg and k,h og interactions (see e.g. (5)), of whose 
magnitudes the squares of the overlap integrals Sig and 
Sx,os (see Table IV for notation) should be a measure. 
These overlap integrals, although small, are neverthe- 
less large enough to indicate that it is unwise to neglect 
the corresponding interactions entirely. For this reason, 
and also for use in a following paper, values of Sis 
have been computed and are given in Table X, at 
intervals of a and 8 selected to permit convenient inter- 
polation, based on Slater AO’s; some SCF values are 
also included. 

In connection with Table X, it is necessary to recall 


TABLE VII. Comparison of Slater-AO with improved-AO 
overlap integrals for CH. 











Sks>* ko cc 
R(A) p* 2s 2ser 2pot 2poSF 
1.119 2.776 0.555 0.553 0.459 0.509 
1.090 2.704 0.570 0.567 0.466 0.512 
1.060 2.630 0.586 0.582 0.472 0.515 








* For CH, p=1.3125 R/an; ¢ = —0.2381 (see Eqs. (11)). > See Table VI, 
note b. ° Referring to the general definitions of Sz, and Sg in Table IV, 


the columns headed 2s¢r and 2pe%°F were computed using Eq. (8) of refer- 
ence 5 for 2s and Eq. (76) of reference 5 for 2p¢°°F, reducing to lineat 
combinations of Slater-type integrals Spgs or Sgg and Sx, with various p and 
t values for the different terms, and referring to the tables of reference 5. 
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TABLE VIII. Overlap integrals Sg,og(8, p) for intratomically orthogonal 2s, 2p-hybrid AO’s hg and hog in homopolar bonds.* > 











0.554 0.562 
0.606 0.602 
0.524 0.539 
0.494 0.515 
0.464 0.489 
0.433 0.463 
0.404 0.436 
0.485 0.510 
0.376 0.410 
0.346 0.381 
0.319 0.355 
4.8 } 0.293 0.329 
5 of ' 0.269 0.304 
~ USCF r 0.353 0.388 
5.5 0.214 0.246 
6.0 Sl ! 0.167 0.196 
“ SCF ; 0.238 0.275 
6.5 d 0.129 0.153 
70 Sl ; 0.098 0.118 
“ USCF ‘ 0.152 0.184 





6 
8 


{s 1.0 0.8 0. 
B 0.0 +0.1 +0.2 +0.3 +0.4 +0.5 +0.6 +0.7 +0. 





+0.509 —0.451 — 0.374 — 0.280 —0.171 — 0.047 0.087 0.229 0.372 
+0.522 — 0.450 — 0.358 — 0.250 —0.127 0.009 0.153 0.301 0.445 
+0.503 — 0.454 — 0.386 — 0.300 —0.198 — 0.082 0.047 0.196 0.329 
+0.492 — 0.451 —0.391 — 0.314 —0.219 —0.110 0.013 0.148 0.289 
+0.479 — 0.445 —0.392 — 0.322 — 0.235 —0.132 —0.015 0.114 0.253 
+0.463 — 0.435 — 0.389 — 0.326 — 0.246 —0.150 — 0.039 0.085 0.220 
+0.444 — 0.422 — 0.382 —0.325 —0.252 —0.162 — 0.058 0.060 0.190 
+0.496 — 0.459 — 0.403 — 0.328 —0.237 —0.129 — 0.007 0.127 0.270 
+0.425 — 0.407 —0.373 — 0.322 —0.255 —0.172 — 0.074 0.039 0.164 
+0.402 — 0.388 — 0.359 —0.313 —0.252 —0.176 — 0.085 0.021 0.140 
+0.380 — 0.369 — 0.344 — 0.303 — 0.248 —0.178 — 0.093 0.006 0.120 
+0.357 — 0.349 — 0.328 —0.292 —0.242 —0.177 — 0.099 — 0.006 0.101 
+0.334 — 0.329 —0.310 —0.279 — 0.233 —0.174 —0.101 —0.015 0.086 
+0.410 — 0.396 — 0.366 —0.320 —0.258 — 0.180 — 0.087 0.020 0.142 
+0.278 —0.277 — 0.265 —0.242 —0.207 —0.160 —0.101 — 0.030 0.054 
+0.226 — 0.228 —0.220 —0.203 —0.177 —0.140 — 0.093 — 0.036 0.033 
+0.311 —0.311 — 0.297 —0.272 — 0.233 —0.181 —0.115 — 0.035 0.059 
+0.180 — 0.183 —0.178 —0.166 — 0.146 —0.118 — 0.082 — 0.036 0.019 
+0.141 — 0.144 —0.142 — 0.133 —0.118 —0.097 — 0.069 — 0.033 0.010 
+0.223 — 0.229 — 0.226 —0.214 —0.191 —0.158 —0.114 — 0.058 0.011 








* The listed values of Sg og(8, p), at 0.1 intervals of a (upper scale) or of 8 (lower scale) were computed using Eqs. (6). Note that because of the relations 
Stated in Eqs. (7), the same set of numerical values of S occurs in the @ range for positive hybrids as in the | 8| range for negative hybrids, and vice 
versa. Note also that in the ranges a or | 8| =(4)4 to 1, the numerical values of S repeat which occur in the ranges a or | 8| =0 to (4). 

» See Notes (1) and (3) of Table VA, changing Sg to Sg og and Eq. (4) to Eqs. (6). 


that overlap integrals based on Slater AO’s in general average of the Slater y values of the particular atoms 
depend (1) on a parameter p which is proportional not and AO’s involved; and (2) on a parameter ¢ which 
only to the interatomic distance R but also to the. differs from zero and depends on the particular atoms 
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ii, 
F 7 
a?—>» 

Fic. 2. Sg,og plotted against a? or 6? for p=3.0 using numerical 
values from Table VIII, for the SCF case. Each of the two 
branches of the graph (6 negative and 8 positive) forms half of an 
ellipse, of which the remainder is completed by the dotted lines. 
[If tog were defined always as B-s—a- pa, instead of by |6|-s 
Fa: po for positive and negative 8, respectively, the sign of S in 
the “8 negative” branch would be reversed and the two branches 


would combine to a single ellipse (see Table II for related com- 
ments). ] Figure 2 illustrates well the relations stated in Eqs. (7). 


involved, even for homopolar bonds, if AO’s with differ- 
ent y’s are involved, as is true for Sig (see Table IV). 
In the case of integrals such as Sg and Sg, og for homo- 
polar bonds, +0; here the Slater uw is the same for 
both of the (here two-quantum) AO’s involved, but 
depends on the particular atom A; it will here be called 
ua. For these homopolar cases, p is given by 

p= pwaR/au, (8) 
with yu values as in Table I of reference 5. In discussing 
homopolar bonds between two first-row atoms, it will be 
convenient to assign this specific meaning, and the 
name “‘two-quantum p,” to the symbol p. 

The integrals S;,,, Sic, or in general Sig, depend on a 
different p parameter, and also on a nonvanishing ¢ 
parameter. These parameters will here be called wap 
and t4, where (see footnote a of Table IV) 


oA= 3(urat ba)/MA ; ta= (uea— wa)/ (Meat MA); (9) 


ua being the two-quantum A atom Slater » mentioned 
above, and ya the one-quantum Slater pw for atom A. 
Hence Sg depends not only on 6 and p, but addition- 
ally, through wa and ¢4, somewhat on the particular 
atom A: 

Sip=Sip(B, wap, ta). 


The same is of course true of Sis, Sig, and Si, o8- 
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Table IX contains values of Sie(wap) and Sic(wap), 
tabulated against the two-quantum p, for use in computing 
Sig. The latter is given® by 


Sip(B; wap, ta)=aSxe(wap, ta)+BSro(wap, ta). (10) 


Table IX also shows how S;, differs for Slater and or- 
thogonalized-Slater 2s AO’s, and how Sq. differs for 
Slater and SCF AO’s. Table IX shows further that, for 
a given value of the two-quantum p, Si, and Sx, depend 
very appreciably on the particular atoms involved. 


TABLE IX. Comparison of Slater-AO with improved-AO S,, 
and Se overlap integrals as function of two-quantum p for homo- 
polar bonds. 








Ska(wap, ta)®> 
2po0 AO’s used: 


2po%! 2paSCF 


Two- Sks(wap, ta)®> 
qu. 2s AO’s used: 


p 2sSt 2s0r 





0.135 
0.171 

0.176 

0.182 


0.133 
0.102 
0.069 
0.089 
0.091 
0.095 
0.077 
0.057 
0.036 
0.043 


0.044 
0.046 


0.081 
0.105 

0.109 

0.113 


0.080 
0.103 

0.106 

0.110 


0.079 
0.060 


0.040 
0.052 

0.054 

0.056 


0.046 
0.034 


0.019 
0.025 

0.026 

0.027 


0.008 
0.010 

0.012 

0.012 


0.004 
0.005 

0.005 

0.005 


0.002 
0.002 

0.002 

0.002 


_ 
° 


3.0 0.162 


0.081 

0.062 
0.041 

0.054 


0.056 
0.059 


3.4 
3.8 


QO AO swore] es 


4.0 


4.2 0.047 


4.6 0.035 


0.019 
0.026 

0.026 

0.027 


5.0 


0.015 
0.019 

0.020 

0.020 


0.009 
0.011 

0.012 

0.013 


0.004 
0.005 

0.005 

0.005 


0.002 
0.002 

0.002 

0.002 


0.004 
0.004 


MZQDC SZOH SZOfe sZz0r A A sZadr 








® Szs and Sig (see Table IV) are functions of wap and ta (see Eq. (10)), 
where p is the ‘“‘two-quantum p” of Eq. (8), and wa, ta (see Eqs. (9)) have 
the values 2.577, 0.6119; 2.254, 0.5563; 2.218, 0.5491; and 2.173, 0.5398 for 
Li, C, N, and F, respectively. 

b The values of Szg and Sze based on Slater 2s and 20 AO’s are taken 
from the 1s, 2s and 1s, 2pe tables respectively (Tables V, VI) of reference 5, 
for p and ¢ values in those tables equal to wap and ta respectively. The Sks 
values based on 2s°r are then obtained using reference 5, Eq. (8) for 25”, 
and the methods of reference 5, Sec. Va; the result is that they differ only 
by a factor (1 —Qg?) -4 from the values in the 2s5! column, where 0.4 =0.1663, 
0.2205, 0.2280, 0.2377 for Li, C, N, F, respectively. The Szg values based 
on 2p0%°F are obtained using reference 5, Eq. (76) and the methods of ref- 
erence 5, Sec. Vb. : i 

e For actual application to Li—Li bonds, the Slater 2p AO of Li should 
be replaced by a 2p AO with a modified value of Z (reference 4, Table A 
note d). 


9 See reference 5, Eq. (79), with p replaced by wap and # put 
equal to ta (see Eqs. (8)-(9)). 
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TABLE X. Sig overlap integrals as function of 8 and of two-quantum p for carbon-carbon bonds. 








0.2 0.4 


0.6 
—0.8 





—0.074 
—0.074 
— 0.067 


—0.058 
— 0.058 


— 0.044 
— 0.044 








a=1 0.8 
B=0 . 3 0.6 
0.105 0.187 0.200 0.199 0.189 0.171 
0.105 0.137 0.187 0.200 0.171 
0.105 0.135 0.181 0.190 0.180 0.162 
0.081 0.145 0.155 0.154 0.147 0.133 
0.081 0.106 0.145 0.155 0.133 
0.062 0.111 0.119 0.118 0.112 0.102 
0.062 0.081 0.098 0.111 0.119 0.102 
0.054 0.097 0.104 0.103 0.098 0.089 
0.054 0.071 0.085 0.097 0.104 0.089 
0.054 0.072 0.088 0.101 0.109 0.110 0.105 0.096 
0.047 0.084 0.090 0.089 0.085 0.077 
0.047 0.061 0.074 0.084 0.090 0.077 
0.035 0.062 0.067 0.066 0.063 0.057 
ae 0.035 0.046 0.055 0.062 0.067 0.057 
) hav 
Das for 0.026 0.047 0.050 0.050 0.047 0.043 
— ; 0.026 0.034 0.041 0.047 0.050 0.043 
a an F 0.026 0.037 0.047 0.055 0.061 0.063 0.061 0.057 
‘he Sk 
Xr as 0.011 0.020 0.022 0.022 0.021 0.019 
pe 0.011 0.015 0.018 0.020 0.022 0.019 
).1663, SCF 0.011 0.017 0.023 0.029 0.033 0.035 0.035 0.033 


; based 


of ref- 0.005 0.009 0.010 0.010 0.010 0.009 
should 7.0 0.005 0.007 0.008 0.009 0.010 0.009 
able, SCF 0.005 0.009 0.013 0.016 0.019 0.020 0.021 0.020 


—— 








# put The Sxg values were computed from Eq. (10) using the Szs and Sxg values for carbon from Table IX. For Sxg, only the values based on 25°" in Table IX 
were used here; for Syg the values based on 2p0%! were used, except in the cases marked SCF, where Skg’s based on 2pe5°" from Table IX were used. 
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TABLE XI. Overlap integrals Sig for AH molecules or bonds using 2s, 2p-hybrid AO’s of A atom. 
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cule (A) B=-1 


Negative hybrids 
Mole- R a= 0 0.1 0.2 0.3 





0.4 0.5 0.6 0.7 
—0.9 —0.8 

















—0.199 





— 0.250 





HF 0.917 —0.299 
— 0.299 


— 0.345 
— 0.345 


— 0.398 
— 0.398 





— 0.238 





OH 0.970 — 0.293 






NH 1.038 — 0.343 — 0.284 











—0.144 


—0.179 


—0.221 


[ —0.459 —0.401 —0.339 —0.272 —0.199 —0.120 — 0.034 0.060 
[ —0.459 —0.171 —0.034 
1.119 
| scr —0.509 —0.451 —0.388 —0.320 —0.246 —0.164 —0.075 0.024 
: —0.509 —0.217 —0.075 
CH 
1.090 SCF —0.512 —0.452 —0.389 —0.318 —0.242 —0.160 —0.070 0.031 
—0.512 —0.213 —0.070 
1.060 SCF —0.515 — 0.454 —0.388 —0.316 —0.240 —0.155 — 0.062 0.039 
{ —0.515 —0.210 — 0.062 















— 0.023 0.043 
0.043 


0.025 
0.025 









— 0.086 0.116 




















—0.116 — 0.048 0.105 












— 0.080 —0.001 


—0.001 






—0.153 0.086 


















cule (A) B= -—0.7 —0.6 —0.5 


Negative hybrids 
Mole- R a=0.8 0.9 








com 


—0.4 —0.3 —0.2 —0.1 

















HF 0.917 0.198 
0.127 0.198 0.259 


0.194 
0.194 


0.184 
0.184 












OH 0.970 















NH 1.038 
0.099 



















0.294 


0.301 


0.302 





0.168 0.299 555 
0.075 0.168 0.251 0.325 0.391 0.452 0.506 555 
1.1194 
jar 0.137 0.276 0.553 
0.039 0.137 0.224 0.303 0.375 0.440 0.499 0.553 
CH¢ 
1.090 SCF 0.147 0.288 0.567 
0.046 0.147 0.315 57 
1.060 SCF 0.157 0.299 
0.055 0.157 0.247 0.327 0.401 0.467 





i 
“Is! 
aos 


0.312 0.360 0.402 0.439 













0.322 


0.326 























Table X contains values of Sig, again tabulated 
against the two-quantum p, for carbon-carbon bonds 
only. The values in Table X are based on orthogonalized 
Slater 2s AO’s (although as already remarked, the values 
based on ordinary Slater 2s AO’s are but little different), 
and either Slater or SCF 2p0 AO’s. From Tables IX and 
X one sees that Sig (or Sx,08, which is the same with 
different 8 values) may sometimes be of very appre- 
ciable magnitude. 
VI. OVERLAP INTEGRALS FOR AH MOLECULES AND 
BONDS USING 2s,2p-HYBRID A ATOM AO’S 

We consider now the overlap integrals for the over- 
lap of a 1s hydrogen atom AO with any 2s, 2p0- 
hybrid AO of a first-row atom A. These should be 
valuable as guides to the determination of the true 
values of the hybridization coefficients in the A atom 
AO’s of hybrid molecules and bonds, for example in the 
OH radical with valence-bond electron configuration 


150)*hog)*hg ' 1su)7.)*. (1 1) 









Ordinarily the configuration is taken as 


1s,)*s)?o- 15H) 7). 






but it is obvious that the formulation (11) is more 
general.§ A similar discussion is applicable to other 
molecules and bonds of the type AH." 

Formulation (11) indicates the desirability of a 
knowledge of the overlap integrals of 1sq with Ag as a 
measure of bond strength, and (see Sec. IV) of 154 with 
hog aS a measure of nonbonded exchange repression. 
Both these integrals are of the type Sig (see Table IV 
for notation), and are given" by 


Sip(B; P; t)= aSis(p, t)+ BSko(p, t), | 
p=($+32)R/an; t=(2—Z)/(2+2Z).J 















with (12) 







10In a more complete discussion, ionic character should of 


course also be considered. 
1 See reference 5, Eq. (79). In Eqs. (12), Z refers to the Slater 
effective nuclear charge for 2s and 2p A atom AO’s (see reference 9; 
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TABLE XI—Continued. 








Positive hybrids 


Mole- R 
cule (A) q i 0.3 





HF 0.917 


0.539 


OH 0.970 


0.582 


NH 1.038 


0.624 





0.667 


0.680 


0.694 


0.710 





Positive hybrids 


Mole- R m F 0.5 


cule (A) . 0.9 


0.3 0.2 lo 0 
1 





HF 0.917 0.495 


0.475 


OH 0.970 0.597 0.549 


0.529 


NH 1.038 0.655 0.609 


0.589 


0.716 0.675 


0.700 


0.739 
0.739 


0.750 
0.750 


1.060 SCF 0.775 0.762 
{ 0.762 


SCF 0.751 0.717 


CH< 


1.090 SCF 0.763 0.726 


0.737 





0.655 


0.699 


0.708 


0.717 


0.427 0.387 0.299 


0.299 
0.480 


0.438 0.345 


0.345 


0.398 
0.398 


0.459 
0.459 


0.539 0.496 0.449 


0.643 0.604 0.561 0.512 


0.688 0.651 0.610 0.562 0.509 


0.509 


0.696 0.658 0.615 0.566 0.512 


0.512 


0.704 0.666 0.621 0.571 0.515 


0.515 








Explanation for Table XI. (1) The tabulated values of Sg were computed for each AH using Eq. (12), (see reference 11) with Slater Szg and Syg values 
taken for appropriate p and ¢ values (p =3.120, 3.003, 2.894, 2.776, and t= —0.444, —0.389, —0.322 and —0.238 for HF, OH, NH, and CH (1.119A) 
respectively) from the tables of reference 5; or in the case of the CH values marked “SCF,” from the 2s°" Sys and the SCF Sxg values in Table VII. 


Using Eq. (12) and tabulated values’ of S;. and Sx, 
values of Szg are now easily obtained for any desired 
8 value. Table XI gives values so computed for the 
radicals CH, NH, OH, and FH at their equilibrium R 
values,!® also for C—H at approximately the R values 
which occur in such compounds as C2:H— (R=1.09A) 
and C;sH, (R=1.06A). Table XI is based on Slater 2s 
and 2p¢ AO’s, except that in addition, values based on 
orthogonalized 2s combined with SCF 2p0 carbon atom 
AQ’s are given for CH. The results for CH and OH are 
also presented graphically in Fig. 3. 

Just as in the case of two first-row atom AO’s in 
Sec. II, although to a lesser extent because hybridiza- 
tion now affects only one of the two overlapping AO’s, 


Eqs. (7) and Table I). In Eqs. (12), p and ¢ replace wap and ta of 
Eq. (10). See Table IV, footnote a of present paper for basis of p 
and ¢ of Eq. (12). 


it is seen that a small amount of s character in po, or 
of po character in s, has a marked effect on the value of 
S. This leads to the conclusion that a little hybridiza- 
tion should be an important factor in stabilizing mole- 
cules of the type AH.‘* 
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[Note added in proof. In a previous paper (See reference 4, 
footnote 14a) a semi-empirical “magic formula” was given for 
the energy of dissociation D of a molecule, containing not too 
strongly polar bonds, into its atoms in their ground states. This 
embodies in approximate quantitative form the ideas expressed 
above on the relations between bond energies and overlap in- 
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Fic. 3. Maps of overlap integrals Syg for CH and OH radicals, 
plotted against a? of the O or C atom 2s, 2f-hybrid AO. The 
dashed-line graphs correspond to the Slater-AO S values in Table 
XI. The full-line graph for CH corresponds to the SCF-AO S$ 
values in Table XI. 

[It will be noted that the graphs in Fig. 3 differ in type from 
those in Fig. 1. They are quartic curves instead of ellipses. For the 
negative hybrids, the curve of S;g plotted against a? goes steadily 
downward from Sx¢ at a?=0 to —S,zs at a? =1, and is thus not 
closed. A closed curve can, however, be obtained if at the value 
of a? where S would pass through zero we begin using —hg in- 
stead of hg and continue doing so for the negative hybrids until 
a= 1 is reached. Such a curve, however, reverses the sign of its 
slope at S=0. 

A less arbitrary procedure would be one making use of the full 
range 0 to +7 for ¢ in Eq. (2), instead of just the range 0 to 
+2/2 which we have been using (see remarks in text immedi- 
ately after Eq. (2)). This would give a closed curve of figure 8 
shape, symmetrical about the line S=0, of which each graph in 
Fig. 3 shows merely the top half. The top of each graph (positive 
hybrids) corresponds to ¢=0 to +7/2; the slanting curves and 
their continuations for S<0 (negative hybrids) correspond to 
=0 to —x/2 (right, S>0; left, S<0) and to ¢#=—72/2 to —7 
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tegrals. The magic formula as now improved reads as follows: 


D= YK — Ki; +RE-P, (13) 
bonded nonbonded 
electron-_ electron-pairs 
pairs 
with 
Ki=A;SiIJi/(1+S;); (14) 
and with 


Kyj=0.7A 3S 15; (15) 
for nonbonded pairs i,7 where both electrons are in orbitals of 
the same type (both o or both w), but small and negative (and 
capable of being estimated) when 7 and j are of different type. 
The promotion energy P can often be expressed as a function of 
the degree of hybridization a? in the bonding o orbitals, and 
since the S;’s and S;;’s of o type are also functions of a, one can 
then make a determination of the actual degree of hybridization 
by varying @ until a minimum energy (maximum JD) is obtained. 
Using this method, with SCF S values, it was found that on put- 
ting A (that is, A; or A;; of Eqs. (14) and (15)) equal to 1.16 for 
all o-o pairs and 1.53 for all xm pairs, the observed D values 
for the molecules CH, Ne, Oo, Fe, CH, CoH, CoH1, and C2H; 
could all be fitted simultaneously with an average discrepancy 
of about +0.4 ev per bond. Among other results, a? was found to 
be about 0.17 for CH, 0.22 for Ne, and 0.09 for O2, corresponding 
to 17 percent promotion from sf? toward sp* for carbon in CH, 
22 percent from s?f* toward sp‘ for nitrogen in Ne, and 9 percent 
from s*p* toward sp* for oxygen in O:. The magic formula also 
indicates that multiple bonds owe their strength to the z electrons, 
with the o electrons in triple bonds making a negative contribution 
to the bond energy. ] 





(left, S>0; right, S<0); the bottom of the figure 8 would be com- 
pleted by a curved segment (positive hybrids) identical, except for 
reversal of the sign of S, with the top of the figure 8, and corre- 
sponding to ¢=+7/2 to +7.] 
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The forms of the LCAO MO’s (molecular orbitals approximated 
by linear combinations of atomic orbitals) of any homopolar 
second-row diatomic molecule are studied under the restriction 
that they shall form an orthogonal set. The requirement of 
orthogonality per se causes 1s—2s—2po hybridization (forced 
hybridization) among the AO’s (atomic orbitals) used in construct- 
ing the LCAO’s. Equations, tables, and figures are given showing 
how the degrees of hybridization in the members of mutually 
orthogonal sets of «, LCAO MO’s, likewise of 0, LCAO MO’s, 
are related, as a function of two parameters: (a) assumed degree 
of hybridization in any one member of the set; (b) a parameter 
proportional to interatomic distance times effective nuclear charge. 
This is done using primarily Slater AO’s, but the effect of using 
SCF (self-consistent-field) AO’s is also studied. 


I, INTRODUCTION 


I approximate molecular wave functions built from 
antisymmetrized products of MSO’s (molecular 
spin orbitals), it is very convenient if the MO’s used 
form an orthonormal set.! Ideally, the MO’s should be 

* This work was assisted in part by the ONR under Task Order 


IX of Contract N6ori-20 with the University of Chicago. 
1See R. S. Mulliken, J. chim. phys. 46, 497 (1949). An MSO 


(Received March 22, 1951) 








Assuming that overlap integrals are good measures of bond 
strengths, it is shown that the effect of forced hybridization is 
to diminish bond strengths. It is concluded that this bond-weaken- 
ing effect in LCAO MO valence theory is the counterpart of certain 
exchange repulsions which appear in the Heitler-London valence 
bond theory, namely those between bonding electrons on one 
atom and electrons in different (either bonding or lone-pair) AO’s 
on the other atom. The procedure used promises to give a good 
measure of the strengths of inner shell-outer shell interatomic 
repulsions; it tends to indicate that these are, in general, not large 
but not negligible. A paradox resulting from forced hybridization 
is touched on and more or less resolved; this paradox has to do 
with the method of counting the numbers of s and po elecirons 
per atom in a molecule described by LCAO methods. 









eigenfunctions of a molecular SCF problem (“bes! 
MO’s’’).? More practicably, they may be MO’s of the 
LCAO (linear combination of atomic orbitals) type, 
determined from solutions of an appropriate LCA0 


is a product of an MO (molecular orbital) and a one-electron spi 
function. 

?C. C. J. Roothaan, to be published (see 1947-1948 and 1948- 
1949 ONR Reports of Spectroscopic Laboratory, Physics Depart 
ment, University of Chicago). 
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secular equation (best, by Roothaan’s LCAO SCF 
method).? 

In symmetrical molecules, the forms of LCAO MO’s 
are partially determined by symmetry alone. The com- 
plete determination of course requires a knowledge of 
the matrix elements which appear in the secular equa- 
tion. However, even in the absence of such knowledge, 
imposition of the restriction of orthonormality, alone, 
gives valuable information about the forms of the LCAO 
MO’s. This is particularly true in the case of homo- 
polar-bond LCAO MO’s constructed from 2s,2p-hybrid 
AO’s. A study of these will be the main subject of the 
present paper. 

Following are the MO electron configurations for the 
ground states of several homopolar molecules: 


H> 3 4)" 
Lig: 1¢,)?10,,)*20,)" 
Ne: 10,)?101)?20,)?20.)"191)430,)" (1) 
Oz: 10,)"10%)?20,)?20u)30,)"1 7.) 417)" 
F2: 1¢,)"101)?20,)?20u)*30,)"19.)417,)'. 


The MO’s in each configuration are given in order of 
increasing energy. Each MO symbol consists of the 
usual group theory species symbol, preceded by a 
number indicating the relative energy of the MO 
among those of its species. 

The MO’s of (1), together with an additional excited 
MO, may be described in normalized LCAO approxima- 
tion as follows: 


lo;~o;k= 2-4(14S;)—*(Rat ko) ; 
NO; OWni= 2-31 Soi) (WaiatWniv) ; (2) 
lay= aip=24(1FS,) (4a mr) 

[n= 2 or 3; i=g (upper signs) or u (lower signs). 


The AO symbols k, 7, and the overlap integral symbol 
5S, are explained in a preceding paper.** The AO 
symbol w denotes an AO hybrid consisting mainly of 2s 
and 2p0. The indices m, i on wn; and S,;"* (see Eqs. 
(5)-(7) following) are used to distinguish different hybrids 
w appropriate to the four different MO’s of type noi. 
The main subject of the present paper will be the ap- 
plication of the restriction of mutual orthogonality to 
the determination of the forms of these four MO’s. 
Commonly the MO’s 2¢,, 20., and 3a, in N: are as- 
sumed to be either of the forms o,2s, o,2s, and o,2f, 
respectively, or of the forms o,2di, o,2di’, and o,2di’. 
These two LCAO-MO alternatives correspond to the 
two alternative valence-bond electron configurations 
for N, stated in (3) of a preceding paper.’ But, just as 
was mentioned there, it is to be expected that a more 
accurate description of the structure of N2 can be ob- 
tained by looking for the best hybrids of general type 


*R.S. Mulliken, J. Chem. Phys. 19, 900 (1951). See Table I and 
Eq. (2) for AO symbols, Table IV for overlap integral notation. 

‘For 10; in (2), the normalizing factor can be simplified to 2-4 
for all the molecules in (1) except He, since S; in the other cases is 
(1950) small (see R. S. Mulliken, J. Am. Chem. Soc. 72, 4493 


(here o,w,:) instead of restricting ourselves to the two 
special alternatives mentioned. 


II. ORTHOGONALIZATION OF 20; AND 30; 
WITH RESPECT TO 1a; 

Since any two MO’s of different group theory species 
(¢y, Guy Tuy Ty, ***) are automatically orthogonal, our 
problem reduces to the determination of a mutually 
orthogonal set 

lay, 205, 305, 


and of a second mutually orthogonal set 
lou, 20x, 3ou. 


To begin with, we somewhat arbitrarily take 1o, and 
1c, to be of the precise forms given by the first of 
Egs. (2).4 This is justifiable on grounds of simplicity 
and by the fact that if the & AO’s used in Eq. (2) are 
best SCF 1s AO’s of the free atoms, then lo, and io, 
are probably close to best MO’s. 

The required orthogonality conditions may be 
written : 


fac (no;)dv=0; (3) 


f 2a) (30dr=0 (4) 


(n=2 0r3; i=g or). 

Our main interest will be in the relations between the 
LCAO approximations ¢,w,,; to the no;’s for n= 2 and 3; 
these relations can be obtained using Eqs. (3) and (4). 
The o,w,,’s are linear combinations (see Eqs. (2)) of 
the AO’s wn;. As already stated, the latter are essen- 
tially 2s,2p0 hybrids. However, when the condition 
Eq. (3) is imposed, it is found that some 1s must also 
be mixed in; not a large amount, but in general too 
much to be neglected in obtaining a good orthogonal 
set of LCAO MO’s. It will be convenient before using 
Eq. (4) to obtain a general expression for the amount 
of this admixture in any wy; AO. 

In terms of an (intratomically) mutually orthogonal set 
of initial pure AO’s k, s, o (i.e., 1s, 2s, 2p0), one can 
write the hybrid AO’s wyi, in normalized form, as 
follows: 


with (S) 


Wri = (nit Dni : k) i 


hux= Ani*SH+Bri’ CG. 


Here the /,;’s are hybrid AO’s of the type h,,* with 
B=Bn:. Since s and o are orthogonal by symmetry, 
an’=1— 8,7. For the intratomically orthogonal set of 
AO’s throughout this paper (except as otherwise ex- 
plicitly stated), Slater 1s AO’s, orthogonalized Slater 
2s AO’s, and usually Slater, but sometimes SCF, 
2pa AO’s will be used.® 

5 See Mulliken, Rieke, Orloff, and Orloff, J. Chem. Phys. 17, 


1248 (1949). See Table I and Eqs. (7) for Slater AO’s. See Eqs. (8) 
for orthogonalized Slater 2s AO’s. 
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TABLE IA. Relations of hybridization coefficients for mutually orthogonal LCAO MO’s 20, and 30,.* Negative hybrids. 











a= 0 0.1 0.2 
B=-1 


0.3 0.4 0.5 0.6 0.7 
—0.8 





0.991 
— 0.132 


0.980 
—0.199 


0.992 
—0.129 


0.993 
—0.117 


0.994 
—0.109 


0.984 
—0.178 


0.995 
—0.101 


0.997 
—0.077 


0.998 
— 0.052 


0.993 
—0.121 


0.963 
— 0.269 


a’= 0.925 
6’ = —0.381 


0.939 
— 0.349 


0.968 
—0.252 


0.973 
—0.231 


0.976 
—0.219 


0.956 
— 0.294 


0.978 
— 0.208 


a’= 0.887 
p’=—0.461 


a’= 0.936 
B’ = —0.353 


a’ .946 
Bp’ 0.326 


’ 950 
‘= —0.312 


a’= 0.922 
B’ = —0.386 


a’= 0.954 
p’ = —0.299 


’= 0.963 
—0.271 


0.984 
—0.181 


0.988 
— 0.154 


0.975 
— 0.224 


0.997 
— 0.087 


0.988 
—0.155 


0.999 
— 0.027 


0.970 
— 0.244 


.950 
—0.311 


1.000 
0.013 


0.998 
— 0.057 


0.997 
0.074 


1.000 
0.004 


0.993 
0.121 


0.996 
—0.092 


1.000 
0.021 


0.998 
0.057 


0.999 
— 0.039 


0.724 
0.689 


0.645 
0.764 


0.785 
0.620 


0.820 
0.572 


0.832 
0.555 


0.802 
0.597 


0.880 
0.475 


0.848 
0.529 


0.913 
0.408 


0.929 
0.370 


0.934 
0.359 


0.969 
0.249 


0.967 
0.254 


0.979 
0.202 


0.983 
0.182 


0.984 
0.178 


0.989 
0.148 


0.931 
0.365 


0.937 
0.351 


0.938 
0.347 


0.936 
0.351 


0.946 
0.324 


0.925 
0.381 


0.841 
0.541 


0.984 
0.177 


0.983 
0.185 


0.980 
0.199 


0.989 
0.150 


0.851 
0.525 


0.855 
0.518 


0.855 
0.519 


0.969 
0.247 


0.983 
0.185 


0.955 
0.296 


0.974 
0.228 


0.942 
0.335 


0.963 
0.270 


0.851 
0.526 


0.867 
0.498 


0.943 
0.333 


0.909 
0.418 


0.838 
0.545 


0.933 
0.359 


0.865 
0.502 


0.894 
0.448 


0.825 
0.565 


0.921 
0.389 


0.855 
0.518 





The values of the coefficients 6,; of Eqs. (5) can be 
determined by substituting according to Eqs. (2) and 
(5) for 10; and no; in Eq. (3), and evaluating; one 
obtains * 


ba= FSig"*= a (aniSket BniSke) 


(upper sign for i=g, lower for i=). 


(6) 


Values of Sig for any value of B=§8,; can be obtained 
from Table X of reference 3; from these it is seen that 
bn:, while never large, may be of appreciable importance. 

From Eq. (6) the following useful expression for 
Sw" of Eqs. (2) is obtained :’ 


®The second equality in Eq. (6) follows from Sig” 
= S (ka) (hniv)dv, use of the second of Eqs. (5), and the definitions 
of Ske and Sieg (see reference 3, Table IV). 

7By definition, Sy“=/(wnia)(wnw)dv. On substituting for 
Wni using Eqs. (5) and (6) and evaluating, dropping a negligible 
term in S;,* Eq. (7) is readily obtained. 


Swi =[Sp"F2(Sis™)? 1+ (Sis. 


(The upper and lower signs apply to Sw, and Swu, (7) 
respectively). 


The definition, and tables of values, of Sg and Sx are 
given in a preceding paper.’ The quantity (S;,"‘)*«! 
always. The notation S,;"* in Eq. (7) is an abbreviation 
for Sy:(8) with 6 taken as 8,,;. Equation (7) thus de 
scribes two functions of Bri, namely, Swg(Bni) and 
Swu(Bni), differing slightly because of the term  2(S;3")*. 

As discussed in Sec. V of reference 3, Sig in general 
depends not only on 6 (here 8,;), but also on the “two- 
quantum p,” and additionally, through w, and ti 
(see reference 3, Eq. (10)), on the particular atom A: 


Sip”*= Sia(Bni; wap, ta). 


The same is then true of b,; in Eqs. (5)-(6). Hence also, 
Wai and S,;"* of Eqs. (5)zand*(7)"depend not only 0 
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0.8 1 
—0.6 —0.5 —0.4 —0.3 —0.2 —0.1 0 


0.290 0.138 0.020 0.075 0.153 0.219 0.277 
0.957 0.990 1.000 —0.997 — 0.988 — 0.976 —0.961 


0.179 0.043 0.058 0.136 0.253 0.299 
0.984 0.999 —0.998 —0.991 — 0.968 —0.954 


0.357 0.189 0.054 0.055 0.221 
0.934 0.982 0.999 —0.999 —0.975 


0.238 0.214 
0.971 —0.977 


0.262 0.207 
0.965 —0.978 


0.157 
0.988 





0.199 
— 0.980 


0.287 
—0.958 


0.287 
—0.958 


0.145 
— 0.989 


0.129 
—0.992 


0.415 
0.910 


0.092 
0.996 


0.029 
—0.999 


0.284 
—0.959 


0.440 
0.898 


0.337 
0.942 


0.111 
0.994 


0.017 
1.000 


0.014 
— 1.000 


0.094 
— 0.996 


0.119 
— 0.993 


0.183 
— 0.983 


0.257 
— 0.966 


0.320 
—0.947 


0.200 
— 0.980 


0.280 
— 0.960 


0.461 
0.887 


0.283 
0.959 


0.130 
0.992 


0.001 
1.000 


0.108 
— 0.994 


0.265 
— 0.964 


0.179 
— 0.984 


0.155 
— 0.988 


0.499 
0.867 


0.527 
0.850 


0.466 
0.885 


0.571 
0.821 


0.547 
0.837 


0.590 
0.807 


0.324 
0.946 


0.359 
0.933 


0.279 
0.960 


0.169 
0.986 


0.205 
0.979 


0.119 
0.993 


0.280 
0.960 


0.217 
0.976 


0.331 
0.944 


0.035 
0.999 


0.080 
—0.997 


0.246 
— 0.969 


0.069 
0.998 


0.051 
—0.999 


0.125 
—0.992 


0.298 
—0.954 


0.218 
—0.976 


0.086 
— 0.996 


0.014 
— 1.000 


0.146 
0.989 


0.075 
0.997 


0.206 
0.978 


0.187 
— 0.982 


0.422 
0.906 


0.376 
0.927 


0.459 
0.888 


0.024 
1.000 


0.049 
— 0.999 


0.088 
0.996 


0.252 
— 0.968 


0.158 
— 0.988 


> 


0.127 
—0.992 


0.023 
— 1.000 


~ 


a 
B 
p’ 
B 


~ 


0.196 
— 0.980 


0.092 
— 0.996 


0.591 
0.807 


0.598 
0.802 


0.440 
0.898 


0.479 
0.878 


0.477 
0.879 


0.292 
0.956 


0.362 
0.932 


0.342 
0.940 


0.153 
0.988 


0.246 
0.969 


0.025 
1.000 


0.134 
0.991 


WR 
i il 


~ 


0.079 
—0.997 


0.026 
1.000 


0.032 
— 1.000 


WR 


0.141 
— 0.990 


0.611 
0.791 


0.211 
0.977 


0.086 
0.996 








* The values of a’ and f’ were computed, at convenient intervals for interpolation, in accordance with Eqs. (16)-(19), for i=g. The values of Ss, Sse, 
and Sg used in Eqs. (16) were taken from reference 3, Table VI, using the 25°” —2s°" values of Sz in all cases, and either the 2s°° —2paS! and the 2poeS! 
—2peSl, or in the cases marked SCF the carbon-carbon 25% —2poS°F and 2poS°F —2peS°F, values of Seg and Sg. The values of Sg (2s°" values only) and 
of Skg (2paS!, or 2p0%"F in the cases marked SCF) are from the values for C—C bonds in reference 3, Table IX. 

> The values of a’ and §’ in the present table apply strictly only to C —C bonds, because Ss and Sys are based on carbon atom 2s°° AO’s, and also, in the 
cases marked SCF, because Sg and Sg are based on carbon atom 2pe5°F 40's, However, they should be approximately valid for other bonds, especially 
B~B and N —N;; though less accurately so for the SCF than for the Slater a’’s and 8’’s. (See Table III for further light on this.) 


pK 8,:and p, but also (although here only to a slight extent) A further transformation of Eqs. (8) can be made to the form: 

nny on the particular atom A. . NOi~ OWni= ni TiS+Ini*opt+mni: ik, (11) 
us at ; , where 

ond Certain alternative forms of the LCAO MO’s no; of Eqs. (2) ojs=2-H14S,)-*( Sas), 


are of possible interest. In particular, one can write: 


i Si; /* ui 
general 
e ‘“two- 
and fs 
tom A: 


o;p=2-4(14S,)“"(poatpor). (12) 


(Upper signs for i=g, lower for i=). 


NOji~ OWni=lni: Oni t+Mni* oik, (8) 


ojhtng=2-4(1 Sg") 4 (iniathna). 


(Upper signs for i=g, lower for i=). 


where 


(9) The expressions o;s and o;p are normalized LCAO forms, fre- 

quently assumed as LCAO MO’s for first row diatomic molecules. 

The expressions oi/tni, like oj in (2), are normalized LCAO forms. mage res v — of Eqs. (5) for Jini, of Eq. (9), and of 
By making use of Eqs. (2), (5), and (6), one finds: 4 _ ‘ . . 

Ing = (1-5p™)3[1 Sp" — rae qni= Oni(1teSs)'[1 Sp" — (Sip)? + 


Mini =F Sg™[1 Sp" — (Sig™)?F. id ni Bni(1eSo)*[1 Sp" — (Sip™)* 4. (13) 


ce also, 


only on 


Note that Jyi2-++-,2>1; this is because ojtp; is not quite orthog- 
onal to ok. 


(Upper signs for i=g, lower for i=). 
Note that gn2#+1n2+mn?>1 (considerably), because ojs and o;p 
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TABLE IB. Relations of hybridization coefficients for mutually orthogonal LCAO MO’s 20, and 3e,. Positive hybrids. 








a=1 0.8 0.6 0.4 0.2 0 
B=0 0.1 0.2 0.4 0.6 0.8 1 





0.839 
— 0.544 


0.790 
— 0.613 


0.925 
— 0.381 


0.887 
— 0.461 


0.752 
— 0.659 


0.703 
—0.712 


0.467 
— 0.884 


0.453 
— 0.892 


0.496 
— 0.868 


0.515 
— 0.857 


0.522 
—0.853 


0.515 
—0.857 


0.527 
— 0.850 


0.531 
— 0.848 


0.530 
— 0.848 


0.540 
— 0.842 


0.662 
— 0.749 


0.619 
—0.785 


0.697 
—0.717 


0.722 
— 0.692 


0.732 
— 0.681 


0.378 
— 0.926 


0.380 
—0.925 


0.399 
—0.917 


0.556 
— 0.831 


0.527 
— 0.850 


Sl 0.277 0.329 
~0.961 —0.944 

3.0 

| 0.341 


— 0.940 


0.936 
—0.353 


0.862 
— 0.507 


0.880 
—0.476 


0.783 
— 0.623 


0.346 
— 0.938 


0.352 
— 0.936 


0.352 
— 0.936 


0.376 
—0.927 


0.590 
— 0.807 


0.614 
—0.789 


0.623 
— 0.782 


0.946 
— 0.326 


0.806 
—0.592 


0.410 
—0.912 


0.413 
—0.911 


0.887 
—0.461 


0.950 
—0.312 


0.815 
—0.579 


0.776 
— 0.630 


0.824 
— 0.567 


0.839 
—0.545 


0.850 
— 0.526 


0.922 
— 0.386 


0.698 
—0.716 


0.741 
— 0.672 


0.756 
— 0.655 


0.425 
—0.905 


0.414 
—0.910 


0.601 
—0.799 


0.630 
—0.776 


0.641 
— 0.768 


0.894 
— 0.448 


0.954 
— 0.299 


0.351 
— 0.936 


0.341 
— 0.940 


Sl , 0.327 
: — 0.945 


4.2 Sl 


0.963 
—0.271 


0.907 
—0.421 


0.918 
— 0.397 


0.410 
—0.912 


4.6 Sl 


0.970 
— 0.244 


0.767 
— 0.642 


0.851 
—0.525 


0.647 
—0.762 


0.640 
— 0.768 


0.401 
— 0.916 


0.430 
— 0.903 


0.363 
— 0.932 


0.411 
—0.912 


0.892 
— 0.453 


0.950 
—0.311 


0.746 
— 0.666 


0.824 
— 0.566 


SCF ' 0.368 


Sl 
ie 


—0.930 


0.984 
—0.179 


0.940 
—0.341 


0.921 
— 0.389 


0.785 
— 0.620 


0.776 
— 0.631 


0.875 
— 0.485 


0.279 
— 0.960 


0.336 
— 0.942 


Sl , 0.225 
. —0.974 


0.291 
v4 


0.513 
— 0.858 


0.542 
— 0.840 


0.486 
— 0.874 


0.530 
— 0.848 


0.650 
— 0.760 


0.659 
—0.752 


0.970 
— 0.241 


0.857 
—0.515 


0.993 
—0.121 


0.956 
— 0.295 


0.794 
— 0.608 


0.891 
— 0.454 


0.642 
— 0.767 


0.664 
— 0.747 


0.317 
— 0.948 


0.377 
— 0.926 


0.276 
—0.961 


0.942 
— 0.335 


0.984 
— 0.180 


0.795 
— 0.606 


0.881 
— 0.474 


0.901 
— 0.433 


0.897 
— 0.443 


0.997 
— 0.076 


0.966 
— 0.259 


0.798 
— 0.602 


0.630 
—0.777 


0.179 
— 0.984 


0.458 
— 0.889 


0.992 
—0.128 


0.957 
—0.291 


0.661 
— 0.750 


0.806 
—0.591 


0.243 
—0.970 


0.338 
— 0.941 


0.509 
— 0.861 








—0.957 
are far from being orthogonal to each other, while neither is quite 
orthogonal to a;k. 
The following integrals S; are quantitative measures of the non- 
orthogonalities of ojs and o;p: 


Si= f (ois) (oip)dv= +SeoL(1 +S,)(145S,) T?. 


(Upper signs for i=g, lower for i=). 


(14) 


III. ORTHOGONAL LCAO HYBRID PAIRS 2¢,, 3¢,, 
AND 2¢.,, 30, 


In Sec. II the complications involved in the minor’ 


differences between the AO hybrid forms w,; and hy; 
of Eqs. (5) have been taken care of. We now turn to 
the main problem of determining relations between the 
coefficients Bn; (or ani; recall that an?+ n= 1 always) 
so that 3o, shall be orthogonal to 2,, and 30, to 20x. 
Making use of Eqs. (5), (6), and (2) these four MO’s 
in LCAO approximation can all be reduced to the form: 


no ;= 2-*(1+S,"*— (Sig”*)? 3 Lani(SatSo) 


+ Bni(poat por) FSis"(kat he) }¢ (15) 
(n=2 or 3; i=g (upper signs) or u (lower signs)). 


On substituting by means of Eq. (15) for 20; and 30; 
in the orthogonality condition Eq. (4), and making the 
notation changes,® 


a= ay; (or a3:); ai! =a: (OF ai); 


B=Bo; (or B3i); Bi’ =Bs: (or Bai), 
one obtains :° | 


8 Because of the mutuality of the orthogonality requirement, !t 
does not matter whether we label ae; as a and a3; as a’, or the 
reverse. 

9 Use is also made of the relation (see reference 6) 


Sig" = ani Skeet BniSke- 
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TABLE IIA. Relations of hybridization coefficients for mutually orthogonal LCAO MO’s 2c, and 3e,. Negative hybrids.* 








0.6 
—0.8 


0.2 0.4 


DR 
ag 4 
oo 


0.8 1.0 
—0.6 0.0 





~ 


0.846 
0.533 


0.842 
0.540 


0.837 
0.547 


0.861 
0.508 


WR 
~ Now 


0.870 
0.493 


0.866 
0.500 


0.813 
0.582 


BR 
i 00 tn 00 
eur ne 


~ 


0.803 
0.596 


0.775 
0.631 


0.823 
0.568 


0.812 
0.584 


WR 


0.794 
0.608 


0.788 
0.616 


WR 
Nt 


_ 


indo too noe 


0.764 
0.645 


0.794 
0.608 


0.811 
* 0.585 


~~ Ub o> 


WR 


0.830 
0.557 


0.813 
0.583 


Nw Hm Go Uw Maw 


RR 
Wl 
tn 00 


~ 


0.784 
0.621 


0.755 
0.656 


0.812 
0.583 


0.825 
0.565 


Il il 


. BR 
Se indo 


0.743 
0.670 


0.737 
0.676 


0.784 
0.620 


0.792 
0.611 


I il 
COD WwW 


WR 


_— 


(Sl 


5.0 
} sc I 


5 

6.0 

f 
* 

8.0 


|sc 


So 


0.844 
0.537 


i il 
=o NO A 


WR 
£ 


~ 


0.750 
0.661 


0.833 
0.553 


0.793 
0.610 


WR 
+= 0O 
oom 
Na 


0.897 
0.442 


0.826 
0.564 


0.741 
0.671 


S] 


0.751 
0.683 


S 0.800 
0.601 


C 
0.506 


0.757 
0.653 


0.936 
0.353 


0.860 
0.511 


F j 0.862 
Sl 
/F 0.729 
0.685 


0.898 
0.441 


0.820 
0.572 


SC 


0.772 
0.635 


0.957 
0.290 


0.884 
0.468 


0.927 
0.375 


0.844 
0.536 


0.737 
0.675 


0.831 
0.556 


0.855 
0.519 


0.791 
0.612 


0.753 
0.659 


0.735 
0.678 


0.770 
0.638 


0.719 
0.695 


0.690 
0.724 


0.666 
0.746 


0.696 
0.718 


0.628 
0.778 


0.642 
0.766 


0.610 
0.793 


0.608 
0.794 


0.602 
0.798 


0.589 
0.808 








* Same as for Table I, except here we take the case i =u. 


A aa +B(aBbi/+ a;’B)+Ci8B,’=0, 
where (16) 
A;= 1+S,—S;.’; By=+S se—SksSkeo} 
C= 1+S,—Sie. 
Dividing the first Eq. (16) through by 88,’, letting 
v=B/a; yi =B;'/a/'; 


and solving for y;’, one obtains :'° 
, A,;+Biy A,at+ Bip 
ain Peer, . ee, 
With y,/ known, a,’ and 8,’ are easily obtained" from 
a’ =(1+-yi7)*; B= yi (1tyi?)+. (19) 
” Since the whole discussion is symmetrical (see reference 8) 
as regards a and a’, or B and 8’, Eq. (18) is equally valid with y’ 


replaced by + and 7, a, and £ replaced by 7’, a’, and @’. Similarly, 
Eq. (19) still holds if the primes are dropped. 


(17) 


(18) 


For any assigned values of a or 8, values of a,’ and 
B,’, and of a,’ and 8,’, can now be computed using 
Eqs. (16)-(19). For purposes of interpolation, it is con- 
venient to compute and tabulate a,’ and 8,’ values cor- 
responding to 0.1 or in some cases 0.2 intervals of both 
a and £. This has been done, and the results are re- 
corded in Tables I (¢, case) and Table II (c, case). 

The general nature of the relations between the a’, 8’ 
and a, 8 values can best be seen from a graphical pres- 
entation. This is given, for the special p value 4.0 
(approximately the actual value for the Nz molecule 
at equilibrium), in Fig. 1 (o, case) and Fig. 2 (¢,, case). 
At the same time, Figs. 1 and 2 show how the overlap 
integrals Sw; (see Eqs. (2) and (7)) corresponding to 
mutually orthogonal ZLCAO pairs such as 2a,, 30, 
(8, and B,’) or 2cu, 30. (8. and B,’) are related. (See 
the caption of Fig. 1 for a more detailed explanation.) 
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TABLE IIB. Relations of hybridization coefficients for mutually orthogonal LCAO MO’s 2c, and 3e,. Positive hybrids.* » 

















a =1.0 0.8 
6 =0.0 0.1 0.4 0.5 0.55 0.6 _ 
a’= 0.807 0.799 0.705 0.388 0.675 0.996 
B’= 0.590 0.602 0.709 0.922 —0.738 0.086 
B’= 0.827 0.816 0.656 0.393 0.994 0.981 
B’= 0.562 0.578 0.755 —0.920 —0.110 0.194 
a’= 0.742 0.727 0.590 0.365 0.019 0.660 
B’= 0.670 0.687 0.807 0.931 1.000 —0.751 
a’= 0.669 0.644 0.456 0.243 0.026 0.329 
B’= 0.743 0.765 0.890 0.970 1.000 —0.944 
a’= 0.631 0.599 0.386 0.175 0.014 0.294 
B’= 0.776 0.801 0.923 0.985 — 1.000 — 0.956 
a’= 0.679 0.650 0.416 0.132 0.149 0.538 
B’= 0.734 0.760 0.794 0.909 0.991 —0.989 — 0.843 
a’= 0.592 0.555 0.506 0.320 0.114 0.054 0.286 
B’= 0.806 0.832 0.863 0.901 0.948 0.994 — 0.999 — 0.958 
a’= 0.511 0.462 0.398 0.311 0.184 0.013 0.323 
B’= 0.860 0.887 0.917 0.950 0.983 — 1.000 —0.947 
a’= 0.434 0.374 0.298 0.200 0.068 0.116 0.369 
B’= 0.901 0.928 0.955 0.980 0.998 —0.993 — 0.929 
a’= 0.510 0.458 0.391 0.298 0.163 0.045 0.363 
B’= 0.860 0.889 0.921 0.955 0.987 —0.999 — 0.932 
B’= 0.271 0.191 0.098 0.011 0.139 0.290 0.465 
B’= 0.962 0.982 0.995 — 1.000 —0.990 —0.957 — 0.885 
a’= 0.360 0.292 0.209 0.107 0.022 0.188 0.399 
B’= 0.933 0.957 0.978 0.994 — 1.000 — 0.982 —0.917 
a’= 0.159 0.068 0.031 0.139 0.257 0.385 0.523 
B’= 0.987 0.998 — 1.000 — 0.990 — 0.966 —0.923 —0.852 
a’= (0.244 0.166 0.077 0.026 0.146 0.286 0.448 
6’= 0.970 0.986 0.997 — 1.000 —0.989 —0.958 — 0.894 
a’= 0.090 0.006 0.106 0.211 0.322 0.437 0.557 
B’= 0.996 — 1.000 —0.994 —0.977 —0.947 —0.899 — 0.830 
a’= 0.160 0.076 0.016 0.118 0.229 0.353 0.490 
B’= 0.987 0.997 — 1.000 — 0.993 —0.973 —0.936 — 0.872 me 
These relations for the Sy,’s have great interest in columns in Table VI of reference 3). Equations (17)- = 
connection with bond strengths (see Sec. V). (19) were then used to compute values of a’ and f’. 
It is seen that the results obtained for 6’ (hence also jd 
IV. SIMPLIFIED FORMULAS FOR DETERMINING for a’) for 6, LCAO MO’s using the simplified relations Ge 
ORTHOGONAL LCAO HYBRID PAIRS (16a) do not differ appreciably, except in some cases for JB ) 
In view of the rather complicated forms of Eqs. (15)- small p values, from those ae the Guact _ = I 
(16) and of the resulting computations, a few supple- Thus so far as the relations of a’ and " to @ and for tio 
mentary computations have been made in which the Slater-AO LCAO forms are concerned, the complica: are 
terms in (Sis"*)? in Eq. (15) and corresponding terms tions introduced in Sec. II, to make the 2s Slater AO’s 
. ’ ) 
in Eqs. (16) have been neglected, and in which simple orthogonal to 1s AO’s and the 20; and 30; LCAO MO's 
Slater 2s AO’s instead of orthogonalized Slater 2s AO’s orthogonal to o;1s MO’s, could just as well have a 
have been used in computing S, and S,,. For the a, omitted at least for the To = In future work, ad- 1 
case, the results are compared in Table III, for Slater V@ntage can be taken of this fact. war B;, 
2po AO’s and some sample p values, with the more However, the effect of neglect of the corrections ps ie 
accurate results of Table I. In preparing Table III, the °tthogonality to od = somewhat greater for the over : Or ; 
coefficients A, B;, C; in Eqs. (16) were replaced by integrals: the Sy:"’s differ appreciably (although st ) 
RB not greatly) from the corresponding S,”’s. This can be se 
A;=14S,; By=+Su; Ci=14S., (16a)  ccon for example in a comparison between the S(8) hyt 


with Slater-AO values of S,, Sso, S, (see left-hand 


graph Fig. 1 of reference 3 for p=4.0 and the Sw9(6) 
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TABLE I1B—Continued. 








0.7 0.6 
0.7 0.8 


0.5 0.4 0.3 0.2 0.1 





0.921 
0.390 


0.932 
0.363 


0.914 
0.405 


0.927 
0.374 


0.888 
0.461 


0.907 
0.421 


0.987 
0.160 


0.977 
0.213 


0.920 
0.391 


0.976 
0.218 


0.964 
—0.265 


0.986 
— 0.167 


0.894 
— 0.448 


0.936 
—0.352 


0.995 
0.098 


0.977 
0.214 


0.985 
—0.170 


0.996 
—0.093 


0.820 
—0.572 


0.873 
— 0.489 


1.000 
— 0.025 


0.968 
—0.251 


0.768 
— 0.641 


0.717 
— 0.697 


0.714 
—0.700 


0.672 
—0.740 


0.916 
— 0.416 


0.971 
— 0.240 


0.743 
— 0.669 


0.789 
— 0.614 


0.682 


5 0.837 
5 —0.731 


—0.547 


658 
By 


0.868 
— 0.496 


0.810 
— 0.586 


3 0.678 
6 —0.735 


0.668 
— 0.744 


0.688 
—0.725 


0.628 
—0.778 


0.654 
—0.751 


0.810 
— 0.586 


0.802 
—0.597 


0.788 
—0.615 


0.680 
— 0.733 


0.697 
—0.717 


0.637 
—0.771 


0.658 
—0.753 


0.854 
0.521 


0.878 
0.479 


0.841 
0.542 


0.844 
0.536 


0.853 
0.523 


0.862 
0.507 


0.863 
0.505 


0.894 
0.448 


0.867 
0.499 


0.890 
0.456 


0.861 
0.508 


0.885 
0.466 


0.857 
0.513 


0.857 
0.515 


0.875 
0.485 


0.897 
0.443 


0.890 
0.456 


0.932 
0.363 


0.957 
0.290 


0.940 
0.340 


0.881 
0.473 


0.871 
0.491 


0.848 
0.529 


0.877 
0.481 


0.859 
0.512 


0.900 
0.436 


0.921 
0.390 


0.913 
0.409 


0.871 
0.492 


0.875 
0.483 


0.885 
0.466 


0.921 
0.389 


0.954 
0.300 


0.893 
0.450 


0.892 
0.452 


0.911 
0.413 


0.978 
0.210 


0.999 
0.025 


0.991 
—0.135 


1.000 
0.022 


0.942 
0.336 


0.980 
0.197 


0.951 
0.310 


0.926 
0.379 


0.900 
0.435 


0.998 
0.059 


0.980 
0.198 


0.955 
0.298 


0.982 
0.188 


0.982 
— 0.188 


0.998 
— 0.066 


0.927 
0.376 


0.996 
0.089 


0.978 
0.210 


0.999 
— 0.048 


0.999 
— 0.039 


0.980 
0.198 


0.952 
0.306 


0.998 
0.066 


0.985 
0.175 


0.932 
— 0.360 


0.965 
— 0.262 


0.996 
0.089 


0.953 
— 0.303 


0.985 
—0.171 


0.896 
— 0.443 


0.972 
— 0.234 


0.997 
— 0.078 


0.998 
0.058 


0.993 
—0.121 


0.999 
— 0.049 


0.914 
— 0.406 


0.925 
— 0.354 


0.972 
—0.235 


0.983 
—0.181 


0.9999 
—0.011 


0.997 
0.072 


0.880 
—0.475 


0.883 
— 0.469 


0.947 
— 0.323 








* Note that in each row, as 6 increases, §’ first increases to +1 (which means the same hybrid as —1), then rises from —1 through 0 to positive values. 
For small p values, the passage to +1 and from there back through zero to positive values occurs very rapidly in a narrow range of 6 values. 
> The column a =0, 8 =1 at the extreme right of Table IIB has been omitted; it would be identical with the column a =0, 8 = —1 of Table IIA. 


and S.,u(8) graphs Figs. 1 and 2 of the present paper. 
(See also Eq. (7) of the present paper, for the algebraic 
relations involved.) 

If SCF AO’s are used instead of Slater AO’s, the rela- 
tions of a’ and 6’ to a and 8, and the overlap integrals, 
are considerably altered (see Tables I and II). 


V. FORCED HYBRIDIZATION AND ITS SIG- 
NIFICANCE FOR BOND STRENGTHS 


We may conveniently refer to AO hybrid pairs 
8;, 8,’ which correspond to mutually orthogonal 
¢; LCAO MO’s as o;-LCAO-orthogonal hybrids (i=g 
or u). A striking relation appearing for the o, hybrids 
in Fig. 1 is that the totality of positive hybrids (8>0) 
is ¢,-LCAQ-orthogonal to only a portion of the negative 
hybrids, leaving two ranges of the negative hybrids 


(one adjacent to po, the other to s) to be o,-LCAO- 
orthogonal to each other. For the co. hybrids (see Fig. 2), 
the roles of positive and negative hybrids are reversed. 

The foregoing results appear in an interesting light 
when applied to a question raised earlier, as to the ac- 
tual forms of the MO’s 2c, and 3a, for the Nz molecule 
in (1). Suppose we knew 2a, to have 8=0. In terms of 
2s—2po hybridization (neglecting 1s admixture) 20, 
would then be built from pure 2s AO’s, that is, it would 
be o,s in the notation of Eqs. (2). Figure 1 would then 
show that 30, (again neglecting 1s admixture) would 
by no means be built from pure 2p0 AO’s, that is, it 
would not be o,p, but would be built from negative 
hybrid AO’s with a considerable amount of 2s char- 
acter. In a similar way, if we knew 3, (neglecting 1s) 
to be pure o,p, that is, 8’=1, then, according to Fig. 1, 





ROBERT S. MULLIKEN 


“2 


— + © 7 ©. 2 10 
e- 

Fic. 1. Swg(8) plotted against o?(o?= 1— 6), for p=4.0, with 
cross lines connecting sample pairs of hybrid 2s—2f0 AO’s which 
correspond to mutually orthogonal 6, LCAO MO’s. The values of 
Swg(8) were computed using Eq. (7), referring to Table V of 
reference 3 for the Sg values and to Table X of reference 3 for the 
Sig values. For the graph, carbon-carbon SCF values of Sg and 
Sig from the tables mentioned were used. The upper segment of 
the graph, involving positive hybrids (820), is drawn with an 
extra heavy line; the lower segment (negative hybrids, 8 <0), 
with a lighter line. It should be noted that the Swg(a?) graph shown 
here differs only slightly—due only to the Sig terms in Eq. (7)— 
from an Sg(a’) graph drawn for p=4.0 (see Fig. 1 of reference 3 
for Sg graphs for several p-values). 

The present Fig. 1 serves to illustrate certain relations which 
follow from the imposition of the condition of orthogonality 
(Eq. (4)) between the LCAO MO’s 2e, and 3e, of Eqs. (2): 
namely, (1), the relation between the hybridization coefficients 
of the two 2s—2pe hybrid AO’s involved in Eq. (5); (2), the rela- 
tion between the corresponding overlap integrals Swg (see Eqs. 
(2) and (7)). The general character of these relations is displayed 
by the slanting arrows drawn in Fig. 1. Each of these goes from a 
selected sample point a, 8 (the points used were a= —0.2, 0, 
+0.2, +0.4, +0.5, +0.6, +0.7, +0.8, and B= +04, +0.2, 0) 
to the corresponding LCAO-orthogonal point a’, p’ taken from 
Table I (@=+(1—a7)!, B’=+(1—a”)}). 


20, would of necessity be built from negative hybrid 
AO’s containing a rather large amount of 20 character. 
In an actual molecule, presumably 2¢, will not have 
B=0 nor 3a, 8’=1, but o,-LCAO-orthogonality will still 
in general require relations similar to those just dis- 
cussed. 

This forced hybridization, as it may be called (see 
abstract for a summary), is a necessary corollary of the 
orthogonality requirement, and occurs without regard 
to and entirely aside from the usual expectation in 
valence-bond theory that hybridization occurs when 
thereby a bond can be strengthened. Indeed, the 
forced hybridization noted above to occur in 3a, if 20, 
is assumed to be pure o,2s (or in 20, if 3a, is assumed to 
be pure o,2p) here causes very marked bond weakening 
rather than strengthening, since the overlap integral 
Swg involved in 3e, (or in 20, in the second assumed 
case) is much smaller than if 30, had been pure o,2p 
(or pure o,2s, in the second case). In general, the effect 


° 4 2 a 
at-e 


Fic. 2. Swu(8) plotted against a? for p=4.0, with cross lines con- 
necting sample pairs of hybrid 2s—2po0 AO’s which correspond 
to mutually orthogonal o, LCAO MO’s. For further details, see 
caption of Fig. 1, changing g to u everywhere. 


of forced hybridization, as judged by S.; values, is to 
weaken very considerably the bonding power of bonding 
MO’s (o, here) but to strengthen markedly the anti- 
bonding power of antibonding MO’s (c.,, here—see Fig. 2). 

An interpretation of the phenomenon of forced hy- 
bridization caused by the LCAO orthogonality require- 
ment can be sketched along the following lines. In AO 
electron-pair bond theory, the total energy of interaction 
of two neutral atoms a and 6 is given approximately by 
a sum of terms of two kinds. These are: (1) bonding 
terms corresponding to pairwise exchange between 4 
and 6 electrons; (2) nonbonded exchange terms be- 
tween all other pairs of electrons one of which is on @ 
and one on 6; these correspond to repulsions, some 
of them strong, if both electrons are in AO’s of the 
same species (both ¢, or both 7), but to attractions 
(not very strong) for pairs one of which is a, the other 
a. The net effect of the numerous terms in (2) is to 
diminish considerably the bond strength given by the 
term or terms in (1). The magnitudes of the repulsive 
nonbonded exchange terms in (2) may be estimated 
for molecules involving first and second row atoms by 
using the overlap integrals of the preceding paper® in 
connection with a semi-empirical procedure outlined 
earlier (proportionality of exchange repulsions to squares 
of corresponding overlap integrals: see reference 4 and 
Secs. IV and V of reference 3). Further details and 
applications will be given in another paper. 

In LCAO MO theory, on the other hand, the bonding 
terms analogous to (1) of the AO theory are essentially 
resonance terms (simplest example,! the bonding elec- 
ton in H;+); numerous exchange terms are also present 
but these very likely have no great effect on the bond- 
ing. In addition, there may be antibonding resonance 
terms which after subtracting related bonding terms 
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TaBLE ITI. Relations of hybridization coefficients for mutually orthogonal LCAO MO’s 20, and 3a, using simplified formulas.* » 
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® See notes to Table I, except that here Eqs. (16a) are used instead of the second line of Eqs. (16), and the values of Ss, Ssg, and Sg are taken from the 
left-hand columns of Table VI of reference 3, corresponding to Slater AO’s only, with the Slater 2s AO’s not made orthogonal to 1s. Unlike the Slater-AO 


results in Table I, the slightly less exact results here are valid equally for all homopolar 2-quantum bonds. 
> For given values of a and @ listed at the top of the table, computed values of 8’ are given in the table. For each p-value, Sif’ denotes values computed 
using the simplified Slater-AO formula (16a), while S/f’ denotes accurate Slater-AO values (taken from Table I) computed using Eqs. (16). Corresponding 


a’ values can be obtained if desired by using the relation a’ =(1 —8’2)4. 


give a net repulsion effect corresponding to the non- 
bonded repulsions between closed shells (“lone pairs”) 
in the AO theory. It now seems fairly clear that in the 
LCAO theory the effects of forced hybridization are 
the counterpart of those nonbonded exchange repulsions 
in the AO theory which involve unlike AO’s in the two 
atoms. If in the given bonding (or antibonding) 
LCAO MO constructed from hybrid AO’s, the overlap 
integral S,,; between the latter is an approximate meas- 
ure of bonding (or antibonding) power of the MO, 
then as we have seen above, the effect of forced hy- 
bridization is precisely to diminish (considerably) the 
total bond strength. 

For example, in the ground state of an hypothetical 
molecule formed from two like atoms each with one 
2s and one 20 electron, there would be two o bonds 
in AO theory, or two doubly-occupied bonding orbitals 
(20, and 30,) in LCAO MO theory. In AO theory, 
there would be two strong bonding terms (2s.—2s, 
and 2¢,—2p0,), and two fairly strong exchange re- 
pulsion terms (2s,—2po, and 2s;— 20,4). In LCAO MO 
theory, if one disregarded forced hybridization, there 


would be two resonance attractions corresponding to 
the bonding effect of two electrons in a o,2s and two in 
a o,2p MO. But forced hybridization in either or both" 
of 2c, and 30, prevents them from being the one pure 
g,2s and the other pure o,2, and (as judged by the 
corresponding overlap integrals) diminishes their total 
bonding effect. 

A further example of forced hybridization is the 
occurrence of some 1s in both 20, and 3a, (see Eqs. (2), 
(5)) ; this has been neglected in the discussion just given. 
It will be seen from Eqs. (5) that its effect is to decrease 
Sw still further, and so presumably to weaken bonding. 
For o, MO’s, Eq. (5) indicates an analogous effect in 
strengthening antibonding. This forced 1s hybridization 
can now be interpreted as the counterpart of the ex- 
change repulsions which the AO theory predicts be- 
tween the 1s shell of each atom and the 2s and 2p0 
electrons of the other atom, in molecules such as for 


11 Tt can be shown that in this particular case (both 20, and 3a, 
MO’s filled with two electrons) the complete antisymmetrized 
wave function is not changed except in superficial appearance, 
and its energy is not changed at all, by a change in the degrees 
of hybridization assumed, so long as 20, and 3a, are orthogonal. 
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example Ne. The magnitude of this inner-shell effect 
on the bond energy, as judged by the S,,; values,” is 
perhaps not large, but far from negligible.’* 

The phenomenon of forced hybridization leads to a 
curious paradox. In a molecule such as Ne, to which 
Fig. 1 is approximately applicable, the 20,, 20., and 
3a, MO’s (see Eqs. (1)) are each filled with two elec- 
trons. If these MO’s are approximated by LCAO forms, 
and we then ask how much 2s and how much 20 
population the above distribution corresponds to for 
the two separate atoms, we may obtain what at first seem 
like strange results. If we should assume no hybridiza- 
tion and then ignore the requirements of orthogonality, 
there would be two electrons each in o,2s, o,2s, and 
o,2p; and, since each LCAO MO belongs equally to 
both atoms, we would say that this corresponds to two 
2s and one 20 electron on each atom. On requiring 
LCAO orthogonality, it would still be allowable to 
assume that 20, is pure o,2s and 2c, is pure o,2s, but 
3o, would then have to be a hybrid containing a con- 
siderable amount of o,2s mixed into o,2p. If now we 
count each LCAO MO as divided equally between the 
two atoms, we obtain more than two 2s electrons on 
each atom. Why does this not violate the Pauli prin- 
ciple? It might be argued that there is a violation, 
resulting from unjustified initial assumptions. But this 
can be disproved, since, (1), with both the shells 20, and 
3a, filled, as here, the total wave function when anti- 
symmetrized can be shown to be independent of how 

2 Compare Figs. 1 and 2 with the p=4.0 figure in Fig. 1 of 
reference 3. 

18 This discussion is relevant to the question of Van Vleck’s 
“nightmare of inner shells” (J. H. Van Vleck and A. Sherman, 
Revs. Modern Phys. 7, 185 (1935)), and to the discussion of inner- 


shell-outer-shell repulsions in reference 4 and by Pitzer in an 
earlier paper. 
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2a, is chosen with respect to degree of hybridization," 
and, (2), the form of 2c, is not subject to any direct 
restrictions depending on the numbers of electrons in 
20, and 3a,. 

The answer to the paradox undoubtedly lies in the 
implications of the fact that the pure forms o,2s and 
o,2p are not orthogonal (see Eq. (14)), or of the related 
fact that 2s of one atom is not orthogonal to 2pe of the 
other. The importance of the paradox is as a warning 
that caution is needed in any attempt to conduct a 
census of 2s and 2c electrons in the separate atoms of a 
stable molecule on the basis of the LCAO MO method. 

With regard to the specific question raised above 
for the configuration 2¢,’2¢,730,? of Ne, it is to be noted 
that if 20, were pure o.2s, then, regardless" of what 
forms are used for 20, and 30,, the best answer would 
appear to be that there are precisely two 2s and one 
2po electrons on each atom. However, if (as is in prin- 
ciple possible, and in fact to be expected, for the best 
—energy-minimizing—wave function of N2) the 20, 
corresponds to some degree of 2s—2po hybridization, 
then the number of 2s electrons per atom is Jess than 
two and the number of 2/0 electrons correspondingly 
greater than one. 

A more thorough analysis of the matters touched on 
in this Section will be postponed to a later paper.” 
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1. The electrical resistance, its temperature dependence, and the Hall coefficients of graphite bisulfate 
compounds have been determined at various oxidation stages. The measurements have indicated that the 
oxidation removes electrons from a nearly full conduction band. 

2. Reduction of the lamellar bisulfate compounds produces residue compounds which retain about a third 
of the bisulfate ions and half the sulfuric acid originally present in the lamellar compounds. The formula of 
the residue compounds is approximated by C,-HSO,4-4H2SO,. 

3. The model of a hypothetical graphite which has lost electrons from its conduction band, is approxi- 
mated closely by these residue compounds, since the impurities are distributed in a state of high disorder. 
The lamellar compounds, on the other hand, may distort the band structure of graphite because they form a 


superlattice. 


INTRODUCTION 
RAPHITE is a semiconductor in which the empty 
and full conduction bands are separated by either 
a small' or vanishing? energy gap. Those properties of 


1S. Mrozowski, Phys. Rev. 78, 644 (1950). 
2P. R. Wallace, Phys. Rev. 71, 622 (1947). 


graphite which depend on the conduction electrons 
should therefore be very sensitive to small amounts of 
impurities which change the number of electrons in the 
conduction bands. A strong dependence of properties 
on the purity of graphite has, in fact, been known for 4 
long time. It was therefore decided to investigate the 
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relations between the electrical properties and the band 
structure experimentally by adding known amounts of 
electron donors or acceptors to graphite. 

Nearly all chemical reactions of graphite produce 
either lamellar compounds or residue compounds. 


Lamellar Compounds 


In these substances, planes of carbon atoms alternate 
in a definite periodic sequence with single planes of the 
reactant. The period of alternation becomes smaller as 
the activity of the reactant is increased, but, with the 
exception of the ferric chloride compound, the concen- 
tration of the reactant remains constant in those planes 
which it has already invaded. A review of these sub- 
stances has been published by Riley.* Numerous 
additional lamellar compounds, some of which will be 
described in subsequent papers, have been observed in 
this laboratory. It has always been assumed that all the 
lamellar compounds except the graphite salts were 
unionized. This will be shown in subsequent papers to 
be incorrect. The graphite salts, however, are known 
to be ionized,‘ i.e., the reactants are intercalated as 
negative ions, and the graphite planes share the positive 
charge. 


Residue Compounds 


Most of the reactant in the lamellar compounds can 
be removed by essentially reversing the procedure by 
which the lamellar compounds were formed. In all 
cases examined, however, a small amount of reactant 
remains which cannot be removed without resorting to 
fairly drastic procedures. The amount of reactant re- 
maining is dependent upon the amount of reactant 
present in the original lamellar compound. Compounds 
of this type, in which the reactant is held very strongly 
in the graphite and cannot be removed by cathodic 
reduction or chemical washing, have been termed 
“residue” compounds. These substances have not been 
described previously. In residue compounds, the re- 
actant is distributed more irregularly through the 
graphite than in lamellar compounds. It is likely that the 
reactant in the residue compounds becomes trapped at 
imperfections and twinning planes of the lattice. This 
irregular structure of the residue compounds has been 
established by x-ray diffraction measurements which 
will, however, be reported in a subsequent paper. 

In both lamellar graphite salts and in the correspond- 
ing residue compounds, the reactant is present as nega- 
tive ions, and the graphite planes share the positive 
charges. Such a charge distribution is typical of elec- 
tron acceptor impurities. However, in a study of 
gtaphite, the residue compounds are more important 
than the lamellar compounds, since they do not distort 
the band structure of graphite as much as do the lamel- 
lar compounds. The electrical properties of both 


*H. L. Riley, Fuel 24, 1, 43 (1945). 


1938) Riidorff and U. Hofman, Z. Anorg. Allgem. Chem. 238, 1 
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Fic. 1. Effect of oxidation in sulfuric acid on the 
electrical resistance of graphite. 


lamellar and residue graphite salts have been investi- 
gated. The results of the investigation on the graphite 
bisulfates are reported in this paper. 

Graphite bisulfates are prepared by the oxidation of 
graphite in concentrated sulfuric acid. Numerous 
oxidizing agents, as well as an electric current, will 
cause this oxidation. The fully oxidized compound 
has the composition* C2.4+-HSO,--2H,SO,. In the 
present investigations, various lamellar and residue 
graphite bisulfates were prepared by electrolytic oxida- 
tion and reduction in concentrated sulfuric acid. 

The electrical resistance, its temperature dependence, 
and the Hall coefficient were measured for various 
graphite bisulfates. The resistance and its temperature 
dependence are obviously important properties of the 
conduction electrons. The Hall coefficient is a measure 
of the number of conduction electrons. A negative 
coefficient is obtained if the conduction electrons move 
near the bottom of an empty band; a positive coefficient 
is obtained if the electrons move near the top of an 
almost full band. 


EXPERIMENTAL 
Materials 


The graphite used was Acheson graphite similar in 
properties to the National Carbon Company’s Spectro- 
scopic Electrodes except that it showed a high aniso- 
tropy. All except specially designated samples were cut 
so that the current direction and the Hall direction were 
perpendicular to the axis of extrusion, i.e., the direction 
of lowest resistivity. 

A few samples of natural graphite from Ticonderoga 
were obtained from Ward’s Natural Science Establish- 
ment, Rochester, New York. The samples were thin 
plates about 1 cm long. They were purified by alternate 
washing with hydrochloric and hydrofluoric acids. The 
platelets cleaved very easily, but showed many stria- 
tions on the basal planes. 

The sulfuric and nitric acids used were Baker 
Analyzed Chemicals. 


Electrical Resistance and Oxidation State 


Samples of graphite were mounted in such a way that 
their resistance could be determined during oxidation 
in sulfuric acid. The samples weighed about 0.4 g and 
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Fic. 2. The electrical resistance of graphite during 
oxidation and reduction in sulfuric acid. 


their dimensions were 2 mmX2 mm X40 mm. Several 
millimeters from each end, a very small hole was drilled 
through the sample to accommodate platinum potential 
leads. The current leads were sturdy platinum wires, 
which fitted into recesses at the ends of the sample. 
Resistance measurements were reproducible to 0.5 
percent. The whole assembly was lowered into a tube 
containing concentrated sulfuric acid. The tube com- 
municated through a sintered glass disk with a cathode 
compartment which contained concentrated sulfuric 
acid and a platinum electrode. The graphite was oxi- 
dized by a current which varied for different experi- 
ments from 2 to 10 milliamperes. The oxidation state 
in equivalents of electrons per gram atom of carbon 
was calculated from the formula: 


1I(60)(12)/96500w, 


where / is the time in minutes, J is the current in am- 
peres, and w is the weight of the sample in grams. 

The resistance decreased as the graphite became 
oxidized. In a few cases this decrease was delayed, pre- 
sumably because of traces of oxidizable impurities 
present in the acid or in the sample. In such cases the 
zero time was chosen to coincide with the first decrease 
in the resistance. The choice also eliminated the small 
error in the measurements of the resistance which was 
caused by that fraction of the oxidizing current which 
flowed through the graphite. Each resistance measure- 
ment was corrected for a relatively small potential 
recorded by the potentiometer immediately after the 
resistance measuring current had been discontinued. 
This potential, which is probably caused by tempera- 
ture fluctuations and strains in the graphite, was usually 
quite small, but occasionally rose to several hundred 
microvolts. 
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Fic. 3. Effect of reoxidation on the electrical resistance 
of graphite bisulfate “residue” compounds. 
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The resistance data obtained for twelve separate 
runs on twelve different samples are plotted in Fig. 1. 
All resistances are reported relative to the resistance of 
the unoxidized sample in sulfuric acid. 

One parallel cut and six perpendicular cut samples 
were run at five milliamperes in concentrated sulfuric 
acid, and one parallel cut sample was run at 10 milli- 
amperes in concentrated acid. The other samples were 
all perpendicular cut samples and differed from each 
other by the fact that two were run at two milli- 
amperes and ten milliamperes, respectively, one was 
oxidized in 13 molar sulfuric acid, one was oxidized 
while a stream of helium was passed through the acid, 
and one was oxidized while a stream of sulfur dioxide 
was passed through the acid. The agreement, seen in 
Fig. 1, between such a number of runs under different 
conditions demonstrates that the current efficiency of 
the oxidation is very probably close to unity. If it were 
not unity it would have changed with the current 


TABLE I. Properties of the graphite bisulfate residue compounds. 








Oxidation state 102 





Oxidation state of corresponding fractional H2SO«/HSOu 
of lamellar residue weight gain ratio in 
Sample compound compound in residue residue 
no. (10-4 equivalent/g atom) compound compound 
17 17.8 5.3 2.45 4.0 
19 10.55 3.39 1.79 5.2 
21 29.6 9.35 3.40 3.5 
27 43.5 9.75 4.29 4.4 
29 19.75 6.5 2.94 4.6 
35 11.2 4.0 1.96 5.1 
53 25.4 13 3.19 4.3 
57 31.5 9.1 3.71 4.1 
63a eS | 9.2 
63b 40.6 14.35 
63¢ 42.7 11.70 4.88 4,2 
69 20.85 6.65 2.66 4.0 
v4 32.5 9.85 3.46 3.4 
73a 33.7 9.95 
97 $1415 11.15 4.37 3.8 
101 35.6 12.00 4.59 a4 
105a 36.65 10.2 








density. Furthermore if it were less than unity due toa 
concurrent oxidation of sulfur dioxide, for example, the 
presence of excess sulfur dioxide should have decreased 
the current efficiency considerably. 

At any oxidation level, the lamellar graphite bisulfate 
compound could be decomposed by a current which 
made graphite the cathode. The progress of this reduc- 
tion was followed again by resistance measurements. 
Fig. 2 represents two typical runs. At the beginning of 
the reduction, the rate at which the resistance increased 
was less than the rate at which it had decreased during 
oxidation, but later the rate was higher than the corfe- 
sponding rate during oxidation. After approximately 
two-thirds of the missing electrons had been restored, 
the resistance quite suddenly reached a constant value 
unaffected by further passage of current. At this point 
the material had the characteristics of a residue com 
pound. The constant resistance ultimately reached 
the reduction is dependent only on the degree of oxida- 
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tion of the original lamellar compound. Thus, for every 
lamellar compound there is a corresponding residue 
compound. 

The current efficiency during the reduction of the 
lamellar compound was not always unity as evidenced 
by a lack of reproducibility. Therefore a reliable de- 
termination of the number of electrons trapped in the 
residue compound was not possible from measurements 
made during the reduction. Fortunately the reoxidation 
of the residue compound proceeded at unit current 
efficiency. In fact, the rate of the resistance change 
during reoxidation was identical with the rate during 
the original oxidation when compared at equal resis- 
tances. This indicates that the resistance of a lamellar 
compound and a residue compound are identical if they 
are oxidized to the same oxidation state, and that the 
number of electrons missing from the graphite in the 
residue compound is the same as the number of elec- 
trons lost in the formation of a lamellar compound hav- 
ing the same resistance. This fact was used in drawing 
Fig. 3. The dashed line in Fig. 3, which is the resistance 
vs oxidation state curve for lamellar compounds, also 
applies to residue compounds, as was just shown. In 
this way the oxidation states for residue compounds 
were determined, for which only the resistance was 
known. The experimental points represent the resis- 
tances of residue compounds as they were gradually 
oxidized. 

The chemical composition of residue compounds was 
determined in the following manner: The material was 
washed in running water for 24 hours, dried and 
weighed. Rewashing for several days in running water, 
or in boiling sodium hydroxide, affected the weight 
only slightly. It was assumed that the excess weight 
above the original weight of graphite was due to trapped 
bisulfate ions and sulfuric acid only. Since the number 
of bisulfate ions should be equal to the number of 
electrons lost during oxidation, the weight of these ions 
could be calculated from the oxidation state. The rest 
of the weight gain was assumed due to sulfuric acid. 
The number of molecules of sulfuric acid associated with 
each bisulfate ion is listed in Table I, column 5, and is 
toughly four molecules per ion. The second column of 
Table I lists the number of equivalents of electrons 
missing from the corresponding lamellar compound 
from which the residue compound was produced by 
teduction. The entries in the third column were de- 
termined from the measured resistance of the residue 
compound, by referring to Fig. 1. 

It was found that the resistance of artificial graphite 
which had been oxidized more than 0.005 equivalent 
per gram atom began to increase gradually. At the same 
time the samples became bent and distorted. A few 
samples were sealed into glass tubes to provide a rigid 
support. The tubes were perforated in six places to 
admit platinum leads and acid. The resistance ratio of 
me of these samples passed through a minimum of 
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Fic. 4. The electrical resistance of graphite during oxidation in 
concentrated sulfuric acid, and the a electromotive 
force of the cell Hg| HgeSO,| H2SO,| C,HSO,-2H»SO,. 


0.106, corresponding roughly to 0.007 equivalents of 
oxidation, but increased again beyond this value. 

It was anticipated that natural graphite of large 
crystal size would not distort as badly as fine-grained 
artificial’ graphite. Accordingly, a plate of natural 
graphite (#37) was set in plaster of Paris so that it was 
supported on three sides for reinforcement. The plate 
was about 3 mm wide, 10 mm long, and 0.2 mm thick. 
Platinum wires bent into clamps provided current leads. 
Fine platinum wires were threaded through holes in the 
plate for potential leads. The resistance of this plate is 
shown in Fig. 4. The resistance decreased 50-fold before 
it began to fluctuate. It is reasonable to conclude that 
the resistance would continue to decrease even further 
if more rigid and more perfect samples were available. 

A plate of natural graphite (#119) mounted without 
the plaster of Paris backing was oxidized 0.00286 
equivalents/g atom. Its resistance ratio dropped to 
0.262. On reduction, a residue compound was formed, 
but its exact resistance was uncertain. The resistance 
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Fic. 5. The electrical resistance of graphite bisulfates 
as a function of temperature. 
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Fic. 6. Graphite sample used for Hall coefficient and 
resistance measurements in sulfuric acid. 


kept increasing very slightly, as long as a reducing 
current was passed. The sample was therefore washed in 
running water, and its resistance ratio rose from 0.656 
to 0.762 after three days of washing. Obviously, then, 
the residue compounds of natural graphite are not as 
stable as those formed from artificial graphite, probably 
because the imperfections in natural graphite are not 
very efficient traps. 


The Electrode Potential 


The electrode potentials of artificial and natural 
graphite against a standard mercurous sulfate electrode 
were measured at various oxidation states. Graphite 
itself was sometimes slightly positive and sometimes 
slightly negative but became consistently negative after 
a very small reducing current had passed. The lamellar 
compounds were always strong oxidizing agents and 
produced large potentials against the standard elec- 
trode. During the reduction of lamellar compounds, the 
potential decreased, passed through zero close to the 
end of the reduction and became negative. The residue 
compound itself was always a weaker oxidizing agent 
than the mercurous sulfate electrode. The potentials 
for a sample of artificial and a sample of natural graph- 
ite have been plotted in the upper part of Fig. 4. The 
current efficiency of this oxidation was incidentally not 
always unity because of the gradual disintegration of 
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the material. Detailed measurements of the electrode 
potentials and their temperature coefficients will be 
published later. 


The Temperature Dependence of the Resistance 


A resistance sample was placed in sulfuric acid con- 
taining a few drops of nitric acid as an oxidizing agent 
and the resistance was measured as the sample oxidized. 
The sample was withdrawn periodically, washed with 
sulfuric acid, and, still wet with acid, dipped into liquid 
nitrogen. The resistance was redetermined. The sample 
was next transferred to a dry ice-petroleum ether 
mixture and the resistance remeasured. Finally the 
petroleum ether was washed off with sulfuric acid, the 
sample was reoxidized further, and the above measure- 
ments repeated. The resistances have been plotted in 
Fig. 5 as a function of temperature. The resistance of 
various residue compounds was also determined at 
these temperatures on samples prepared by electrolytic 
oxidation followed by reduction. These samples were 
washed and dried before measurement. The results of 
these measurements are also plotted in Fig. 5. 


TABLE II. The effect of temperature on the electrical 
resistance of a natural graphite bisulfate compound. 








Average tempera- 
ture coefficient 
between —195 








and 25°C 
Relative resistance at AR X108 
Sample ys Se —75°C —195°C ( (AT) (Res) ) 
Unreacted 1 0.896 0.602 +1.8 
Bisulfate 0.756 0.620 0.388 +2.2 


residue compound 








The temperature coefficient of the natural graphite 
sample described previously (#119) was also deter- 
mined, both on the unreacted sample and on its washed 
and dried residue compound. The resultant data are 
shown in Table II. 


The Hall Coefficient 


The resistance and Hall coefficient were measured 
on a sample which was cut and mounted as shown in 
Fig. 6. The current leads were rigid platinum clips, 
while all potential leads consisted of platinum wire. 
Stray potentials, and particularly the Ettingshausen 
potential, were reduced considerably by leaving stubs 
of graphite attached to the sample at the desired points 
and making contact to these stubs. All platinum leads 
were gold soldered to wolfram rods which were sealed 
through a ground glass cap. The whole assembly fitted 
into a flattened glass tube of 1 cm o.d. which was 
mounted between the round pole pieces, 5 cm in diam- 
eter, of an electromagnet. 

The magnet was calibrated between 4 and 15 kilo- 
gauss with a search coil and ballistic galvanometer. The 
Hall measurements were always made at 14 kilogauss 
and a current of two amperes. The field was reversed at 
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least seven times and the average value of the differences 
in the induced potentials was determined. The Hall 
coeficient (Ay) was calculated from the following 
formula : 
(AE)d(10°) 
jp thiamine, 
27H 

where AE is the average potential difference (volts) ; 
dis the thickness of sample (cm) ; J is the current (amp) ; 
H is the magnetic field (gauss) ; and 10° is the conversion 
factor from practical units to emu. To insure that the 
Hall coefficient referred to the same number of carbon 
atoms even after a chemical reaction, any changes in 
the dimensions of the sample during the reaction were 
ignored, and the coefficient was calculated from the 
thickness of the sample before reaction. The precision of 
the measurements was ca +0.005 emu. 

The following experimental procedure was used. A 
sample was immersed completely in concentrated sul- 
furic acid and its properties were measured. It was 
oxidized briefly by a current to a platinum electrode. 
Its properties were then remeasured. Subsequent reduc- 
tion converted it to a residue compound. This cycle of 
oxidation and reduction was repeated so that the sample 
was alternately measured as a lamellar and as a residue 
compound. A separate set of experiments was performed 
in which the sample was oxidized in dilute sulfuric acid 
by a few drops of nitric acid added to the sulfuric acid. 
It was found that little oxidation occurred in 12 molar 
or more dilute acid, but a very small increase in the 
acid concentration near 12 molar changed the final 
oxidation state of graphite considerably. 

The Hall coefficients obtained after chemical or 
electrical oxidation have been plotted in Fig. 7 against 
the corresponding resistance. Two quite distinct curves 
were obtained for the lamellar and the residue com- 
pounds. 


DISCUSSION 





Reaction Mechanisms 


It is probable that the cause for the formation of 
lamellar graphite bisulfates with the bisulfate planes 
occurring with a definite periodicity® is an electrostatic 
phenomenon. A layer plane filled with bisulfate ions 
constitutes such a concentration of charge that, in spite 
of the dielectric action of sulfuric acid, the concentra- 
tion of bisulfate ions at the graphite surface will be low 
hear this plane. Therefore, the next layer of bisulfate 
lons enters as far away as possible, namely, exactly 
midway between planes already filled, thus giving rise 
to the stepwise or periodic reaction. Such a mechanism 
would not apply to those lamellar compounds which 
are not ionic. Most lamellar compounds are formed in 
this stepwise fashion, and it seeems reasonable that such 


lamellar compounds should also be ionic in character. 
eS 


*W. Riidorff, Z. physik. Chem. B45, 42 (1940). 
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That this was found to be true will be shown in sub- 


sequent papers. 

The conversion of lamellar to the corresponding 
residual graphite bisulfate compounds may involve a 
transitory reduction of the bisulfate ions. When Fig. 2 
was discussed earlier, the peculiar delay in the resistance 
increase was mentioned. The lamellar compounds act on 
reduction as if the electrons were at first “stored away” 
without entering the graphite conduction band, but 
electrons can only be “stored away” by reducing the 
bisulfate or sulfuric acid. Later during the reduction 
when the ions and molecules are ejected from the 
graphite they release these electrons to the graphite. 
This mechanism would also explain why the current 
efficiency during reduction is often not unity. If the 
reduced ions escape too rapidly they may fail to return 
some of the “borrowed” electrons to the graphite and 
may, in the presence of even a weak oxidizing agent, 
release the electrons to this agent. It must be empha- 
sized that this mechanism is highly tentative and has 
been postulated only to explain the behavior of the 
resistance during the reduction of lamellar compounds. 

Two alternate explanations are possible to explain 
why a residue compound is formed at all in preference 
to complete expulsion of interstitials. Isolated ions 
may simply be trapped with the graphite planes col- 
lapse. Once trapped, the isolated ions and molecules are 
certainly unable to move because the energy required 
to separate two carbon planes is enormously large, due 
to the number of carbon atoms involved per ion. As an 
alternate explanation of residue compounds, it may be 
postulated that the bisulfate ions and acid molecules in 
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Fic. 7. Hall coefficient of graphite bisulfates as a 
function of oxidation state. 
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Fic. 8. Calculated and experimental resistances and 
Hall coefficients of oxidized graphite. 


a layer plane have also invaded adjacent cracks and 
imperfections. On reduction they are trapped in these 
positions. Evidence in favor of this second view will be 
advanced in subsequent papers. 


Comparison of Compounds 


One of the purposes of this investigation was the 
preparation of graphite containing acceptor impurities. 
Their distribution should be uniform, but statistical, 
to prevent the formation of a superlattice, which would 
change the band structure of the parent compound. 

It is likely that lamellar bisulfates are not ideally 
suited as acceptor impurities. The bisulfate ions are 
concentrated in widely separated layers, where they 
are probably arranged in planar lattices. The residue 
compounds are certainly more dilute and very probably 
more disordered than the lamellar compounds and 
should, therefore, have more nearly the same band 
structure as graphite itself, perhaps differing from it 
only in the effective number of electrons. The experi- 
mental results confirm that either the band structure is 
different for lamellar and residue compounds or that 
the lamellar compounds are not as homogeneous as the 
residue compounds. Either of these explanations could 
account for the large difference in the Hall coefficients 
of the compounds (Fig. 7). 


The Oxidation of Graphite 


The oxidation of graphite has been shown to diminish 
its resistance and change the sign of the Hall coefficient. 
These changes are in agreement with the commonly 
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accepted theory that the electrons in graphite fill one 
conduction band completely except for a small number 
of electrons which are excited into a nearly empty band. 
The excited electrons and the “missing electrons” in 
the lower band constitute the current carriers. Removal 
of electrons by oxidation increases the number of un- 
paired electrons in the lower band but decreases the 
number of excited electrons in the upper band by a 
smaller amount. Therefore, the net number of current 
carriers increases, and the resistance decreases. Since the 
carriers are predominantly in the lower band, the Hall 
coefficient is positive. The number of positive carriers 
depends only slightly on temperature and therefore the 
temperature coefficient of resistivity becomes small 
and even changes sign, because eventually the tempera- 
ture fluctuations of the lattice increase the resistances 
more than the temperature excitation of electrons into 
the empty band can compensate for. The temperature 
coefficient of natural graphite is already positive,’ 
because of the smaller number of permanent scattering 
centers,” and increases further on oxidation. 

A quantitative comparison of the experimental 
results with Wallace’s? band theory of graphite was 
attempted. For the purpose of this comparison it was 
assumed that the intercalation of ions and molecules 
into graphite reduces the number of electrons in the 
graphite lattice without distorting the electron bands 
and without increasing the effective number of scatter- 
ing centers appreciably. Furthermore, it was assumed 
that the distribution of electrons in the graphite 
lattice is uniform on a microscopic scale and does not 
change in the vicinity of an intercalated negative ion 
layer. 

With these restricting assumptions the resistance 
and Hall coefficient of oxidized graphite were calculated. 
Wallace has derived equations for the energy and con- 
ductivity of electrons both in a two-dimensional and a 
three-dimensional model of graphite. The calculations 
have been extended to a two-dimensional model of 
oxidized graphite only. 

The following symbols have been used by Wallace: 
E, is the energy at the corners of the Brillouin zone, £ 
E is the energy of an electron, yo is an exchange 
energy of magnitude 0.9 ev, fo is the Fermi distribution, 
N(E)dE/N, is the density per atom of electronic 
energy states between E and E+dE, do is a surface 
element in the surface of constant energy, p is the 
resistivity, 1/7 is the probability per unit time of 
scattering an electron wave, a and c are fundamental 
lattice displacements in graphite. We define the addi- 
tional terms: m is the number of electrons per atom 
removed from the graphite lattice by oxidation, A is 
the difference between Fermi energy and E,, and Az 
is the Hall coefficient. 

The Fermi energy of electrons coincides in graphite 
with the energy at the corners of the Brillouin zon¢. 


6D, E. Roberts, Phil. Mag. 26, 159 (1913), 
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Oxidation, i.e., removal of m electrons, lowers the 
Fermi energy by an amount A, which is a function of 
the number of electrons removed and of the tempera- 
ture. This relation between A and m can be calculated 
by equating the number of empty states created (m/2) 
to the total number of states available before oxidation 
minus the available electrons after oxidation: 


i — -. . ~ = seat 


Ec 


m= f (E.— E)dE 


E.—E 


. 1+ e(2—Fet4) /kT 








RT? x 
2.2m=$A?+ 


—2h?T2(e-A/kT — 1g 2A/kT 4 Le3A/kT_...), 


From this equation, A in units of ev can be computed 
at a given temperature for various values of m. 

For a given value of A, the resistivity can be calcu- 
lated from Wallace’s equation (3.12): 
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8re?r 
(A—2kT In[1+e4/*7}). 
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The resistance relative to unoxidized graphite at a 
given temperature is then 


R/Ry= —2kT In2/(A—2kT In[1+e4/*7)). 


The Hall coefficient was calculated from the equations :7 
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493, Jones and C. Zener, Proc. Roy. Soc. (London) A145, 269 
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Substitution of Wallace’s relations 
E.—E=+v3r7y0a| (ke—k)| 
E—E,=V3rvy0a\| (k—k-) | 


results in 


for E<E, 
for E>E, 


(1=2fo)e(c/2)? 
r(A+2kT In[1+e-4/#?])? 





1 
Ay=——(V3ry0a)* 
2ec 


This must be multiplied by (3 10") to convert to emu. 

Calculated and experimental values of the Hall 
coefficient at room temperature and of the resistance 
at three temperatures have been plotted in Fig. 8 
against the oxidation level m. The resistances have 
been plotted as R/R,, where R; is the resistance of 
unoxidized graphite at the temperature stated. The 
experimental values were obtained from Figs. 1 and 5. 

Comparison of the calculated and the measured 
resistances shows fairly good agreement at room tem- 
perature, but progressively larger deviations at lower 
temperatures. The calculated Hall coefficient differs 
considerably from the experimental one obtained for 
the residue compounds. They differ, however, by a 
nearly constant value of m, as if a certain fraction of the 
positive carriers behaved in reality as negative carriers. 

Qualitatively, the calculated values agree with the 
general trend of the electrical properties of graphite 
observed during oxidation, but quantitatively, the 
measured and calculated properties differ considerably. 
The difference may be due in part to the choice of the 
two-dimensional model of graphite for these calcula- 
tions. However, the assumptions which were made 
earlier about the nature of oxidized graphite may also 
be inadequate. These assumptions will be tested in 
subsequent papers which deal with the effects of other 
acceptor impurities, and of donor impurities, on 
graphite. 
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The radial wave equation for two particles with a Lennard-Jones relative potential energy, in the re- 


duced form, —(Ry)’+2507(R-2— R*)Ry=— Ry, has been examined for discrete eigenvalues by both 
variation and perturbation theory. The largest eigenvalue, Xo (corresponding to the lowest energy level), 
has been followed, as a function of 6, until it disappears into the positive energy continuum. A short table of 


Xo and A; has been computed. 








INTRODUCTION 


HE Lennard-Jones potential has frequently been 
used to represent the intermolecular potential 
energy of two atoms of helium or of some other inert 
gas. From the solutions of the resulting wave equation 
various interesting quantities such as the collision cross 
section and the second virial coefficient of the gas may 
be calculated. In such calculations the presence or 
absence of discrete energy levels, in addition to the 
usual positive continuum of energy, can be of consider- 
able importance. As a consequence of the rapid ap- 
proach to zero of the Lennard-Jones potential with 
increase of the intermolecular distance, there can be 
only a finite number of discrete energy levels. For a 
sufficiently shallow potential or a sufficiently small 
reduced mass, discrete levels may be absent entirely. 
There seems to be general agreement that a pair of 
normal He‘ atoms possess at most one discrete energy 
level. Opinion is divided, however, as to whether there 
is a single level very close to zero or no discrete level at 
all. Beth and Uhlenbeck! feel that the behavior of the 
second virial coefficient of He* at about 3°K indicates 
the presence of a discrete energy level near zero. De- 
Boer and Michels? think it is probable that no discrete 
level exists. Kahn* agrees with Beth and Uhlenbeck. 
Such a low-lying level would imply a very weakly 
bonded He: molecule. This hypothetical molecule is not 
to be confused with the moderately stable He2 molecule 
formed from one excited and one normal helium atom. 
This uncertainty led us to study the general problem 
of the location of the discrete energy levels associated 
with the Lennard-Jones potential. Unfortunately, we 
have found that the question of the presence or absence 
of a discrete level in He cannot be answered on the 
basis of the available experimental data. The two Len- 
nard-Jones parameters for He are not known with 
sufficient accuracy to distinguish between the two 
choices. Indeed, He is so close to the dividing line, 
according to the Lennard-Jones potential, that the 
actual potential of interaction of the two real atoms 
would have to be determined to a very high accuracy in 
order that a choice could be made with certainty. 


1E. Beth and G. E. Uhlenbeck, Physica 4, 915 (1937). 
2 J. de Boer and A. Michels, Physica, 6, 409 (1939). 
3B. Kahn, thesis, Utrecht (1938). 
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SOLUTION OF WAVE EQUATION 


The radial wave equation for the system consisting 
of two point mass atoms with relative potential energy 


V(r) =4e[ (r/c)-"— (r/0)-*] is 
he Pry (U+A)he 
Ine dr* | 


where y is the radial factor of the complete wave func- 
tion and m is the reduced mass of the system. By means 


of the substitutions 
r=o0R (2) 


N= —2meE/h? (3) 
256? = 8e0?m/h? (4) 
one obtains the reduced equation 


—(RY)" ++ )R* 
+250°(R-Y—R-) JRY=—NRy. (5) 


We have considered only the case /=0 since, except 
for large values of b, there are no discrete levels if />0. 
Our problem then is to examine the equation 


—(Ryp)"+25e(RP—R*)RY=—WRY (6) 


for discrete eigenvalues, i.e., discrete positive values of 
\*. We are particularly interested in determining how 
Xo varies with b in the region where Xo is very small. 
Since the terms in R~® and R-® make the equation 
quite intractable to an analytic solution, we have em- 
ployed variation in the region of small 6, perturbation 
in the region of large b, and both techniques in the inter- 
mediate range. 





+1) (W=En, (1) 


2mr? 


Variation 


The expression 2C,R" exp(—aR—b’R™) is a reason- 
able form for a trial variation function. This function 
satisfies the boundary conditions for Ry but does not 
become small fast enough as R approaches zero. The 
elements of the resulting secular equation can readily 
be evaluated in terms of certain bessel functions (K»): 
A few trial calculations indicated that this form would 
not give good results without the use of a secular equa 
tion of high degree. 

The limiting behavior of Ry, both for very larg? 
and very small values of R led us to adopt the varie 
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tion function g= ZCragn, where 
¢gn= R" exp(—aR—5bR), (7) 


and a is an estimated value for \. This form, with only 
two or three terms, results in good values for Xo, even 
with a rather poor choice for a. 

The elements of the secular equation, | Hmn+d?Amn| 
=(), are given by the expressions 


Hn = BU Sr++) (q2— 5/248) U min(X) 
+ BUam™+™5/4(m-+n)B 
—a(m+n)+6a ]U msn—1(x) 
+ Bt/Smt2—DT (m— 3) (n—3)—6 ]U msn—2(x), (8) 


Amn= BED Uns n(2), (9) 
where 

B=2b, x=2ap"'5, 
and 


Usha f ” Reexp(—xR-R*)dR. (10) 


Neither U,(«) nor any other function from which 
U,(«) can be derived has been tabulated. U,(x) is a 
particular case of the more general function 


Warls)= fo t” exp(—at—t-2)dt. (11) 


W,? is a sort of generalized bessel function. It satisfies 
the differential equation 


dtHy 4 
x: 


dow 8 


+ (nt+q+1)——+(—1)%9qW,2=0 (12) 


dx@tt dx? 








and the recursion relation 
¢W ng1?=(n+1)W i+ QW ng. (13) 


Faxén‘ has discussed in considerable detail the proper- 
ties of a function closely related to W,.%. His equations 
reduce to the expression 


1 
W (x) =-(P, 4+ Py)+P2+ Pr’, (14) 
q 
where 
: (-1)" 
Ard [Ste + +1 positive integer | 5! 


“Tt — 








oa) 
* 45) 


@ —1 r+s 


P/=> [Pett 1=r+t=pos. int. | «*[y(r+1)—Inx], 


=0 ris! 
(16) 
—— 


‘Hilding Faxén, Arkiv for Math., Astr., och Fysik 15, 1 (1920). 
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(—1)° 





oo 
P.=>, [sgq—n# pos. int.] 
o=0 s! 


xsa-"-IT'(—sqg+n+1), (17) 
a) —1 r+s 

P,’=>" [sgq-—n=r+1=pos. int.] 

s=0 ris! 





xe" (r-+1)—Inx], 
(18) 


and y¥(r)=I"(r)/T(r), the usual psi function. This 
series is absolutely convergent for all values of m, g, and 
x. However, for U,(x)=W,,5(x), the labor of summation 
becomes prohibitive for x> 2. 

The series of Eq. (14), together with the recursion 
relation of Eq. (13), was used to tabulate U,,(x) to seven 
significant figures, at numerous selected values of x 
between zero and 1.88 and for each order (m) between 
—15 and 4, inclusive. 

In order to calculate U,(x) for large values of x, 
we derived an asymptotic series by the method of 
steepest descent: 


Un(x)~ ah(S/y) Ort? exp(—6/5(5)"/*y) 


3 
x { a Oy '*+O(y)}, (19) 
where 
y= 5/6 
Qo=1 


55/6 
=——(12n?-4+72n-+-77) 
C0 








5 10/6 
Q2.=—— (1444+ 2496n°+ 12,5040? 
1,036,800 
+16,272n—3311) 
515/6 
Qs (8640n®-+ 293,760n*+ 3,380,400n! 


~ 11,197,440,000 
+ 14,525,920n?-+-9,784,980n?— 43,985,160” 
— 25,592,567). 


This expression was used for «> 32. 

In the early stages of this investigation a considerable 
amount of exploratory work was necessary in order to 
determine first, an approximate value of \» for a given 
value of 6, and second, the best values of 7 to use in the 
variation function. 

Since preliminary calculations showed that \,? is 
small but definitely positive for b=1, we decided to 
explore this case thoroughly. 

Table I shows how a and A * (the largest root of the 
secular equation and a Jower limit for \o) vary with x 
when the simple one-term variation function ¢o is used. 
For computational simplicity, x rather than a was 
selected as the independent variable. The maximum 
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TABLE I. Values of Ao* resulting from the use of a one-term 
variation function go=exp(—aR—bR-5) with b=1. 











x a do* 
0.10 0.0435 0.0739 
0.12 0.0522 0.0759 
0.13 0.0566 0.0761 
0.15 0.0653 0.0754 
0.16 0.0696 0.0744 
0.17 0.0740 0.0729 
0.18 0.0784 0.0709 
0.20 0.0871 0.0653 
0.22 0.0958 0.0569 
0.26 0.1132 0.0206 ° 
0.50 0.2176 imag. 








value of \o* is well below our best value for A» (0.114) 
and the agreement between a and A * at this maximum 
is not good. However, gp is the best one-term variation 
function of the form ¢p, since any value of m other than 
zero gives an imaginary o*. Table II shows how Ao* 
varies with the number of terms in the variation function 


=> C,R" exp(—aR—bR-), (20) 


and with the values of a and m that are used, again for 
the case b=1. In the left half of Table II, a2=0.07835 
and in the right half, a=0.11317. Since \»=0.114 at 
b=1, the former choice is a poor approximation for Ao 
and the latter choice a very good approximation. How- 
ever, even in the case of the poor choice of a, the best 
Xo* obtained differs from Xo by only a few percent. 

Very poor results are obtained with a variation func- 
tion that does not contain gp. Addition of terms with n 
positive does not improve A * very much. Small nega- 
tive values of m are quite useful. The best two term 
function is Cogo+C_2¢_2. The addition of more terms, 
with ” positive or negative, effects little improvement 
in Ao*. 

With the value of Ao at b=1 as a starting point, 
was slowly decreased until at b=0.9460, Ao is just equal 
to zero. This critical value of b was determined in two 
ways, (1) by extrapolation of the values of Xp at b= 1.0, 


TABLE II. Values of \o* resulting from the use of various one-, 
two-, three-, and four-term linear variation functions of the form 
LnCngn Where yn =R" exp(—aR—bR-), with b=1. 

















x =0.18, a =0.07835 x =0.26, a =0.11317 
n do® n do*¥ 
0 0.0709 0 0.0206 
0, +1 0.0773 0, —1 0.1098 
0, +2 0.0716 0, —2 0.1131 
0, —3 0.1114 
0, -1 0.1018 0, —4 0.1066 
0, —2 0.1070 
0, -—3 0.1081 0, +1, —3 0.1116 
0, —4 0.1064 0, —1, —2 0.1132 
0, —1, —3 0.1127 
—1, -—2 imag. 
0, -—2, —3 0.1131 
0, -—1, —2 0.1099 0, —2, —4 0.1131 
0, —1, —2, —3 0.1134 
0, —2, —3, —4 0.1135 
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0.98, 0.97, 0.96, and 0.95, (2) by solving a third degree 
secular equation whose terms were evaluated from the 
limiting form of the U(x) function as Xo (and therefore 
x) approaches zero. 

It is interesting to compare this critical value of } 
with the value of 5 for two normal He‘ atoms. De Boer 
and Michels? give h?/meo?=7.05. This factor corre- 
sponds to b=0.9466, with an uncertainty of at least 
0.001. The question of the presence of a discrete energy 
level for He‘ is therefore unresolved. Our value of } 
at the vanishing point of Xo, 0.9460, is certainly an 
upper limit for this quantity and is probably correct 
to within 0.0002. A generous estimate, then, is that 
Ao <0.002 for two ground-state He* atoms, assuming a 
Lennard-Jones potential of interaction and de Boer’s 
values for « and oc. This limit corresponds to a binding 
energy of less than 1.4 10~* cal/mole, which is striking 


TABLE III. Xo and Ay, from variation and from perturbation, 
as a function of b. 














b do(var.) do(pert.) Xi(var.) X1(pert.) 
0.9460 0.0000 
0.95 0.0086 
0.96 0.0294 
0.97 0.0504 
0.98 0.0716 
1.0 0.114 0.316 
1.1 0.331 0.422 
1.2 0.555 0.603 
ia 0.785 0.814 
ye 3.680 
5 9.87 9.876 4.03 5.30 
6 12.368 7.62 
7 14.84 14.862 10.09 10.013 
8 17.358 12.436 
9 19.854 14.879 
10 22.353 22.351 17.335 
15 34.843 34.843 29.77 29.710 
20 47.339 42.151 
25 59.837 54.616 
67.093 


30 72.335 











in comparison to the depth of the potential minimum, 
20 cal/mole. It is a very curious coincidence that the dis- 
crete energy level of this system, if it exists at all, is so 
close to vanishing into the positive continuum of energy. 

The independent variable x of the function U,() 
increases rapidly with b. At b=1.3, x is about 1.88, 
and it was not practicable to use the convergent series 
for U,(x) beyond this point. On the other hand, the 
asymptotic series for U,(x) is not sufficiently accurate 
for x less than about 32, corresponding to b=5. There's 
a gap, therefore, in our values for Xo in this intermediate 
region. However this omission is not serious, since \s 
turns out to be very nearly linear in 0. 

The second column of Table III gives a summary o 
our best values for \» as determined by variation. In 
the region of small b, four-term variation functions wert 
necessary to assure constancy in the last figure of 
quoted. For 6 in the neighborhood of 7 or greater, ¢ 
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alone as a variation function gives very nearly as good 
results as a multi-term expression. 

The fourth column of Table III gives three values 
for i, the last two of which were determined 
with a variation function of the form g=C1¢g(d, ao) 
+C29-2(b, ao) +Cs¢o(b, a1) +Cs¢1(b, a1), where ao and 
a; are estimates for A» and Ax. A secular equation of 
prohibitively high degree would be necessary in order 
to attain the same accuracy for \; as we were able to 
achieve for Ao. We were not able to determine the value 
of b for which \, vanishes. 


Perturbation 


The energy levels of the anharmonic oscillator with 
the wave equation 


h? dy ~ . 
—— —+- (Apt 2r?mvee+>d Aywx')~=Ey (21) 
2m dx? i=3 
are given by perturbation theory in the form 
E,=Aot(n+3)hvot+ LA BPP 
A,A ,pitar 
ns JPEG 
hyo 
A,A,A,Betith 2 
_Piik 
(Avo)? 
A,A jA 4A Bt etd 2 
(hvo)* 





yt ® 


mp De ® 





Piitl4.-+, (22) 


where B=h/4army and the P’s are certain polynomials 
in x. On substituting «= (26y7)*s, one obtains the re- 
duced equation 


—W" +P (Cot P+CoF+Cat+ ---)=Ay. (23) 


If the C;’s are pure numbers, as they are for the reduced 
Lennard-Jones potential (Eq. (6)), the terms of A, 
should be arranged as a descending power series in y: 


C4 C? 
Se= Cor Ont tr (—P——ps ) 
4 16 


GC. Ch. Ch 
+|—pr—— pupae 
: 2 32 


CPC, C34 


3 
+—_( P34. P3434. pss -— pm —I14.0(y-*), (24 
a, ) a (y~), (24) 


where 


P*=6n?+6n+3 

P® = 30n?+30n+ 11 

P®= 20n'+ 30n?+40n+-15 

P*= 68n'+ 102n?+ 118n+ 42 

P+ P= 280n'+ 420n?+ 400n-+ 130 

P+ P3284 P43 = 1800n*+ 2700n?+ 2268n-+- 684 
P33 = 2820n?+-4230n?+-3270n+- 930. 


When the reduced Lennard-Jones potential is ex- 
panded about its minimum in the form 


V=250(RY—R*]= > 7’C(AR)‘, (25) 


the coefficient of (AR)‘ in the ascending power series is 


ree CH) CYL 


The coefficient C2 is unity in accordance with the con- 
vention of Eq. (23). 

We can now employ Eqs. (24) and (26) to obtain the 
eigenvalues of Eq. (6): 


—)2= —6.25 B+13.363 481 (2n+1) b 
+ (6.134 643 P*— 2.430 708 P*) 
+[1.874 488 P*— 1.408 086 P# 
— 1.106 819 (P+ P%) 
+0.557 921 (P44 P%s4 pss) 
~0.221 063 P**] 54-0 (6-2). (27) 


For the two most interesting cases n=0 and n=1, we 
have 


Ao? = 6.25 b?— 13.363 481 b 
+ 8.333 859—1.120 612 b-! (28) 


A2=6.25 b?—40.090 433 b 
+ 80.560 623—41.434 03 b-. (29) 


A few values of Xo and A; obtained from Eqs. (28) and 
(29) are given in Table III. The accuracy of these two 
equations is shown by the agreement with the variation 
results at b=7, 10, and 15. The agreement for Xo per- 
sists at least as low as b=5. The value of A; by varia- 
tion at b=5 is probably quite low, since the root A1:= 4.03 
was determined as a by-product of a variational equa- 
tion designed to give Ao accurately. 
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A series of approximations, which achieve a considerable simplification in molecular orbital calculations, 


is discussed. The method is to replace some of the more complex integrals in some cases by an “overlap 
average” of simpler integrals; in other cases to use a “central field” approximation. The effective charge of 
the central field point source is calculated by application of Gauss’ theorem. These approximations are ap- 


plied to diatomic lithium hydride. 









N_ of the chief difficulties in the application of 

quantum mechanics to chemical problems is in 
the evaluation of the integrals representing the energy 
arising from the interelectronic repulsions. 

The purpose of this paper is to discuss, extend, and 
estimate the accuracy of a series of approximations 
applied here to the LCAO molecular orbital method 
which achieve a considerable simplification in the calcu- 
lation of numerical values for these “repulsive in- 
tegrals.’”’ In connection with this purpose, we have found 
it necessary to discuss the theory of the “central field” 
approximation, replacement of an electric field of several 
sources by a field from a single source. 

The more difficult of these “repulsive integrals” have 
the form 





f —e 


drudrs= f ab/a, (1) 
Ri 





f | pe ~.. fos Jab, (2) 


where ¢q and g, are hydrogenic! or Slater-like® atomic 
orbitals. Ry: is the distance between electrons 1 and 2 
and dr; and dr; are the volume elements over which the 
integration is performed. 

The integrals of these types which are discussed in 
this paper arise from two sources; the interaction of K 
shell electrons with bonding electrons; and the inter- 
action of the bonding electrons with one another. 

Since the eigenfunctions of the K shell electrons are 
spherically symmetric with respect to the nucleus, the 
potential arising from the system of a nucleus and its 
K shell electrons should, to a high degree of accuracy, 
be represented as originating from a single point source 
coincident with the nucleus. In the first section, the 
determination of the charge of this point source and the 
accuracy of this “central field” approximation is dis- 
cussed, with emphasis on diatomic lithium hydride. 

The two nonbonding electrons in this molecule are 
assigned to lithium 1s orbitals. If we use the customary 
linear combination of atomic orbitals for the bond 


1L. Pauling and E. Wilson, /ntroduction to Quantum Mechanics 
(McGraw-Hill Book Company, Inc., New York, 1935), p. 132. 
2J. C. Slater, Phys. Rev. 36, 57 (1930). 
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eigenfunction: 


v =dgat b Yb (3) 
a?-+-2abs+B=1 (4) 


= f eaesdr 


The interaction of bonding electrons, having eigen- 
functions like those of Eq. (3), has been discussed by 
Mulliken,’ and for the heteropolar diatomic case, the 
interaction energy, the energy arising from interelec- 
tronic repulsion, is: 


Bema? f usaa+2ab f usad+0* f ub, (5) 


fmco=4(t —Q)Faat3(1+Q)J ar (6) 


where: 


where 


f u,ab3(1—(Q) f aa/ab+3(1+Q) f bb/ab (7) 


J 1b0~40+-Q)Jut40-O)s, (8) 


¢a and g, being atomic orbitals. 


Q=0—a" ) 
a(1) Ga7(2 
Jum f [* \ asah, iii (10) 
Ry 
2(1) @,?(2 
wi dah mn (11) 
Ry 
a2(1) g?(2 
sae f aes (12) 
Rie 


Because Jaa, Jo, and Jap are much more easily evalu- 
ated than the other integrals, and can be reduced to 
algebraic functions, it is advantageous to introduce the 


3R. S. Mulliken, J. Chim. Phys. 46, 497 (1949), Eqs. (104)- 
106). 
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approximations* 


f ea/abes/2{ex+Sa (13) 


f eb/ates/24 Fat Ju ; (14) 
The accuracy of these ‘‘overlap average” approxima- 
tions for the energy arising from the interaction of 
bonding electrons is considered in detail in Sec. II. 
Finally in Sec. III the bond energy and charge distri- 
bution of diatomic lithium hydride are calculated, using 
the previously considered approximations. 
The atomic orbitals in formula (3) are, for the lithium 


2s electron 
Z25 \3 
Ya= (~) exp— (Zora/2)ra, 
9 


Or 


(15) 


for the hydrogen 1s electron 


1 
Yo= ——n, 
1? 


for the lithium 1s electron 


Zi3 
gi= j exp— (Zia), 
Tv 


all expressed in atomic units. 


I. CENTRAL FIELD AND THE K-SHELL ELECTRONS 


To the extent that the K-shell electrons are not 
polarized by the adjacent atom, the charge distribution 
of the innermost shell is spherically symmetric. Since 
Coulomb’s law is valid for atomic and molecular dimen- 
sions, it seems safe to assume the validity of Gauss’s 
theorem, 


f E.dS=4n9, (18) 
Ss 


where E is the electric field intensity, dS, the surface 
element of integration and gq, the net charge within the 
surface S. 
For a spherical charge distribution, integrating over a 
sphere of radius r 
4nrr’E=4nq, (19) 


V=q/r. (20) 


Now, the average net charge, g, within a sphere of 
tadius r centered on the nucleus is the difference between 
the nuclear charge, Zn, and the average number of 
electrons enclosed by the sphere. Our effective nuclear 
charge, Z., for the system of a nucleus and its K-shell 
es 


* These approximations are suggested by Eq. (63) of Mulliken, 
teference 3, 


electrons is, at r units from the nucleus, 


(21) 


Z.=Zn—2 f yr'dr, 
0 


where ¢; is the eigenfunction of the K-shell electrons. 
For the diatomic lithium hydride molecule, 


Z.=3-—2 f gidr 
0 


, - ( 2 re Zr 
nu = 
"1 (22Z,)3 


2re241" e418 


2Z, (22, (22,)° 





|: (22) 


The average distance of the lithium 2s electron from 
the nucleus is 


r= f esradr=5/2s a.u. (23) 

The effective charge, Z;, of the lithium 1s electrons 
can be assigned as 2.688 by a variational treatment of 
the lithium atom.‘ 

If (23) is substituted into (22), it is seen that Z, is 
very close to one atomic unit of charge. 

This charge for the single point source, replacing the 
nucleus and K-shell electrons, can be verified in a more 
complicated but direct way. 

The average value of Z, for the lithium 2s electron is 


Z.= J eaZeeair (24) 


where Z, is given by Eq. (22). 
Integrating, we have 


e 


4! ( 302252 2° 

6 \(Z2+2Z;)? 

5(Z25Z) Z.5 
+ 

(Z2+2Z1)° 2(Z2+Z1)° 





)- 1.0076. (25) 


Since, as a result of the calculations in Sec. IV, it is 
found that 66 percent of the charge of the bonding 
electrons is on the hydrogen atom (8? in Eq. (3) is 
0.66) it is important that the effect of using a Z, of 1.00 
on these electrons be discussed. It is more convenient in 
this case to make a comparison of energies. 

Let H® be the complete and exact hamiltonian for 
the two bonding electrons. 


$ § 
H® = —3(V2+ V2) -—-— 
Ra Rae 
1 1 1 3 2 2 
—~—~—+4—-+—+4—+ 
Ry Ree Re Ro Rea 


4V. Guillemin and C. Zener, Z. Physik 61, 199 (1930). 
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TABLE I. Validity of the approximations for faa/ab and /bb/ab. 











Saa/ab JS bb/ab 
2: Approx. Integration Approx. Integration 
1.00 0.0899 0.0799 0.1806 0.1882 
LZ 0.1171 0.1136 0.2051 0.2161 
1.50 0.1414 0.1357 0.2203 0.2277 
1.75 0.1547 0.1493 0.2210 0.2291 
2.00 0.1647 0.1572 0.2171 0.2225 
2.30 0.1688 0.1584 0.2046 0.2057 








where the subscripts 1 and 2 refer to the electrons, 
subscript a@ to the lithium nucleus; 6 to the hydrogen 
nucleus; & to the lithium 1s electrons and R,, is the 
distance between nuclei. 

Similarly, for our central field approximation, the 
hamiltonian is 


H®%=— 3(Ve+ V2") 


1 1 1 1 1 1 
- +—+—: (27) 
Ra Raz Ro Roe Ri Rap 





The total energy for the systems described by these 
hamiltonians are 


EO = J YHYdr (28) 


E®= J YHOvdr. (29) 
On integration it is found that 
J ¥0tt® exdr=0.9910 f eH gute (30) 


It is estimated that, because of this discrepancy, the 
approximation which we have introduced will cause a 
3 percent increase in bond energy over that obtained 
by direct integration. 

Several comments can be made on the equations of 
this section. 

We can use the preceding equations to find the ac- 
curacy of assigning an effective nuclear charge of Z,—2 
to the point source representing the K-shell electrons 
and the nucleus to which they belong. This is, of course, 
equivalent to a field in which the two electrons and 
nucleus are confident. 

For example, to digress for a moment the average 
effective nuclear charge for the carbon 2s electrons in 
the free atom is, by a method exactly analogous to that 
previously used, 


4!/ 30Z.5Z;° 
Z.=44+— espera waa pmuananaal 
6 \(Z2+2Z,)' 
5Z2°Z; Z. 
wilt 


1 F 31 
(Z2+2Z,)® ws) ™ 
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The eigenfunctions for carbon 1s and 2s electrons 
have the same functional form as given in Eqs. (15) and 
(17) except that Z; and Z: are considerably higher. 

A variational treatment of the C* ion gives a Z; of 
5.688 and it is found that a simultaneous variation of 
Z, and Zz changes the value but slightly. The inde- 
pendence of Z; from the presence of surrounding elec- 
trons is, in fact, the basis of Slater’s rule? that “the 
shielding constant, s, is formed, for any group of 
electrons, from the following contributions: 

(a) Nothing from any shell outside the one con- 
sidered. . . .” 

As a first approximation, let Z2 be 4.00. The value of 
the average effective nuclear charge is, from Eq. (31), 
4.053. This provides some justification of the use of 
4.00 by Goeppert-Mayer and Sklar.® 

For atoms possessing a greater number of outer shell 
electrons, it is probably better to calculate an explicit 
value. 


II. THE REPULISVE FIELD OF THE BONDING 
ELECTRONS 


The approximations which Mulliken* has suggested 
for the interaction energy of the two bonding electrons 
in heteropolar diatomic molecules have already been 
given in Eqs. (5) to (8). Additional approximations 
are introduced in Eqs. (13) and (14) for faa/ab and 
JS bb/ab (compare Eq. (2)). 

These approximations are applied in this section to 
diatomic lithium hydride, and tabular comparisons are 
made of the values of the integrals obtained by the 
various approximations and by direct integration. The 
values of the integrals are obtained from the tables of 
Kotani, Amemiya, and Simose,® Kotani and Amemiya,’ 
or were evaluated by the authors. 

This is the first application of the approximations 
suggested by Mulliken to a molecular orbital which isa 
linear combination of 1s and 2s atomic orbitals. 

Table I gives the values for f'aa/ab and fbb/ab 
obtained by the approximations, 


f aa/ab=s/2(JaatJ ab) 
and 


f eo/atees/2 T+ Sur). 


The errors which result are, in some cases, of appre- 
ciable magnitude. In Table II, where the validity of the 
approximations for f-u,aa, fu,ab, and f-u,bb are con- 
sidered, it appears that there is, to some extent, 4 
cancellation of errors. In the calculations of Table IJ, 


( 5 M. Goeppert-Mayer and A. L. Sklar, J. Chem. Phys. 14, 259 
1942). 

6 Kotani, Amemiya, and Simose, Proc. Phys.-Math. Soc. Japan 
22, 20, Extra Number (1938). 

7M. Kotaniand A. Amemiya, Proc. Phys.-Math. Soc. Japan 22, 
Extra Number (1940). 
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the coefficients of the atomic orbitals, in the molecular 
orbital given by Eq. (7), are taken equal; a is equal to b. 
In this way, a more typical comparison is made than 
those which follow for the specific case of lithium 
hydride. 

In Table III, Z: is assigned a value of 1.00 and the 
quantity R is a’/b*, the ratio of the squares of the 
coefficients of the atomic orbitals. The worst error is 
about 5 percent of the bond energy, and this occurs for 
a highly ionic bond. The cause is not difficult to ascer- 
tain. Any process which depends on some sort of average 
of two quantities to obtain the value of a third, as this 
method repeatedly does, is more and more susceptible 
to error, the more different in magnitude the first two 
quantities are. 

An enormous advantage of the preceding approxima- 
tions is that it reduces the calculation of the energy 
arising from the repulsion of the two bonding electrons 
to a function of Jaa, Jos, and Jap. Jaa and Jy can be 
evaluated by direct integration in spherical coordinates, 
and this integration, while sometimes tedious, is quite 
straightforward. J, is evaluated by a method described 
in the article by Kotani, Amemiya, and Simose,® and 
reduces to a function of A,(a@)’s and B,,(8)’s where 


As(a)= f e~™\"dn, (32) 
1 


(33) 


+1 
B,,(8)= ; e Feud, 
off 


\ and u being the elliptic coordinates. A,(a) and B,,() 
are in turn easily calculated by the recursion formulas, 


A ,(a)=1/a{e~*+-nA n_-1(a)} (34) 
Bm(8)=1/8{(—1)™e®’—e-*+ mBn«(B)}. (35) 


For example, Js for diatomic lithium hydride is® 
1 
Jam oR (A3' Bo’ +3A1/ Bo’ +3A2'By'+Ao'B;’) 
—(A3Bo+3A1B2+3A 2Bi+ ABs) 
R 

—a0e 4By—2A1B3;+2A3Bi—AoB)} (36) 
R is the internuclear distance. 

6= Z2/2, 


A»’=A,(6R), 
By’ = B,,(6R), 


Am=Am((5+1)R), 
Bn= Bm((5—1)R). 


While the integration of J.» is quite tedious, it is not 
nearly as difficult as the remaining integrals, and the 
application of the approximations previously consid- 
ered effect a tremendous reduction in labor. 
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TABLE II. Validity of the approximations for fu,aa, f-u,ab, and 
JS u.bb with equal atomic orbital coefficients. 








Z: 1.50 1.75 
0.2896 0.3184 


0.2856 0.3147 
0.1808 0.1879 
0.1887 
0.4512 
0.4563 


2.00 
0.3493 


0.3438 
0.1910 
0.1932 





Approx. 
Susaa ; 
Integration 


Approx. 


S uzab 
Integration 0.1933 
0.4549 


0.4602 


Approx. 0.4607 
S usdbb 


Integration 0.4636 








III. THE DIATOMIC LITHIUM HYDRIDE MOLECULE 


Using the approximations previously considered, a 
calculation of the binding energy and charge distribu- 
tion of diatomic lithium hydride was made, using the 
hamiltonian of Eq. (27). 

The effective charges, Z2 of the lithium atomic 
orbital and Z, of the hydrogen atomic orbital, were 
taken as 1.00. The coefficients, a and}, of the atomic 
orbitals in the molecular orbital were obtained by graph- 
ical variation. The internuclear distance observed by 
Nakamura® (1.6A) was used. 

The calculated binding energy was 1.855 electron- 
volts in comparison with the experimental value of 
2.56 ev.® The calculated value is 72.5 percent of the 
experimental binding energy and 82.3 percent of that 
obtained by Knipp,’ using a very complicated eigen- 
function, in the best quantum-mechanical calculation. 

Binding energy, in the sense that we have used the 
term, is the difference between the total energy of the 
two bonding electrons, including the energy of repul- 
sion of the lithium and hydrogen cores, and the total 
energy of a lithium 2s and a hydrogen 1s electron. The 
energy of the lithium 2s electron and the hydrogen 1s 
electron are assigned values corresponding to the first 


TABLE III. The repulsive energy from 
approximation and integration. 








R 1 4 
0.0740 0.0319 


0.0709 0.0310 
0.0948 0.0927 
0.0961 0.0905 
0.1485 0.3056 
0.1497 
0.3173 
0.3167 





Approx. 
a fu, aa 
Integration 


Approx. 
2ab fu,ab 
Integration 


Approx. 
BP fusbb 

Integration 0.3084 
Approx. 0.4303 
Total 


Integration 0.4298 








8 G. Nakamura, Z. Physik 59, 218 (1930). 


® J. Knipp, J. Chem. Phys. 4, 300 (1936). 
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ionization potentials of the lithium and hydrogen atoms 
respectively. 

In the case of the lithium 2s electron, this is probably 
a quite accurate estimate of total energy, since the en- 
ergy of the K shell is almost unaffected by the presence 
or absence of L shell electrons. For the hydrogen 1s 
electron, the ionization potential is, of course, equal to 
the electronic energy. 
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The value of a, the coefficient of the lithium 25 
atomic orbital was found to be 0.332 and 3, the coeffi- 
cient of the hydrogen 1s atomic orbital was 0.812. 
About 11 percent of the electronic charge cloud of the 
bonding electrons is on the lithium atom, 23 percent in 
the overlap, and 66 percent on the hydrogen atom. This 
is about what one would expect from the saline char- 
acter of the compound. 
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centrifugal distortion computation. 


INTRODUCTION 


HE K-band microwave spectrum of sulfur dioxide 
has been observed and partially analyzed by 
Dailey, Golden, and Wilson.! Using the Stark effect 
pattern? for the lines at 29321.46 and 23414.24 mc, they 
were able to assign six of the eleven strongest lines. 
From these assigned frequencies, they found the struc- 
ture of the molecule to be very close to that previously 
obtained by other methods.* * In making this structure 
determination, they used the rigid rotor formula cor- 
rected roughly for centrifugal stretching effects. 
Although the structural result was satisfactory, the 
agreement between observed frequencies and those 
computed according to the quantum-mechanical formu- 
las was disappointingly poor, i.e., of the order of 60 mc. 
At that time no other asymmetric top molecule had been 
subjected to extensive analysis, so that the question was 
open as to whether additional effects needed to be taken 
into account which might make the agreement better. 
Because of this discrepancy, the molecule has been re- 
* The research reported in this paper was made possible by 
support extended to Harvard University by the ONR under 


Contract NSori-76, Task Order V. 

+ Present address: Brookhaven National Laboratory, Upton, 
Long Island, New York. 

t AEC Predoctoral Fellow. 

1 Dailey, Golden, and Wilson, Phys. Rev. 72, 871 (1947); for 
more detail see also S. Golden, thesis, Harvard University, 
Cambridge, Massachusetts, 1948. 

2S. Golden and E. B. Wilson, Jr., J. Chem. Phys. 16, 669 
(1948). 

3 W. G. Penney and G. B. B. M. Sutherland, Proc. Roy. Soc. 
(London) 156, 654 (1936). 

4'V. Schomaker and D. P. Stevenson, J. Am. Chem. Soc. 62, 1267 
(1940). 
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The K-band suicrowave spectrum of sulfur dioxide has been reinvestigated with results which are in 
agreement ‘vith the main points of the previously reported analysis by Dailey, Golden, and Wilson. Some 
additional lines have been assigned, and new rotational constants have been derived which permit con- 
siderably closer agreement between observed and computed frequencies. From two of these the structural 
parameters r(S—O) = 1.432A and <(O—S—O) =119.53° can be obtained. The remaining discrepancy (of the 
order of 15 mc for ten lines involving J values up to J=35) has been attributed to inaccuracies in the 
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investigated with more accurate frequency measuring 
equipment and with a further extension of the calcula- 
tions in an effort to see whether a better fit with the 
theory could be obtained. As a result, it has been found 
that the frequency measurements made earlier with a 
cavity wave meter were not as accurate as had been 
believed and that there was an error in sign in the 
centrifugal distortion formula used.5 Furthermore, it 
now appears that the correction for centrifugal distor- 
tion cannot be made with an accuracy comparable to 
the accuracy of measurement on the basis of existing 
information regarding the force constants. The final 
result of the present study has been to confirm the 
quantum number assignments previously made and to 
reduce the discrepancy between theory and experiment 
to about 15 mc, a value which is compatible with the 
uncertainty in the centrifugal distortion correction. The 
structure resulting from this improved analysis differs 
very little from that previously reported. 













EXPERIMENTAL DETAILS 





Most of the experimental work was performed on 4 
Stark effect microwave spectroscope, of the type de- 
scribed by McAfee, Hughes, and Wilson,® which covered 
the frequency range 20,000 to 30,000 mc. The fre- 
quencies, given in Table I, were measured by the usual 
technique of beating the microwave radiation against 
harmonics of an accurately known fundamental fre- 










5S. Golden, J. Chem. Phys. 16, 250 (1948); and erratum, #bid. 
17, 586 (1949). 
6 ‘McAfee, Hughes, and Wilson, Rev. Sci. Instr. 20, 821 (1949): 
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quency. The new measurements have a precision of 
about 0.1 mc (estimated standard deviation). 

Relative intensities were measured by a technique 
developed by Dr. D. H. Baird’ consisting essentially of 
comparing the alternating current component of the 
signal from the detecting crystal at the peak of the ab- 
sorption line with a standard signal of the same fre- 
quency and of variable magnitude. Comparison of 
intensity of absorptions at widely separated frequencies 
is not at present possible by this method, so that in 
Table I the notation S, M, W for strong, medium, and 
weak is used to give a rough indication of relative 
intensities. For the intensity of a single line at different 
temperatures, or for two nearby lines (6v~a few 100 
mc), however, it is believed that the accuracy of com- 
parisons is of the order of 10 percent. 

The ratio of relative intensities of a line at two 
different temperatures (room temperature and dry ice 
temperature, usually) gives the energy of the initial 
level involved, according to the relation 


E;= [kT1T2/(T2— T;) \|[InI(T2)/1(T)) 
+3 In(T2/T1)], (1) 


where the factor 3 depends upon the assumptions made 
concerning the effect of temperature on line breadth and 
may be somewhat in error. Because of a certain cancel- 
lation of errors, the difference in initial energies of two 
different nearby lines is determined with somewhat 
greater accuracy by this type of measurement than are 
the E,’s themselves. We have 


AE;=E;—E//= [71T2/(Ti— T2) | 
Xk In[1(Ti)I'(T2)/1(T2)1"(T1) J. (2) 


Equations (1) and (2) proved useful in two specific cases 
in the course of the analysis. 

It will be observed that there are two strong lines (at 
24039.50 and 24083.38 mc) very close to one another. 
The analysis up to this point called for the appearance 
of the 9;, 982, transition in this frequency region, but 
making a definite assignment on the basis of frequency 
considerations alone seemed impossible. For example, a 
change in @ of only 0.02° would shift the predicted fre- 
quency from one position to the other. Using Eq. (2), 
It was found experimentally that the line at 24083.38 
was the one for which E; was lower, and that AE,&4.97 
X10° mc. The conclusion is that the line at 24083.38 
mc is to be assigned to 9;,9—8e,¢, and that the other 
corresponds to a transition with J of the order of 22. 
Detailed computation then showed that the transition 
224 1s—215,17 should, indeed, appear at approximately 
the observed frequency (24039.50 mc), and that the AE; 
Is then 4.81X10® mc, in good agreement with the ex- 
perimental value. 

Intensity measurements were used again near the end 


of the analysis. A systematic program of computation 
se 

"D. H. Baird, Ph.D. thesis, Harvard University, Cambridge, 
Massachusetts, 1950. 
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TABLE I. Observed frequencies in the spectrum of sulfur dioxide. 








Frequency (mc) Intensity 


20335.40 S 
20460.05 
22220.32 
22482.51 
22733.83 
22904.95 
22928.45 
23034.83 
23414.24 
23733.03 
24039.50 
24083.38 
24319.67 
25049.13 
25170.97 
25392.81 
26777.20 
28858.11 
29321.46 











of all transitions (J<25) for which a symmetric-rotor 
energy equation had indicated a possibility of a transi- 
tion in the K-band led to assignments for nine of the 
eleven strong lines observed. The lines at 25049.13 and 
23034.83 mc remained unassigned, and we wanted to 
confirm the conjecture that they were of higher J than 
the highest J for which computations had been made. 
Using Eq. (1), it was found that £; for the first was 
~1.1X10’ mc; for the second, ~ 2.410" mc. The latter 
has, accordingly, been dismissed as being of “high” 
J (J=50 or so), while the former appeared to be of J not 
much higher than 30. On extending the range of calcula- 
tion beyond J=25, it was found that the transition 
347, 97235¢, 99 Should appear near the observed frequency 
(25049.13 mc). Its E; is 1.410" mc, the agreement with 
the experimental value being about as good as can be 
expected, especially in view of the uncertainty regarding 
the variation of line breadth with temperature. 


ANALYSIS OF THE SPECTRUM 


It is well known that because of the interaction of 
rotation and vibration the effective principal moments 
of inertia of a planar molecule do not obey the sum rule, 
I.=I,+I>. In particular, the rotational spectrum of 
sulfur dioxide is determined by three independent 
parameters which must be determined empirically and 
which bear no simple exact relationship to the equilib- 
rium structural parameters of the molecule. To a certain 
approximation, however, the effective aplanarity may 
be neglected, in which case the frequency of any transi- 
tion considered is given as a function of the two struc- 
tural parameters, r and @. Such an ideally rigid model 
was adopted as a basis for computation in the early 
stages of the analysis. The two lines whose Stark effects 
had been resolved were assigned in turn to each of those 
pairs of transitions which might provide Stark effect 
patterns similar to those observed. Each such assign- 
ment provided values of r and @ which were used in turn 
to predict other transitions in the K-band. The con- 











TABLE Ii. The centrifugal distortion coefficients, 
Tapys (erg sec). 











apys TaBys X10~86 
aaaa —470.5 
bbbb —2.288 
coce '—0.7645 
aabb +21.52 
aacc +5.728 
bbec —1.195 
abab —2.954 








clusion. was that only a single, uniquely determined 
structure could explain the K-band spectrum as a whole. 

Sulfur dioxide may be shown to be a nearly prolate 
symmetrical top with its unique axis lying in the plane 
and perpendicular to the (principal) axis along which the 
dipole moment lies. Because of the zero spin of the 0" 
nucleus, only the levels J.,.and J, , are permitted.* The 
selection rules, AJ=0, +1, and AK=+1, +3, -:-, 
apply. 

The symmetric-top energy equation is, in this case, 


E’_k, K41 (mc) = 9500] (J+ 1)+51000K_,’. (3) 


It is clear that the Q-branch transitions of lowest fre- 
quency (i.e., AJ=0, K_1=0 to K_;=1) occur well above 
the maximum frequency observed. Even if the numerical 
factor 51000 were in such error as to cause these 
transitions to fall in the K-band, all of them (only 
J=even occur) would appear at the same frequency 
except for a shift, increasing monotonically with J, due 
to the asymmetry. Such a series would be easily recog- 
nizable and has not been observed. The important 
transitions are of the form AJ=+1; AK=—1; and 
AJ=—1, AK=-+1. (Transitions with |AK|>1 are of 
much lower intensity.) The approximate frequency of 
such a transition is given by 


y= |19000J—51000(1+2K_,)|, (4) 


where both quantum numbers refer to the state of 
higher J. From the condition 0=K_;=J, it may be 
inferred that for any value of J, no matter how high, 
there will be a value of K_, giving rise to a transition of 
frequency lying in, or not far removed from, the K-band. 
Because of the degeneracy factor (2/+1) occurring in 
the expression for the level population, the intensity is 
expected to be high even for quite large values of J. 
Actually, only at roughly J>50 does an appreciable 
decrease in intensity occur because of the Boltzmann 
factor. 

Equation (4) cannot be used in the detailed analysis. 
It was used, however, to pick out those transitions for 
each value of J which might conceivably fall in the 
observable region. Further selection from among these 
still very numerous possibilities may be made by a 
perturbation calculation (expansion of the energy levels 
in a power series in the asymmetry parameter) or, for 


§ King, Hainer, and Cross, J. Chem. Phys, 11, 27 (1943). 
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high J, by using Golden’s® convenient method of em- 
ploying the tabulated characteristic values of Mathieu’s 
differential equation as approximations to the roots of 
the energy matrix. The exact frequencies were computed 
by expansion of the secular equations in the form of 
continued fractions* and solution by successive ap- 
proximations. A systematic investigation in this way of 
all levels through J =35 led to assignments for ten of the 
eleven strong lines observed. As mentioned previously, 
there is experimental evidence that the remaining line 
should be of J higher than J=35. It should also be 
mentioned that the extensive computations predict the 
appearance of no lines other than those observed, for 
this range of J. 

The effect of centrifugal distortion was taken into 
account, according to the method developed by Wilson." 
The energy matrices were modified by small terms, 
quartic in the angular momentum components and de- 
pending on the force constants and the assumed struc- 
ture of the molecule; and the resulting matrices were 
diagonalized. Carrying out this computation exactly, 
however, is made very difficult by the fact that cen- 
trifugal distortion not only modifies the (K, K) and 
(K, K+2) matrix elements, which alone are different 
from zero in the case of a rigid molecule, but also intro- 
duces non-zero (K, K+4) elements; and the latter make 
the usual method of continued fractions inapplicable. 
The method adopted was suggested by the fact that the 
(K, K+4) elements produce only a small contribution 
to the total correction. This can be verified in any 
particular case by comparing this contribution, as 
evaluated by Golden’s approximate method,® with the 
value of the diagonal perturbing element. It then 
seemed a reasonable procedure to set the troublesome 
(K, K+4) elements equal to zero in performing the 
diagonalization (in which case the continued fraction 
method of computation is similar to that for a rigid 
molecule), and to take them into account finally ina 
pure correction term evaluated by Golden’s Mathieu 
function method. This was done in every case except for 
the 347, 27356, 30 transition where the required fourier 
transformation coefficients were not available. 

The centrifugal distortion coefficients are defined by 
the equation 


Tapys= —4 Dox (Opap/IQx)o(Auys/AQx)o/rAx, (5) 


where A, = 47,2, the wag are the elements of the matrix 
inverse to the inertial matrix, and the summation is ove! 
the normal coordinates, Q,. In the case of sulfur dioxide, 
symmetry considerations show that seven independent 
7’s are different from zero. Since this is more than the 
number of lines of moderately high J, it seemed im- 
practical to obtain these coefficients empirically. I 
stead, they were computed once and for all from the 
approximate structural and vibrational data available. 
The fundamental frequencies adopted were 1150, 


9S. Golden, J. Chem. Phys. 16, 78 (1948). 
10 EF. B. Wilson, Jr., J. Chem. Phys. 5, 617 (1937). 
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150.5, 


SO; 


524.5, and 1336.0 cm. Assuming a pure valence force 
field, the coefficients given in Table II were computed. 
Considering the errors in the data used as well as the 
many approximations involved in the computation, it is 
doubtful whether these quantities are to be trusted to 
more than a few percent. 


RESULTS AND COMPARISON WITH THEORY 


If we assume that the centrifugal distortion coeffi- 
cients, Tagys, are correct, the problem of fitting the ob- 
served spectrum reduces to finding the three rotational 
parameters by a least-squares computation. This has 
been done, using nine of the assigned lines; the results 
are presented in Table III. Along with the assignments 
and the observed frequencies, we give in column I the 
frequencies computed from the “‘best” set of moments 
obtained by a calculation that weights the low J levels 
heavily. We see that for the six lines of lowest J (those 
which had previously been assigned) the mean dis- 
crepancy has been reduced from over 50 mc to about 
3.4 mc. The transitions of high J, however, fit quite 
badly because of their greater sensitivity to small errors 
in the moments. (Frequencies, of the order of 25,000 mc, 
are computed as the difference of two terms each of the 
order of 500,000 mc.) It seemed worth while to compute 
another “‘best” set of moments weighting the high J 
levels heavily, and the computed frequencies so obtained 
are given in column II. In this way the best over-all fit 
is obtained, the mean deviation being of the order of 
15 mc. 

Actually, the two sets of moments differ by no more 
than 0.01 percent. The mean values of the effective 
moments of inertia (in units of 10~*° g cm?) are 


T= 13.8046, 
14=81.3067, 
1,= 95.3376. 


Evidence for the correctness of the analysis is obtained 
by considering the value of J,—I,—I,a=0.226. The 
value computed from vibrational data, using an equa- 
tion given by Darling and Dennison," is 0.23. It is 
believed that the chief source of the remaining dis- 
crepancy lies in errors in the coefficients, tagys, which 
depend on force constant information. For J~20, the 
contribution to the energy levels by centrifugal dis- 
tortion is of the order of 3000 mc. Thus errors in the 7’s 
of only a percent or so could cause the observed dis- 
crepancy. 

It is not possible to obtain structural parameters from 
elective moments of inertia with the same accuracy 
with which the moments themselves are known. If, 
however, a pair of moments is used, the aplanarity thus 
being neglected, approximate values may be calculated. 
From J, and J, are thus derived the values 


r= 1.432A, 
6=119.53°. 


SS 
"B. T. Darling and D. M. Dennison, Phys. Rev. 57, 128 (1940). 
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TABLE III. Comparison of observed and predicted 
frequencies (mc). 








» (computed) 
II 


Transition » (observed) 


29321.46 
23414.26 
25392.81 
24083.39 
20335.47 
28858.11 
24039.50 
22482.51 
26777.20 
25049.13 





29320.9 
23411.6 
25391.1 
24080.9 
20339.2 
28867.1 
24153.3 
22352.8 
26674.9 


29336.9 
23379.2 
25439.1 
24090.9 
20313.0 
28858.5 
24039.5 
22490.1 
26768.3 


31,3 — 40,4 
61,5 — 52,4 
72,6— 81,7 
919 —> 8o.6 
13>, 127123, 9 
16s, 13-7172, 16 
224, 1s—215, 17 
23s, 19244, 20 
24s, 197254, 22 
347, 27-735¢, 30 








The extent to which these may be considered meaningful 
is indicated by the values of these quantities computed 
from J, and J,: 


r=1.435A, 
6=119.13°. 


THE UNASSIGNED LINES 


The analysis has been concerned only with the eleven 
strong lines. There remain several considerably weaker 
lines, the frequencies of some of which are given in 
Table I. They are believed to arise in rotational transi- 
tions of several different types: (1) transitions involving 
isotopic variants of sulfur dioxide, especially S*O,; 
(2) transitions of molecules in excited vibrational states 
(the first bending mode is appreciably populated) ; 
(3) transitions of the type already used in the analysis 
but of higher J; (4) transitions with | AK| >1. The last 
two classes are intrinsically of rather slight interest, 
since they give information only of the sort already 
obtained. An attempt was made to assign lines in the 
first two classes, but no definite conclusions were 
reached. This was essentially because of the character- 
istic property of this type of asymmetric rotor molecule 
that rather slight changes in structural parameters pro- 
duce, through changes in the asymmetry of the molecule, 
quite unexpectedly large frequency shifts. Thus, calcu- 
lation indicates that none of the assigned strong lines of 
moderately low J should have an isotopic “satellite” in 
the K-band. On the other hand, measurements of the 
effect of change of temperature on intensity of some of 
the observed weak lines indicate that they are “‘satellites”’ 
of unknown main lines presumably falling outside the 
observable region. 
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Intensities of Some Characteristic Infrared Bands of Ketones and Esters* 


S. A. FRANCIS 
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Integrated intensities of the 2900, 1720, 1460, 1370, and 1200 cm™ bands are reported for four ketones 
and five esters, and grating spectra are shown for the 2780-3060 and 1300-1500 cm™ spectral regions. 
CH; and CH: structural group integrated intensities are derived from the data which are adequate for pre- 
dicting the integrated molecular intensities of the bands in the 2900, 1460, and 1370 cm™ spectral regions. 
The data show that the carbonyl and ester structural groups reduce the intensities of the stretching modes 
and increase the intensities of the deformation modes of adjacent CH; and CH» groups. A number of em- 
pirical correlations are pointed out between positions of absorption maxima in the 2900, 1460, and 1370 cm™ 
regions and the internal molecular environment of CH; and CH: groups. 
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INTRODUCTION 


I’ a previous paper' unit structural group integrated 


\ 
intensities were obtained for —CH3, CH» and 
of 


\ 
—CH structural groups of paraffin hydrocarbons in the 
4 


2900, 1460, and 1370 cm spectral regions. The internal 
molecular environment of a structural group was found 
to have very little effect upon the structural group 
integrated intensities for the hydrocarbons studied. 


‘\ 
In the present work the effects of the carbonyl ( C=O) 
F 


group of ketones and of the ester (O=C—O) group 
upon the CH; and CH; structural group intensities are 
investigated. 

The infrared absorption spectra of a large number of 
ketones and esters, including those studied here, have 
been reported previously by Thompson and Tork- 
ington® and by Titeica.* Relatively strong bands are 
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* Presented in part at the 1951 Pittsburgh Conference on Ana- 
lytical Chemistry and Applied Spectroscopy, March, 1951. 

1S. A. Francis, J. Chem. Phys. 18, 861 (1950). 

2H. W. Thompson and P. Torkington, J. Chem. Soc. 1945, 640 
(1945). 

3 Radu Titeica, Ann. phys. (11) 1, 533 (1934). 
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found in the spectra of all the ketones and esters in the 
2800-3000 and the 1330-1500 cm™ regions which are 
very probably associated with the stretching and de- 
formational modes of CH; and CH: groups, respectively. 
A strong band is observed in the spectra of ketones 
near 1720 cm™ and of esters near 1740 cm™ which is 
almost surely associated with the stretching vibration 
of the carbonyl bond. Thompson and Torkington re- 
ported a strong band in the spectra of esters in the 
vicinity of 1200 cm~ which they associated with the 
C—O bond between the carbonyl group and the part 
of the ester derived from an alcohol. A relatively strong 
band is also found in the ketone spectra near this 
position. 

Integrated intensity data have been reported pre- 
viously for three bands in the spectrum of acetone vapor 
by Price.‘ 

In the present work the integrated intensities of the 
2900, 1720, 1460, 1370, and 1200 cm™ bands were 
measured for four ketones and five esters. The results 
indicate that the carbonyl and the ester groups strongly 
affect the absorption intensities of the stretching and 
deformation bands of adjacent CH; and CHe groups. 
Some correlations are pointed out also between the 
positions of absorption maxima in the 2900, 1460, and 
1370 cm regions and the structural groups present in 
the molecules. 

























EXPERIMENTAL 


The spectral data were obtained with the evacuated 
spectrometer described previously. A 4 X6_ inch 
echelette replica grating ruled with 3610 lines per inch 
was used in the 2900, 1720, 1460, and 1370 cm= regions, 
and a sodium chloride prism was used in the 1200 cm™ 
region. The spectral slit widths were 1.4 cm™ in the 
2900 cm= region, 1.1 cm™ in the 1720, 1460, and 1370 
cm7 regions, and 2.6 cm in the 1200 cm region. 
The cells consisted of two NaCl plates separated by 
either a platinum or a lead spacer. Cell thickness¢s 








4 Donna Price, J. Chem..Phys. 9, 725 (1941). Since Price’s tt 
sults are about twenty times as large as those reported later ! 
this paper, it seems likely that an error was made by Price 
stating the intensity units employed. 

5R. A. Oetjen, J. Opt. Soc. Am. 35, 743 (1945). 
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were determined by an interference method,’ and the 
variation in cell thickness over the area used was not 
more than about one percent. The spectral data were 
recorded on a Brown strip-chart recorder and the 
integrated intensities were calculated directly from the 
spectral records with the logarithmic integrator re- 
ferred to previously.! Data obtained with the grating 
were corrected for stray radiation. No correction was 
required for the prism data, since the instrument was 
operated as a double monochromator. 

The ketones were prepared by The Pennsylvania 
State College Standards Project on Oxygenated Com- 
pounds under the direction of Dr. Newell C. Cook, 
and their purities exceed 99 percent. The methyl ace- 
tate, ethyl acetate, and methyl propionate were 
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Fic. 2 Grating spectra for esters in 2900 cm™ region 
Methyl acetate. Ethyl acetate. —----- n-propyl acetate. 
-~—-— Methyl propionate. Ethyl] propionate. 


Eastman Kodak samples which were freshly distilled 
prior to use, a middle fraction being used. The n-propyl 
acetate and ethyl propionate were kindly supplied by 
Professor E. J. Serfass of Lehigh University, and their 
physical properties indicate they are of high purity. 
Carbon tetrachloride solutions of the compounds 
were examined in either a 0.1- or 0.5-mm cell. Solution 
toncentrations varied in the range 0.05-1.0 molar de- 
pending upon the strength of the absorption band 
being studied. Data were obtained at a series of solution 
concentrations in a number of cases to determine if 
there was any effect of dilution upon the integrated 
intensity. Within the limits of reproducibility of the 


tesults, which was about +5 percent, no such effects 
— 


*D. C. Smith and E. C. Miller, J. Opt. Soc. Am. 34, 130 (1944). 
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Fic. 3. Grating spectra for ketones in 1400 cm™ region. -—-— 
Acetone. Butanone. 2-plantanone. 
3-pentanone. 


were observed. The transmission of the cell filled with 
sample was compared in each case with the transmis- 
sion of the same cell filled with pure solvent. 


CH; AND CH, GROUP INTENSITIES 


Since only prism spectra for most of the compounds 
studied have been published, the grating spectra in the 
2780-3060 and the 1300-1500 cm™ spectral regions 
are shown in Figs. 1 to 4 for the nine compounds. The 
ordinates are the absorption coefficients calculated 
from the Lambert-Beer absorption equation, 


a(v)=(1/NL) In(1o/D), (1) 


where a(v)=absorption coefficient in cm?/molecule, 
N=number of molecules per cm*, L=cell thickness 
in cm, J»=transmission through cell filled with CCl,, 
and J=transmission through cell filled with sample. 
Correlations between the heights and spectral positions 
of a number of the absorption maxima shown in these 
figures will be discussed later after the data on the 
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TABLE I. Integrated intensities of 2900, 1460, and 1370 cm™ bands. 








Integrated intensity (cm?2/molecule sec) (107) 





Experimental Calculated 
Percent Percent Percent 
Compound 2900 1460 1370 2900 A 1460 A 1370 A 

Acetone 1.76 2.64 3.82 1.48 —15.9 2.62 —0.8 3.88 1.6 
Butanone 5.39 2.92 3.10 5.63 4.5 3.02 3.4 3.16 1.9 
3-pentanone 9.70 3.45 2.37 9.78 0.8 3.42 —0.9 2.44 3.0 
2-pentanone 9.15 3.28 3.34 9.44 3.2 3.25 —0.9 3.16 —5.4 
Methyl acetate 3.24 3.32 2.52 3.28 1.2 3.31 —0.3 2.55 +1.2 
Ethyl acetate 4,94 2.51 3.56 4.79 —3.0 2.50 —0.4 3.49 —1.7 
n-propyl acetate 8.37 2.63 3.65 8.60 2.7 2.73 3.8 3.49 —4.4 
Methy] propionate 6.49 3.86 3.19 6.45 —0.6 3.90 1.0 3.14 —1.6 
Ethy] propionate 8.04 3.15 3.93 7.96 —1.0 3.09 —19 4.08 +3.8 











integrated intensities of these bands have been pre- 
sented and discussed. 

The integrated absorption intensity, A, over a spec- 
tral region is defined as 


A= f lite (2) 


V1 


where vy; and v2 are the spectral frequencies between 
which the integration is performed. The need for such a 
practical definition of the integrated intensity arises 
from the fact that some choice is usually involved in 
the determination of integration limits. The integrated 
intensity data for the 2900, 1460, and 1370 cm 
spectral regions are summarized in Table I. Integra- 
tions were carried out over the spectral intervals 2800- 
3060, 1395-1500, and 1330-1395 for the ketones and 
2800-3060, 1410-1500, and 1334-1410 for the esters. 

It is readily demonstrated that the unit structural 
group intensities obtained for paraffin hydrocarbons! 
are not satisfactory for calculating the integrated in- 
tensities for the compounds studied in the present work. 
For example, for acetone, which contains two CH; 
groups, one calculates 8.8210-’, 1.0810-’, and 
0.78X 10-7 cm?/molecule sec for the integrated inten- 
sities in the 2900, 1460, and 1370 cm™ regions, respec- 
tively, from the CH; structural group intensities for 
paraffins. One sees from Table I that the calculated 
value for the 2900 cm~ region is much too large and 
for the 1460 and 1370 cm™ regions much too small. 
This indicates that the effect of the carbonyl group upon 
the structural group intensities must be considered. 

It is possible to calculate the integrated intensities 
for the ketone molecules with reasonable accuracy if 
the assumption is made that the CH; and CHe unit 
structural group intensities are affected only by ad- 
jacent structural groups. On the basis of this picture the 
CH; and CH: groups in ketones can be divided into two 
kinds according to whether they are or are not adjacent 
to the carbonyl group. The nonadjacent CH; and CH2 
groups are assigned the same unit structural group in- 
tensities as were found for these groups in paraffin 
hydrocarbons,! since all the structural groups adjacent 
to them in the molecule are hydrocarbon groups. 
Best values for the unit structural group intensities 








for CH; and CH: groups adjacent to the carbonyl 
group are then calculated from the experimental inte- 
grated intensity data. 

These two sets of structural group intensities for 
CH; and CHe groups are given in the top two rows of 
Table II, and the integrated intensities for the ketone 
molecules, calculated by summing the group intensities 
over the groups in the molecule, are given in Table I 
in the columns headed “Calculated intensities.” The 
agreement between calculated and experimental in- 
tensities, expressed as the percentage differences in 
Table I, is within the accuracy of the experimental 
results. 

There are three different environmental situations 
for CH; and CHze groups in an ester molecule, and the 
experimental data indicate that different unit struc- 
tural group intensities must be associated with the CH; 
and CHe groups for each of the three situations. For 
CH; and CHe groups bonded only to other CH; and 
CH, groups the structural group intensities obtained 
for paraffin hydrocarbons are assumed to hold. CH; and 
CH; structural group intensities can then be calculated 
from the experimental data for groups bonded to the 
carbon atom and for groups bonded to the oxygen atom 
of the —COO-— structural group. There is no unique 
set of CH; and CHp structural group intensities, how- 
ever. This results from the fact that only three inde- 
pendent relations can be obtained between the meas 
ured molecular intensities and the four types of struc- 
tural groups (CH; and CH: each bonded to either carbon 
or oxygen).’ Consequently, the intensity for one of the 
structural groups can be chosen arbitrarily for each 
spectral region. All the possible sets of CH; and CH: 
structural group intensities which are consistent with 
the data were obtained graphically. A consideration 0 
these solutions showed that at least one of the CH: 
structural group intensities was always negative for the 
2900 cm-! region. The values obtained for the CH 
groups adjacent to the carbonyl in ketones were choset 


7If a and b are the CH; and CH; intensities for groups bonded 
to the carbon of the ester group and ¢ and d the similar intensities 
for groups bonded to the oxygen atom, only the combinatioms 
a+c, a+d, b+c, and b+d can be measured experimentally. Sint 
the determinant of these four equations is zero, the four relations 
are not independent. 
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TABLE II. CH; and CH: structural group intensities (cm*/molecule sec). 








2900 cm™~! region 
Structural group environment CHs CH2 


Unit structural group intensity (107) 
1460 cm™~! region 1370 cm™! region 
CHs CHe CHs CH: 





Paraffin hydrocarbon 4.41 3.81 
Adjacent carbonyl, ketone 0.74 0.48 
Adjacent carbonyl, ester 0.74 —0.50 
Adjacent oxygen, ester 2.54 —0.36 


0.54 0.23 0.39 0 

1.31 1.17 1.94 0.83 
1.31 1.36 2.55 2.75 
2.00 0.65 0 0.55 








for the similar group in esters for the 2900 and 1460 
cm regions. This choice was based upon the apparent 
similarity of the structural group environments in the 
two cases and the fact that this choice results in nega- 
tive values for the CH, intensities for the 2900 cm 
region which are small. For the 1370 cm™ region a 
value of zero was chosen for the —OCH; group, since, 
as discussed later, the absorption curves suggest that 
this group does not absorb in this region. The set of 
structural group intensities for esters are given in 
Table II. The molecular intensities calculated from 


these structural group intensities are compared in~ 


Table I with the experimental intensities, and good 
agreement is observed. However, this comparison 
between experimental and calculated intensities is not 
a very severe test, since there are for each spectral 
region four arbitrary parameters which can be adjusted 
to fit five pieces of data. Measurements on additional 
compounds would be desirable to test further the agree- 
ment between experimental and calculated intensities 
for esters. 


DISCUSSION OF INTENSITY DATA 


It is not possible at this time to assess with any 
certainty the physical significance of the unit structural 
group intensities given in Table II. The assignment of 
structural group intensities represents an empirical 
approach to the problem of interpreting the integrated 
intensity data for the relatively complex molecules 
studied. This approach is supported by the observation 
that integrated intensities can be calculated for the 
molecules which agree well with the measured inte- 
grated intensities. Some further support is indicated by 
the correlations between the positions and intensities 
of absorption maxima and the structural groups present 
in the molecules, which are discussed in the following 
section. 

It seems fairly certain that the carbonyl and ester 
groups decrease the absorption intensity of the stretch- 
ing vibrations and increase the intensity of the de- 
formation vibrations of the nearby CH; and CH: 
structural groups. However, it is entirely possible that 
this effect is not confined to the CH; and CH: groups 
adjacent to the carbonyl and ester groups, but may 
extend with decreasing magnitude to the CH; and CHe 
gtoups two or more carbon atoms removed. The nega- 
tive structural group intensities obtained for CH: 
gtoups adjacent to the ester group suggests very strongly 
that this hypothesis is true. It appears, therefore, that 


the effects of the carbonyl and ester groups on the ab- 
sorption intensities of nearby CH; and CH: groups 
are established qualitatively but not quantitatively by 
this work. Accordingly, only a qualitative discussion 
of the interpretation of these effects is given. 

One possible explanation for the effects of ketone 
and ester groups on the absorption intensities of nearby 
CH; and CH: groups is that there is considerable inter- 
action between the motions of the ketone or ester groups 
and the adjacent CH; and CH: groups. The highly 
polar nature of the former groups then might affect 
appreciably the intensities of the bands associated with 
the CH; and CH: groups. This explanation seems much 
less likely than an explanation based upon the polariza- 
tion of the bonds in nearby groups by the highly polar 
ketone and ester groups. The reduction in intensity of 
CH stretching vibrations indicates a decrease in the 
derivative of the CH bond dipole moment with respect 
to CH bond length; the increase in intensity of the 
deformation vibrations indicates an increase in bond 
dipole moment. This result does not follow from the 
simple picture of the oscillation of point charges, for 
which one expects an increase in bond dipole moment 
to be associated with an increase in the derivative of the 
bond dipole moment with respect to internuclear dis- 
tance. 

It might be expected that the electrons in the CH 
bonds near a carbonyl group would, on the average, be 
nearer the carbon atom than the electrons in CH bonds 
in a hydrocarbon molecule as a result of the consider- 
able electronegative character of the nearby oxygen 
atom. The structural group intensities indicate a larger 
CH bond dipole moment for groups near a carbonyl 
group. There are then two possibilities. Either the CH 
bond dipole moment is directed toward the hydrogen 
atom in hydrocarbons and merely has an increased 
magnitude in the groups adjacent to a ketone or ester 
group, or it is directed toward the carbon atom in hy- 
drocarbons and its direction is reversed as well as its 
magnitude increased by the proximity of a ketone or 
ester group. The former possibility seems more reason- 
able, since it requires a smaller alteration of the CH 
moment and since, to date, no cases have been found 
where the CH moment appears to be smaller than in 
paraffin hydrocarbons. Such a conclusion is in agree- 


ment with electronegativity considerations® and with 


S Linus Pauling, Nature of the Chemical Bond (Cornell Uni- 
versity Press, Ithaca, New York, 1939), p. 64. 
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TABLE III. Correlation of absorption maxima in 1370 cm™ region 
with structural groups of ketones and esters. 








CH;COOCH; 

1370 ©1438 
CH;COOCH:2CH3 
1373 1360 1393 
CH;COOCH:2CH2CH; 
1378 1365 1391 


CH;COCHs; 
1361 1361 
CH3s:CH2COCHs3 
1379 1360* 1365 
CH;CH2CH2COCHs3 
1383* 1357 1364 
CH;:CH2COCH:2CHs; CH;CH2COOCH; 
1379 1356 1356 1379 1383 1356 1438 
CH;CH2COOCH2CHs; 
1385* 1347 1372 1385* 








Cole and Thompson’s results for aromatic CH bonds,°® 
but is in disagreement with the theoretical predictions 
of Coulson."° 


DISCUSSION OF ABSORPTION CURVES 


A study of the absorption curves shown in Figs. 1-4 
suggests that a number of absorption maxima can be 
correlated with particular structural groups in the 
molecules. A complete set of such correlations are 
shown below in Table III for the 1300-1400 cm™ 
region. The position of the absorption maximum is 
written underneath the structural group with which it 
is believed to be associated. Absorption maxima which 
are not resolved but whose existence is indicated by the 
presence of a shoulder or a widening of the adjacent 
band (see Figs. 3 and 4) are indicated by an asterisk. 

No serious ambiguities occur in the above correlations 
for the ketones. The band near 1363 cm™ is present in 
the spectra of the three methyl ketones and its maxi- 
mum absorption coefficient is approximately 30X 10-* 
cm2/CH; group. The band associated with a CH; group 
nonadjacent to the carbonyl group occurs at about the 
same position as it is observed in m-paraffin hydrocar- 
bons. The appearance of a band which can be corre- 
lated with the presence of a CH: group adjacent to a 
carbonyl group confirms the conclusion arrived at 
from a consideration of the integrated intensity data 
that a CH group so situated in a molecule absorbs in 
the 1370 cm™ spectral region. 

The correlations are somewhat less satisfactory for 
the ester molecules. Methyl acetate (see Fig. 4) shows 
a single band in this region at 1370 cm™. The fact that 
ethyl acetate also has a band of comparable intensity 
with a maximum at 1373 cm™ indicates that this band 
is associated with the CH; group adjacent to the 
carbonyl group. It appears that the CH; group bonded 
to the oxygen atom does not absorb in this region. 
Both methyl acetate and methyl propionate have a 
strong sharp band near 1438 cm™, and it seems likely 
that this is the CHs; symmetrical deformation mode of 
the O—CHs; group. The similar vibrational mode for 
the CH; group in -paraffins absorbs near 1379 cm™. 
The other correlations proposed above for ethyl acetate 


® A. R. H. Cole and H. W. Thompson, Trans. Faraday Soc. 46, 
103 (1950). 
10 C, A. Coulson, Trans. Faraday Soc. 38, 433 (1942). 
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and for methyl propionate appear reasonable from an 
inspection of the spectral curves in Fig. 4. However, 
the correlations proposed for n-propyl acetate and 
ethyl propionate are less satisfactory in that the maxi- 
mum absorption coefficients of the bands correlated with 
the same structural group show considerable variation. 
Thus the 1360 cm™ band correlated with the O— CH,- 
group in ethyl acetate is quite weak, while the bands 
correlated with this group in m-propyl acetate and 
ethyl propionate are quite strong. Similarly, the 1378 
cm~ band of n-propyl acetate is much weaker than the 
bands correlated with the similarly placed group in 
methyl acetate and ethyl acetate. 

A study of the 1460 cm™ region of Figs. 3 and 4 
suggests a number of correlations, although they are by 
no means so complete as for the 1370 cm™ region. The 
CH, deformation vibration is expected in this region 
as well as the doubly degenerate deformation vibration 
of the CH; group. However, since the molecules do not 
contain a threefold axis of symmetry, this degenerate 
vibration will be split and may appear as a doublet. 

The absorption maximum at 1415 cm“ in the spectra 
of butanone and 3-pentanone and at 1410 cm” in the 
spectrum of 2-pentanone in Fig. 3 is probably charac- 
teristic of the CH: group adjacent to the carbonyl 
group in ketones. The similar group in esters can prob- 
ably be associated with the 1425 cm™ maximum of 
ethyl propionate and the 1427 cm shoulder in the 
methyl propionate spectrum. The only other maxima 
observed in this region in the 3-pentanone spectrum are 
at 1452 and 1461 cm™ so these maxima are probably 
associated with the terminal methyl groups of this 
molecule. They are also observed with about one-half 
the intensity in the butanone spectrum which contains 
only one methyl group nonadjacent to the carbonyl 
group. It is therefore inferred that the maxima near 
1452 and 1461 cm™ result from the splitting of the 
doubly degenerate deformation mode of the isolated 
CH; group. A number of other maxima are observed in 
this region but they are probably masked by other 
stronger bands in a number of cases, so that any ger- 
eralizations made about them could not be strongly 
supported. 


TABLE IV. Absorption data for molecules containing 
—CH:CHs; structural group. 








2940 cm~! band 
Omar 
(X10) 


2980 cm~! band 
Vmax ( <102) 
2981 22 


2982 43 


No. of 


groups Vmax 


2941 15 
2940 31 
2942 10 
2952 26 


Molecule 





Butanone 1 
3-pentanone Z 
2984 24 
2988 24 


Ethyl acetate 1 


Methyl 
propionate 


Ethyl 
propionate 


2985 44 2943 21 
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A few correlations can be indicated for the 2900 cm 
spectral region, although the interpretation for this 
region is by no means complete. The three maxima 
near 3008, 2963, and 2922 cm™ in the acetone spec- 
trum in Fig. 1 may be identified with the three CH 
stretching modes of the CH; structural group. If this 
assignment is correct, it can be inferred that the 
degenerate vibration of free CH; is split in the mole- 
cule, and that the interaction between the two CH; 
groups is not sufficient to produce a further noticeable 
splitting of the energy levels. The spectra of butanone 
and 3-pentanone (see Fig. 1) are quite similar in this 
region, but the peak heights are roughly twice as great 
for 3-pentanone. Since the structural group intensities 
indicate that the structural groups adjacent to the 
carbonyl groups are relatively weak absorbers, the 
four maxima might be associated with the methyl 
group nonadjacent to the carbonyl. It seems best at 
this time, however, merely to indicate some generaliza- 
tions for this region and not to attempt to correlate the 
observed maxima with particular structural groups. 
Maxima are observed near 2980 and 2940 cm“ for every 
compound containing a CH;CH.-group adjacent to 
either a carbonyl group or an oxygen atom (see Figs. 
land 2). The positions and maximum absorption coeffi- 
cients of these bands are summarized in Table IV. The 
relatively strong maximum at 2954 cm“ in the methyl 
acetate spectrum in Fig. 2 is probably associated with 
the O—CH; group and the 2952 cm“ band of methyl 
propionate may be due to the combination of CH;CH2- 
and O— CHs groups. 


1720 AND 1200 CM BAND INTENSITIES 


The frequencies of maximum absorption and the 
integrated intensities are given in Table V for the bands 
in the 1720 and 1200 cm™ regions for the nine molecules 
studied. The integrated intensities of the 1720 cm™ 
bands are relatively constant for all the compounds of 
the same type, but the ester intensities average ap- 
proximately seventy percent higher than the ketone 
intensities. A normal coordinate treatment of the 
skeletal modes of the acetone molecule indicates this 
band is associated with a vibrational mode which is 
mainly a stretching of the C=O bond but which in- 


TaBLE V. Frequencies and integrated intensities of bands in 
1720 and 1200 cm™ regions. 








1200 cm™~! band 
v(cem-!) A*®(X107) 


1218 3.84 
1172 2.37 
1122 1.67 
1170 2.27 
1245 13.9 
1240 17.6 
1234 17.7 
1178 12.9 
1202 

1190 15.0 


1720 cm~ band 
v(cem-!) A*(X107) 


1717-83 
1718 84 
1720 8.0 
1717 7.8 
1749 128 
1742 14.9 
1744 14.0 
1746 = 13.2 


1740 13.3 


Compound 





Acetone 

Butanone 

3-pentanone 
-pentanone 

Methyl acetate 
thyl acetate 

"-Dropyl acetate 

Methyl propionate 


Ethyl propionate 


Cor 








* Units of A —cm?/molecule sec. 
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Fic. 5. Illustration of probable vibrational motions associated with 
1720 and 1200 cm™ bands of ketones and esters. 


cludes about twenty percent C—C stretching. The 
nature of the normal vibration is illustrated schemati- 
cally in Fig. 5A. The increased intensity of the band for 
the esters may be due to the substitution of the polar 
C—O bond for one of the C—C bonds in the ketones 
as illustrated in Fig. 5B. 

The intensity of the 1200 cm band for the ketones 
decreases from acetone to 3-pentanone. The intensity 
appears to decrease with increasing size of the alkyl 
groups attached to the carbonyl group. This band in 
acetone was assigned by Kohlrausch" to the nonsym- 
metric C—C stretching vibration; the vibrational mo- 
tion is illustrated in Fig. 5C. The decrease in intensity 
with increase in size of the alkyl groups suggests that 
either other C—C bonds in the molecule contribute to 
the normal mode in the more complex molecules or that 
the electron distribution around the carbonyl group is 
altered by an increase in the size of the alkyl groups. 

The 1200 cm™ bands of both the ketones and the 
esters are appreciably broadened on the high frequency 
side by the addition of a small amount of methyl alco- 
hol to the CCl, solutions. This indicates that an ap- 
preciable amount of deformation of the carbonyl bond 
is involved in the vibrational motion for both types of 
molecules. This suggests that the 1200 cm ester band 
is associated with a vibrational mode analogous to that 
shown in Fig. 5C for the ketones. The motion is illus- 
trated in Fig. 5D. The greatly increased intensity of the 
ester band compared to the ketone band may be due to 
the replacement of one of the C—C bonds of ketones 
by the more polar C—O bond of esters. 

Substitution of an ethyl group for a methyl group 
bonded to the oxygen atom of the ester group results in 
an appreciable increase in intensity of the 1200 cm™ 
band, while a similar substitution of the alkyl group 


1K. W. F. Kohlrausch, Ramanspektren (Akademische Verlags- 
gesellschaft Becker and Erler, Leipzig, 1943), p. 103. 
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bonded to the carbonyl group results in a decrease in 
intensity. This may be a consequence of changes in the 
nature of the vibrational motion associated with this 


band in the various molecules. 
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logiop(atmos) = 3.901633— F 


gives a fair representation of the observations. 


A study of the compressibility of neopentane in the critical region gives for the critical temperature, pres- 
sure, volume, and density the values: ¢,=160.60°+0.05°C (Int.), .=31.57+0.03 normal atmospheres, 
V.=0.303 liter per mole (4.20 ml per g), d-=3.30 mole/liter (0.238 g per ml). The uncertainty in the critica] 


volume and density is 1 percent. 





E have measured the vapor pressure of neopen- 
tane, C(CHs)4, from 50° to the critical tempera- 
ture, 160.60°; and have studied the compressibility in 
the critical region at a sufficient number of isotherms to 
locate the critical point. The apparatus and experi- 
mental procedure! for determining pressure, volume, 
mass, and temperature has been described earlier. The 
bomb with a glass linear was used for the study of 
neopentane. The properties of a number of other hy- 
drocarbons have been measured in the same apparatus.” 
The vapor pressure of neopentane has been measured 
from —42.0° to 9.4° by Whitmore and Fleming,* and 
from —15° to 10° by Aston and Messerly.‘ 
The neopentane used was a sample of API-NBS 
hydrocarbon which was made available to us by the 


TaBxe I. Variation of the measured vapor pressure with vapor 
volume for the sample of neopentane at 50°C. 








Observed vapor pressure 


Vapor volume 
ml normal atmos 





94 3.512 
78 3.507 
64 3.509 
50 3.510 
20.5 3.507 
6.1 3.509 
0.9 3.509 
0.2 3.508 
0.11 3.509 








1J. A. Beattie, Proc. Am. Acad. Arts Sci. 69, 389 (1934). 

sd diy Beattie and S. Marple, Jr., J. Am. Chem. Soc. 72, 1449 
(1950). 

*F. C. Whitmore and G. H. Fleming, J. Am. Chem. Soc. 55, 
3803 (1933). 
( ‘ (° Aston and G. H. Messerly, J. Am. Chem. Soc. 58, 2355 
1936). 


(Received April 16, 1951) 


The vapor pressure of neopentane has been measured from 50° to the critical point. The equation, 
1136.462 





+4.99118K10“T (T=t°C+273.16), 









American Petroleum Institute and the National Bureau 
of Standards through the API Research Project 44 
on the “Collection, analysis, and calculation of data on 
the properties of hydrocarbons.” These samples were 
purified at the National Bureau of Standards by the 
API Research Project 6, under the supervision of 
Frederick D. Rossini, from materials supplied by the 
California Research Corporation, Richmond, Cali- 
fornia. We are greatly indebted to Dr. Rossini for 
supplying us with the neopentane and for stating the 
purity : 99.982+-0.012 mole percent neopentane. 

No further purification of the sample was attempted 
except for the removal of permanent gases. The liquid 
was frozen with liquid nitrogen and the head space 
evacuated, then allowed to melt with continued evacua- 
tion. Six alternate freezings and meltings were made. 
The substance was then transferred by distillation 
into the weighing bomb and finally to the compress- 
bility bomb. 




















TABLE II. Vapor pressure of neopentane. 

















Vapor pressure, normal atmos 
Obs-Calc from Eq. 1 

















(Int) Obs. atmos. percent 
50 3.509 +0.008 +0.23 
57 4.214 —0.004 —0.09 
75 6.494 —0.019 —0,29 
100 11.033 —0.008 —0.07 
125 17.565 +0.058 +0.33 
150 26.673 +0.068 +0.25 
158 30.294 —0.024 —0.08 
158* 30.292 —0.022 —0.07 
160.60 31.572 —0.087 —0.28 












8 Made after completion of a study of the compressibility of neopentan 
to Zes. 































NEOPENTANE VAPOR PRESSURE 


TABLE III. Isotherms of neopentane (C;Hj:) in the critical region. Molecular weight = 72.0924. 








Temp., °C (Int.) 160.00 160.40 160.50 160.58 160.60 160.62 


Volume Density 
liter/mole mole/liter Pressure, normal atmospheres 


0.4000 _ 2.500 31.232 

0.3846 2.600 31.251 

0.3774 2.650 31.483 31.522 
0.3704 2.700 31.260 31.498 31.532 
0.3636 2.750 31.507 31.538 
0.3571 2.800 31.267 31.512 31.545 
0.3509 2.850 31.513 

0.3472 2.880 31.549 
0.3401 2.940 31.517 31.551 
0.3333 3.000 31.522 31.552 
0.3288 3.042 31.519 31.554 
0.3226 3.100 31.521 

0.3195 3.130 31.521 31.556 
0.3125 3.200 31.526 31.558 
0.3049 3.280 31.524 31.557 
0.2985 3.350 31.523 31.559 
0.2924 3.420 31.522 31.558 
0.2857 3.500 31.268 31.525 31.563 
0.2817 3.550 31.523 

0.2778 3.600 31.526 31.570 
0.2740 3.650 31.528 

0.2703 3.700 31.272 31.540 31.577 
0.2667 3.750 31.546 31.593 
0.2597 3.850 31.275 31.583 31.625 
0.2532 3.950 31.311 

0.2500 4.000 31.358 

0.2439 4.100 31.450 











Critical constants from Fig. 1: te =160.60 +0.05°C (Int.) ; pe =31.57 +0.03 normal atmos.; Ve =0.303 liter/mole (4.20 ml/g); de =3.30 mole/liter (0.238 
g/ml). The uncertainty in the critical volume and density is 1 percent. 





An indication of the purity of the sample is given by 
the variation of the vapor pressure with vapor volume 
shown in Table I. The variation is within the error of 
determination of pressure. 

The vapor pressure of neopentane is given in Table 
II. Since the temperature range is not great the results 
were expressed in terms of the equation: 


logiop(atmos) = 3.901633 — (1136.462/T) 
+4.99118x 107 (T= t°C+ 273.16). (1) 


The second vapor pressure at 158° was determined after 
a study of the critical region and of the compressibility 
of the sample to 275° had been completed. It indicates 
that any decomposition of the neopentane was neg- 
ligibly small. 

The results of our measurements on the compressi- 
bility of neopentane in the critical region are listed in 
joo Table III, and these values are plotted in Fig. 1. The 
4 critical constants determined by inspection of the plot 
L | are: ?-=160.60°+0.05°C (Int.), p-=31.57+0.03 nor- 

ahs. mal atmospheres, V.=0.303 liter per mole (4.20 ml/ 8), 
Fic. 1. Isotherms of neopentane in the critical region. d.=3.30 mole/liter (0.238 g/ ml). The uncertainty in 
The radius of each circle is 0.002 atmos. the critical volume and density is 1 percent. 
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susceptibility is given by the equation, 





Xmole> 1.22/(T7+39°). 


The Magnetic Susceptibility of Uranium Tetrachloride* 
R. STOENNER AND N. ELLIOTT 


Chemistry Department, Brookhaven National Laboratory, Upton, Long Island, New York 
(Received April 23, 1951) 


The magnetic susceptibility of UCl, has been measured in the temperature range 76°-354°K. The molar 








HE magnetic susceptibility of anhydrous uranium 

tetrachloride, UCl,, as a function of temperature 
has been measured by Bommer.! A Weiss-Curie law was 
reported for temperatures above 300°K with 


Xmole=— 0.92/(T-— 35”. 


The magnetic moment calculated for the U** ion from 
Bommer’s data is 2.73 Bohr magnetons, in fair agree- 
ment with the value calculated for two spinning elec- 
trons, which is 2.83 Bohr magnetons. However, if. the 
U* ion is a member of a 5/ transition group, analogous 
to the rare earth series, its spectroscopic ground state is 
3H,, and one would expect a moment closer to 3.62 Bohr 
magnetons.” 

Examination of Bommer’s data indicated the possi- 
bility of a structural transformation in the neighborhood 
of room temperature with one value of the magnetic 
moment above room temperature and another value 
below. This is shown in Fig. 1. Therefore we prepared 
some UCI, and repeated the magnetic measurements. 

Anhydrous uranium tetrachloride was prepared by a 
method reported by Mezey.’ It was stored in a vacuum 
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TEMPERATURE 


Fic. 1. The magnetic susceptibility of UCI, as a function of 
temperature. (In the figure all x’s should be x.) 


* Work carried out under the auspices of the AEC. 

1H. Bommer, Z. anorg. u. allgem. chem. 247-249, 249 (1941). 

2 C, A. Hutchison and N. Elliott, J. Chem. Phys. 16, 920 (1948). 
3R. Mezey, Manhattan Project Report C-1139. 
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desiccator and all transfer operations were performed in 
a dry box. 
Uranium analyses were done by dissolution of the 
samples in dilute H,SO., addition of an appropriate TH 


quantity of ferric sulfate solution, and titration of the 
resulting ferrous iron with standard ceric sulfate. This 
method gave low and somewhat variable results unless 
precautions were taken to exclude air and keep the 
solutions cold while the samples were being dissolved. 
Good results were obtained if the dilute H»2SO, was 
cooled with an ice bath prior to the solution of the UCI, 
and if the sample bottles were opened beneath the 
surface of the solution. Two analyses gave 62.12 percent 
and 62.16 percent U*t. The theoretical value is 62.63 


percent. 


Magnetic susceptibility measurements were made on 
a Gouy balance over a considerable temperature range. 
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TABLE I. 
. — phy 
Temp. °K 76° 191° 295° 354° = 
E Istic 
Xmole* 10° 10536 5223 3636 317 that 
and 
elect 
No dependence of susceptibility on field strength was [§ also 
observed. The data are given in Table‘I and in Fig. ! inve: 
for comparison with Bommer’s results. Corrections have § trisu 
been made for the diamagnetism of the ions, using the J sop 
values —29X10-* and —24X10~-, respectively, for the diph 
gram ionic susceptibilities of the U*+ and CI ions. wise 
As shown in Fig. 1, the present data and those of A 
Bommer are in fairly good agreement in the temperature had 
range 76°-270°K. We find the Weiss-Curie law to be = 
followed from 76°K to 354°K, the highest temperature “a 
used in this experiment. The molar susceptibility ae 
given by the equation, shen 
Xmole= 1.22/(T+39°). rm 
This leads to a magnetic moment of 3.14 Bohr mag veri 
netons. UCI, therefore behaves magnetically like other wit 
tetravalent uranium salts which have been recently  &. 1 , 
measured.?"4 se 
ia canine 1.) 
‘N. Elliott, Phys. Rev. 76, 431 (1949). ‘H. 






ed in 


f the 
riate 
f the 
This 
inless 
> the 
ved. 
4 was 
UC, 
h the 
rcent 
62.63 


de on 
range. 


ALKYL POLYSULFIDES MOMENTS 951 


The magnetic moments of all U* salts which have 
been examined are found to lie in the range 2.73-3.75 
Bohr magnetons. This is approximately the range of 
values to be expected if the U** ion is in a *H, state with 
more or less quenching of the orbital moment by the 
crystalline fields, the predicted range being 2.83-3.62 
Bohr magnetons. The situation is very different if one 
supposes tetravalent uranium to have two 6 d electrons 
unpaired and the ground state *F2. By analogy with the 
corresponding ions of the first row transition elements, 


the magnetic moment of U** should then be found in the 
range 1.63-2.83 Bohr magnetons. tf 


5E. C. Stoner, Magnetism and Matter (Methuen & Company, 
Ltd., London, 1934), p. 312. 

{ Added Footnote:—Some magnetic measurements of uranium 
halides by J. K. Dawson in the Journal of the Chemical Society, pp. 
429-431 (1951) have just come to our attention. The difference in 
Dawson’s results and ours for UCI, is somewhat larger than can 
be accounted for by experimental error, but not much. The 
magnetic moment and Curie temperature calculated for UCI, 
from our data are in close agreement with Dawson’s values for 
UBr,. Such agreement is fairly general for the chlorides and 
bromides of the first row transition elements. 
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The Dipole Moments and Structures of a Series of Alkyl Polysulfides* 


CarROLL C. Wooprow,t Marvin CARMACK, AND JOHN G. MILLER 
Department of Chemistry and Chemical Engineering, University of Pennsylvania, Philadelphia, Pennsylvania 


The dipole moments of m-hexadecyl mono-, di-, tri-, and tetrasulfides at 30°C are 1.47, 2.00, 1.63, and 
2.16D, respectively. These values provide evidence in favor of non-branched sulfur chains in the polysulfides 
and are also in accord with fixed non-planar configurations for these chains. It is possible that the disulfide 
exists as mixture of two non-superimposable mirror-image forms, the trisulfide as a mixture of one highly polar 
form together with a pair of nearly non-polar enantiomorphs, and the tetrasulfide as a mixture of three 
different pairs of enantiomorphs, all three pairs being polar. 


INTRODUCTION 


HE arrangement of the sulfur atoms in the higher 

polysulfides has long been debated. Most of the 
physical evidence has favored a non-branched chain 
arrangement of the sulfur atoms. From the character- 
istic Raman frequencies of trisulfides, Pai! concluded 
that these have the R—S—S—S—R structure. Donohue 
and Schomaker? reached the same conclusion from an 
electron-diffraction study of dimethyl trisulfide as did 
also Dawson and Robertson’ as a result of an x-ray 
investigation of the structure of 2,2’-diiododiethyl 
trisulfide. By measurements of their ultraviolet ab- 
sorption spectra, Koch‘ found strong evidence that 
diphenyl tetrasulfide and dicyclohexyl hexasulfide like- 
wise contain non-branched chains of sulfur atoms. 

A survey of the literature revealed that no attempt 
had been made to investigate the structures of higher 
polysulfides by means of dipole moment measurements. 
Accordingly, a systematic study of the moments of the 
mono-, di-, tri-, and tetrasulfides of the n-hexadecyl 
series was undertaken. This choice of sulfides appeared 
advantageous because, as contrasted with the lower 

* This paper is based on a portion of a dissertation submitted in 
December, 1949 by C. C. Woodrow in partial fulfillment of the 
requirements for the degree of Doctor of Philosophy at the Uni- 
versity of Pennsylvania. 

Harrison Fellow and Rohm and Haas Research Assistant, 
1948-1949. Present address: Viscose Rayon Research Section, 
a duPont de Nemours Company, Inc., Richmond, Virginia. 
a N. Pai, Indian J. Phys. 9, 231 (1935). 

J. Donohue and V. Schomaker, J. Chem. Phys. 16, 92 (1948). 


ib M. Dawson and J. M. Robertson, J. Chem. Soc. 1256 (1948). 
H. P. Koch, J. Chem. Soc. 394 (1949). 


alkyl sulfides, they are crystalline compounds which can 
be obtained in a high state of purity. 

Shortly after the start of our preparation of this paper, 
Westlake, Laquer, and Smyth® and Kushner, Gorin, and 
Smyth® published studies of the dipole moments of 
methyl, ethyl, and ”-propy] disulfides and methyl and 
ethyl trisulfides. Their values are consistent with a non- 
branched chain structure for the trisulfides. Our results 
are in agreement with theirs and extend the studies to 
the structure of the tetrasulfide. The values are also 
considered from the standpoint of fixed nonplanar 
configurations caused by the directional properties of the 
sulfur bonds. 


EXPERIMENTAL 


The u-hexadecy] sulfides were prepared and purified 
by methods described previously.’ The dipole moments 
in benzene solution were measured at 30+0.01°C using 
an apparatus and method of measurement reported 
earlier. The refractive indices of the benzene solutions 
were measured at the same temperature with a Pulfrich 
refractometer, using the Nap line. 


RESULTS 


Table I shows the mole fractions of the solute, No, the 
dielectric constant, €12, density, dj2, and the square of 


5 Westlake, Jr., Laquer, and Smyth, J. Am. Chem. Soc. 72, 436 
(1950). 

6 Kushner, Gorin, and Smyth, J. Am. Chem. Soc. 72, 477 (1950). 

7J. E. Baer and M. Carmack, J. Am. Chem. Soc. 71, 1215 
(1949). 

8 J. G. Miller, J. Am. Chem. Soc. 64, 117 (1942); J. G. Miller 
and H. S. Angel 68, 2358 (1946). 





952 


TABLE I. The dielectric constant, density, and refractive index of 
benzene solutions of m-hexadecy] sulfides at 30°C. 








Monosulfide 
N2 €12 diz 


0.001342 2.2683 0.86716 
0.002243 2.2707 0.86689 
0.003745 2.2739 0.86650 
0.006275 2.2788 0.86570 
0.010509 2.2867 0.86462 


€12= 2.26613(+0.00022)+ 1.980(+0.035) No, 
d12=0.86752(+0.00025) —0.2788(+0.0043) No, 
n*;2D = 2.22965—0.7099N>. 


Disulfide 


0.86731 
0.86725 
0.86707 
2.2972 0.86703 
2.3180 0.86680 


€12= 2.26524(+0.00080) +4.974(+0.137) Nz, 


d;2=0.86735(+0.00003) — 0.0508 (0.0049) No, 
n* oD =2.23134—0.4118N2. 


. Trisulfide 


2.2699 
2.2725 
2.2759 


n12D 


2.22851 
2.22821 
2.22708 
2.22520 
2.22216 





2.23105 
2.23048 
2.22965 
2.22821 
2.22729 


2.2738 
2.2748 
2.2836 


0.001362 
0.002272 
0.003800 
0.006346 
0.010588 


2.23048 
2.23021 
2.22992 
2.22935 
2.22821 


0.86759 
0.86797 
2.2867 0.86829 
2.2980 0.86894 


€12= 2.26542(+0.00066) +3.110(+0.112)No, 
di2=0.86740(+0.00002) +-0.1443(+0.0024) No, 
n?\ 2D = 2.23081—0.2411N2. 


0.001364 
0.002275 
0.003794 
0.006326 
0.010636 


Tetrasulfide 


2.2728 0.86789 
2.2755 0.86825 
2.3013 0.86955 
2.3286 0.87089 


€12= 2.26285(+0.00085) +6.135(+0.133) No, 
di2=0.86748(+0.00002) +0.3212(+0.0034) No, 
n*; 2D =2.23205+-0.0722N2. 


2.23219 
2.23219 
2.23248 
2.23284 


0.001371 
0.002282 
0.006379 
0.010634 








the refractive index, 1?12D, at 30°C for the solutions of 
the sulfides in benzene. 

The values in Table II have been computed from the 
data in Table I. The Hedestrand*’ formulation was used 
to obtain the infinite dilution values of the molar 
refractivity, MRp, and of the total polarization, P20. 
The dipole moments, yu, were calculated by the equation, 


u=0.01281[(P2—MRp)T }, 


and are estimated to be in error by no more than +0.02 
unit in any case. All moment values stated in this paper 
are given in Debye units. Rough measurements of the 
dielectric constant and density of the solid sulfides 


TABLE II. The refractivities, polarizations and dipole moments of 
n-hexadecy] sulfides in benzene solution at 30°C. 








MRp P20 


158.41 202.02 
167.90 248.65 
176.05 299.43 
187.01 280.39 





Monosulfide 
Disulfide 
Trisulfide 
Tetrasulfide 








*G. Hedestrand, Z. physik. Chem. 2B, 428 (1929), 
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AND MILLER 


showed that there is little difference between the solu- 
tion values of MRp and the total polarizations in the 
solid state at the same temperature. 

Working with benzene solutions at 25°C, Westlake, 
Laquer, and Smyth® obtained the value 1.99 for the 
dipole moment of ethyl disulfide and 1.64 for ethyl 
trisulfide. Kushner, Gorin, and Smyth® found the values 
1.95, 1.96, and 1.96 for the moments of methyl, ethyl, 
and n-propyl disulfides, respectively, and the value 1.66 
for methyl trisulfide. Their values were also obtained 
from measurements in benzene at 30°C. 


DISCUSSION 


In addition to their stability and purity, the sulfides 
studied here provide a series in which the alkyl groups 
are the same throughout, so that the only change in 
composition in passing through the series is the increase 
in the number of sulfur atoms. 

The effect of concentration on the polarization of the 
ethyl and n-amy] sulfides in benzene reported by Walls 
and Smyth” was ascribed by them to the large size of 
the sulfur atom which prevented screening by the alky! 
groups and permitted greater interaction of the solute 
molecules than is shown by ethers. In the case of the 
hexadecyl sulfides such interaction is apparently negli- 
gible in the concentration range of our measurements. 
This was revealed by plots of P2Ne2 against Ne in ac- 
cordance with the suggestion of Hoecker,"! P2 being the 
molar polarization of the solute at the concentration N». 
For each compound a good straight line was obtained 
which passed through the origin, as typified by the be- 
havior of the monosulfide shown in Fig. 1. The large 
alkyl groups apparently provide adequate screening in 
these solutions. 

The dipole moment values obtained here are addi- 
tional evidence that disulfides do not have a Y structure 
and that in tri- and tetrasulfides the sulfur atoms are 
combined in a non-branched chain. This conclusion, in 
accord with that reached by Kushner, Gorin, and Smyth’ 
for the sulfides they studied, is based on the small 
changes in dipole moment that result with increase in 
the number of sulfur atoms as one passes through the 
series from mono- to tetrasulfide. Large changes would 
be expected if the added sulfur atoms were held by 
coordinate linkages. 

Additional interpretations of the moment values may 
be made with reference to the structures of the ind: 
vidual members of the series, especially in view of recent 
discoveries concerning sulfur chains.®:!?+18 

As pointed out by Kushner, Gorin, and Smyth, there 
is steric hindrance to intramolecular rotation in methy! 
trisulfide and those authors concluded that it is possible 
that the trisulfide exists in two more or less fixed not 
planar configurations. The small effect of the bulk of the 


10 W. S. Walls and C. P. Smyth, J. Chem. Phys. 1, 337 (1933) 
11 F, E. Hoecker, J. Chem. Phys. 4, 431 (1936). 

21. Pauling, Proc. Nat. Acad. Sci. 35, 495 (1949). 

18 J. Donohue, J. Am. Chem. Soc. 72, 2701 (1950). 
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lake, fixed nonplanar structures. Rotation of the two alkyl- 
r the @ sulfur linkages with respect to one another would be 
ethyl 9 affected by the bulk of the alkyl groups, and the alkyl- 
alues sulfur linkages are the only apparent source of moment 
ethyl, J for these molecules. 
e 1.66 Pauling’ has recently reviewed a large amount of 
ained evidence supporting non-planar configurations for poly- 
sulfides. He has shown that nonplanarity is clearly the 
tule, being due principally to the strong repulsion be- 
tween the pz electrons of the linked sulfur atoms and 
ilfides #F has concluded that the normal value of the dihedral 
roups ## angle for the sulfur-sulfur bonds is in the neighborhood 
ige in #§ of 100°. The approach of the dihedral angles to this 
crease — normal value is apparently one of the strongest factors 
in deciding the stability of different configurations of 
of the compounds containing sulfur-sulfur linkages. In view of 
Walls @ this, Donohue! re-examined the data of Dawson and 
size of §§ Robertson* on the crystal structure of 2,2’-diiododiethy] 
- alkyl @ trisulfide and showed that the S—S—S—C grouping is 
solute § not co-planar in that molecule as originally proposed, but 
of the § forms a dihedral angle close to 90°. 
negli- The dipole moment of m-hexadecyl disulfide is con- 
ments. @ sistent with a skew structure for the C—S—S—C sec- 
in ac- § tion of the molecule. The minimum moment of the alkyl 
ng the @ disulfides would be zero, corresponding to a trans 
on N». § co-planar configuration where the dihedral angle is 180°, 
tained and the maximum moment would be 2m siné, corre- 
he be- § sponding to a cis co-planar configuration with a dihedral 
> large angle of 0°, where m is the moment of the alkyl-sulfur 
iing in & link and @ is the C—-S—S bond angle. For a dihedral 
angle of 90° the calculated moment is the same as the 
> addi-  free-rotation value, 1.414m sin@. Taking the bond angle 
‘ucture # as 105° in the monosulfide, a value of m equal to 1.21 is 
ms até J found from the observed moment of the monosulfide, 
ion, in 1.47. If the same reasonable value for the bond angle is 
smyth’ fF chosen for the disulfide, the moments corresponding to 
» small % 0°, 90°, and 180° for the dihedral angle are 2.34, 1.65, 
ease in J and 0 for this value of m. While these calculations 
gh the J definitely exclude the ¢rans co-planar configuration, they 
, would § support the cis coplanar, the right-angle skew, and the 
eld by & freely-rotating structures equally well. 

Fortunately, a decision can be made in this situation 
es may & by reconsideration of the alkyl-sulfur linkage moment, 
e ind {% m. While at first glance the monosulfide moment appears 
f recent # well suited for the estimation of m because the mono- 

sulfide structure is not complicated by rotation, never- 
1, there J theless the close proximity of the dipoles and the 
methyl tesultant mutual induction will render this estimate too 
possible low, In contrast to this, the effective m value for the 
ed not: disulfide should be little affected by mutual induction 
k of the cause of the greater separation of the dipoles and it 
7 (1933). should be considerably greater than 1.21. If m is calcu- 





lated from the observed moment of the disulfide, the 
Value 1.04 is obtained for a cis co-planar structure, and 
147 for the skew or free-rotation structure. This clearly 







ALKYL POLYSULFIDES MOMENTS 





ee ee eee 


‘ 
1 


4 ht Be oe oe oe oe ee 
e Pa ee ee ee ee 








phivitortrirtipir tira ly 
° 002 004 Nz 006 008 010 





Fic. 1. The Hoecker plot for m-hexadecyl monosulfide. 


excludes the co-planar structure and we may next call on 
the earlier discussion in favor of a fixed skew configura- 
tion to establish that form in preference to the structure 
in which the internal rotation is free. It should be noted 
that two non-superimposable mirror-image forms of the 
same moment can be formed with the same dihedral 
angle and that the disulfide should therefore be re- 
solvable into two optically active forms. 

We are now in a position to discuss the higher 
polysulfides by use of m obtained from the disulfide. In 
view of the values reported for the dihedral angles in 
other compounds containing sulfur-sulfur bonds, we 
have a preference for a value of 105°, rather than 90°, 
for this angle. This leads to a value of 1.70 for m, and 
this value will be used for the alkyl-sulfur linkage 
moment throughout the remainder of the discussion. 
This arbritrary choice of the dihedral angle when 
followed consistently has no important effect on the 
results of these discussions, which is fortunate in view of 
the uncertainty expressed by other workers in their 
estimates of the dihedral angles. 

A model of the trisulfide molecule is shown in Fig. 2. 
We have developed the following formula for the mo- 
ment, w, of any instantaneous configuration in terms of 
the dihedral angles gy; and ¢2, and the bond angle 6, 
assuming the three bond angles equal. 


p?= m?{sin?(180—6) (sin gi+sin g2)?+sin?(180— 6) 
Xcos?(8/2)(cosgi— cos¢2)?-+[ 2 cos(180—6) 
Xcos(6/2)+sin(180— 6) sin(@/2) 


X (cosgitcos¢s) |?}---. (1) 
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Fic. 2. The trisulfide, showing rotation of the R—S linkages. 











TABLE III. Three fixed configurations for n-hexadecy] trisulfide. 











#1 2 M 
A 105 255 0.14 
B 255 105 0.14 
Cc 105 105 3.17 








This leads to the free-rotation value 
p= m[_2—2 cos*(180—6) }§ 


which is in agreement with the free-rotation formu- 
las given by Smyth and Walls'* and Kumler and 
Halverstadt. 

Taking each bond angle equal to 105°, we find that 
free-rotation would produce a moment of 2.38, compared 
to the observed value 1.63. For the several co-planar 
structures possible, the lowest moment calculated by 
Eq. (1) would be 2.07, for a trans-trans (¢1= g2= 180°) 
or a cis-trans (¢g,:= 180°, g2=0°) arrangement, which is 
too high, in agreement with the other evidence ruling 
against coplanarity. 

Taking the preferred dihedral angle (corresponding to 
g= 105° or 255°), three fixed non-planar configurations 
are obtained as shown in Table III. If these structures 
possess sufficient rigidity, it is possible that the sub- 
stance may be considered a mixture of all three. Equal 
amounts of each would produce a moment of 1.83, and 
a mixture composed of 37 percent each of A and B and 
26 percent of C would give the observed moment, 1.63. 
Such mixtures may be expected to yield to separation by 
chromatographic adsorption first into a polar fraction 
composed largely of the C form and a non-polar fraction 
made up largely of the other two forms. These two 
forms, A and B, are mirror images and this fraction 
could then be resolved into the separate, optically 
active molecules. An effort to carry out such separations 
is being undertaken. It is interesting to note that zero 
moment for the trisulfide should result if one dihedral 
angle is 102° and the other 258°. 
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Fic. 3. The tetrasulfide showing rotation of the R—S linkages 
about a fixed co-planar chain of sulfur atoms. 


~ 5 P. Smyth and W. S. Walls, J. Am. Chem. Soc. 54, 2261 
1932). 

16 W. D. Kumler and I. F. Halverstadt, J. Am. Chem. Soc. 63, 
2182 (1941). 
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The tetrasulfide has a moment which is only slightly 
greater than that of the disulfide. A moment equal to 
that of the disulfide might be expected if the four sulfur 
atoms were in a fixed /rans-co-planar arrangement with 
the two S—S—S bond angles the same, no matter what 
value is chosen for these angles. In this case the axes 
of rotation for the two R—S moment vectors would be 
parallel as shown in Fig. 3 and the moment would have 
the same dependence on the rotation of these linkages as 
for the disulfide. Thus, the observed value of the mo- 
ment, 2.16, is the same as would be calculated for a fixed 
structure in which the sulfurs are ¢rans co-planar and the 
R—S linkages describe an azimuthal angle of approxi- 
mately 96° with respect to each other. This is nearly the 
same as if the rotation of these links were completely 
free. 

In view of the evidence against co-planar arrange- 
ments for the sulfur atoms, all of the fixed configurations 


Fic. 4. Members of 
the three different pairs 
of enantiomorphs for n- 
hexadecyl tetrasulfide. 








of the tetrasulfide molecule that would be obtained by 
application of a constant bond angle of 105° and dihedral 
angles of 105° to the C—S—S—S—S—C chain have 
been considered. Six non-superimposable forms are ob- 
tained in this way and these comprise three pairs of 
mirror images. Figure 4 shows one member of each of 
these pairs of enantiomorphs. The most tightly-coiled 
structure, A, would have a moment of 2.93. The others, 
such as B and C, would have equal moments, 2.01, 
although they differ in extent of coiling. 

Similar to the result obtained for the trisulfide, equal 
amounts of each of these six forms would nearly account 
for the observed moment, the root-mean-square value 
for such a mixture being 2.36. A mixture composed of 86 
percent of the lower moment forms and 14 percent of the 
higher would give exactly the observed value, 2.16. 
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The quantum mechanics of fluids at moderately high and very low temperatures is investigated by the 
extension of a method due to Wigner. The fundamental equation satisfied by the phase space distribution 
function is solved, on the basis of classical statistics, by two different methods, and quantum corrections for 
thermodynamical equilibrium are obtained. It is shown that the effective molecular interaction becomes very 
weak near absolute zero. An estimate is made of the zero-point energy. Corrections due to quantum sta- 


tistics are obtained. 





I. INTRODUCTION 


GOOD deal of work has been done on the evalua- 

tion of quantum corrections to thermodynamical 
quantities, mostly based on a method of Kirkwood! of 
developing the Slater sum. Assuming the validity of 
classical statistics, quantum corrections to the virial 
coefficients of gases have been computed by Uhlenbeck 
and Beth,? and de Boer* subsequently extended these 
calculations to a number of thermodynamical quanti- 
ties. This work is, however, based on an expansion in 
powers of Planck’s constant, which fails at low tem- 
peratures. A method of potentially wider application 
was initiated by Wigner,* who derived the fundamental 
equation for the phase-space distribution function, 
which is essentially a fourier transform of the density 
matrix of von Neumann, and, as pointed out by Moyal,® 
replaces the velocity distribution function of the 
classical theory. Mayer and Band® have since put 
Wigner’s work on a more rigorous footing. 

In this paper an attempt has been made to obtain 
direct solutions of the fundamental integral equation. 
One solution is a power series in /?, and leads to thermo- 
dynamical expressions identical with those obtained by 
other methods, though rather more general than those 
resulting from Kirkwood’s expansion, since they are 
applicable to condensed systems as well as gases. 
Another solution, in powers of the force constant, is 
better applicable to the region at very low temperatures. 
To obtain explicit results without undue labor, an ap- 
proximation has been made, on the basis of which it 
would appear that effective molecular interaction be- 
comes very small at very low temperatures. This is in 
agreement with some previous work by the author,’ in 
which it was shown that the radial distribution func- 
tion does not possess the usual high coordination peaks 
near absolute zero. It also helps to account for several 
puzzling properties of liquid helium. 

Little has yet been done to examine the effect of 


‘J. G. Kirkwood, Phys. Rev. 44, 31 (1931). 

a 37 E. Uhlenbeck and E. Beth, Physica 3, 729 (1936); 4, 915 
*J. de Boer, Amsterdam Dissertations (1940). 
‘E. Wigner, Phys. Rev. 40, 749 (1932). j 
* J. E. Moyal, Proc. Cambridge Phil. Soc. 45, 99 (1949). 
‘J. E. Mayer and W. Band, J. Chem. Phys. 1F, 141 (1947). 
"H. S. Green, Proc. Roy. Soc. (London) A194, 244 (1948). 


quantum statistics on the statistical mechanics of 
assemblies of interacting particles. In the last section of 
this paper, an approach has been made to this problem. 
It is shown that, near absolute zero, the corrections for 
quantum statistics are approximately additive to the 
corrections already obtained. 


II. PHASE SPACE DISTRIBUTIONS 


In the classical theory of fluids, the value of any 
physically observable quantity is conveniently de- 
termined by means of the velocity distribution function 
fa defined in such a way that 


SolE, x, d%Ed*x 


is the probability, at time /, of finding g molecules, with 
velocities in the ranges &, dE (i=1---+q), respectively, 
with their mass centers in the volume elements x, 
dx (i=1--+-g). The mean value 6, at time ¢ of any 
function 6, of the velocities (and positions) of the g 
molecules is then given by 


n(x, 1)0,(x, t) = J full, X NO (E, x)d%, (1) 


where 


r(x, t)= f full, x, Dare (2) 


is the density distribution function for g molecules with 
assigned positions x (¢=1---q). 

In the quantum theory, the statistical concept de- 
fining f, is illegitimate, since the position and velocity 
of a molecule cannot, even in principle, be measured 
simultaneously. It has, however, been pointed out by 
Moyal that a phase space distribution function f, can 
be defined which allows mean values to be calculated 
from the classical formulas 1 and 2. In fact, the only 
property of the classical velocity distribution function 
which is not also possessed by the quantum-mechanical 
phase space distribution function is the essentially 
positive character of a probability. 

The phase space distribution function is defined in 
terms of the density matrix p,(x’, x”, /) by means of 
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the equations, 


fell x, )= (“)" fo 


Xexp(imLE-yO/h)dty (3) 
and 
4y, x+y, #), (4) 


in which m is the molecular mass and h= 27h is Planck’s 
constant. The density matrix p, was introduced into 
quantum mechanics by von Neumann.® For a system 
in a pure state, it can be represented as a product of 
Schrédinger wave functions, 


a(x’, t)vo*(x”, 2). 


This circumstance has been exploited by Price.* How- 
ever, a cluster of molecules in a fluid,-or even the entire 
fluid if it is in statistical interaction with its environ- 
ment, cannot be in a pure state, and the use of the den- 
sity matrix is then compulsory. It is necessary further 
to pay close attention to the boundary conditions. 

Unless one supposes that the fluid occupies the whole 
of space, the wall must be represented by a potential 
barrier, and the molecules are then under the influence 
of an external field of force as well as their mutual 
interactions. The potential energy x(x) of a molecule 
in this external field rises from the value zero inside the 
volume V occupied by the fluid to some very large or 
infinite value outside. The precise form of the function 
x(x) is unimportant, except that it must permit the 
existence of a complete set of normal solutions of the 
Schrédinger equation. If x(x) has any discontinuity, 
the second space derivative of the Schrédinger wave 
function and therefore of the density matrix will also be 
discontinuous at the wall. As a matter of convenience, 
x(x) will here be assumed symmetrical about the origin 
of coordinates: 


£9(X, Y, 4) =p(x— 


x(—x)= x(x). (5) 


If $(x‘®—x ®) is the mutual potential energy of a pair 
of molecules at the positions x“ and x‘, the total 
potential energy of the molecules of the fluid will be 


P(x) =F DV GP+V, 
$4) = O(xM— x), yxO= x(x), 


Assuming that the fluid consists of V identical mole- 
cules, the density matrix py satisfies 


Opn 
Wt ed (saw) ~ (oer) | 
at ax(o’ ax)” 


= {&(x’)—#(x")}pn (7) 


8 J. v. Neumann, Grundlagen der Quantenmechanik (Verlag. 
Julius pA cg Berlin, 1932). 
®P. J. Price, Phil. Mag. 61, 448 (1950). 


(6) 
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and the function gy defined by (4) therefore satisfies 

ag N 
—————-= { ®(x—gy) — P(x+3y)} gw. 

Ot 2n dx™-dy 


By fourier transformation, the equation satisfied by the 
phase space distribution function is obtained in the form, 


dfn (&) dfn(é) 








+e. 


= f X(n) sin(mYn® -x/h) fy(E—4n)d*n, (9) 


where 
m 3N N 
xin)=(~) [20 costmEn-y69/A)a%y. (10) 
From (10) it follows that 
N 
(x)= f X(®) cos(mCE-x/A)dME; (11) 


hence, if fy(é3n) is expressed as a Taylor’s series in 
powers of n, thus: 











“aE 
Ofy 
+42 20°: ———— ae? — (12) 
OEM BED 
Eq. (9) reduces to 
Ofw Afy 1; _ db af® 
rH. Lala 
ot ax — m| ax “OE 
i? a* 
24m* Axx ax 
d* fy 


feeb (19) 





EO GED GEM 


In the classical limit, as 4-0, it is clear that one ob- 
tains the classical equation, 


Of 4 9 oie _ Lt Om dfn° 


, (14) 
ot _. mM ox ag’ 














which determines the velocity distribution function. 
The additional terms in (13) determine quantum correc- 
tions to the formulas of the classical theory of fluids. 


III. MODERATELY HIGH TEMPERATURES 


At sufficiently high temperatures, the phase space 
distribution function fy can be expanded in powers of 








i’. 


sul 


int 
fun 
hf 
0A 

ot 


In 1 
in t 
kno 


whe 
(16) 


63 
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and 


and 


Usin; 


This 
Point 
perfe 
(19) j 
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f?. The expansion is most conveniently obtained by 
substituting 


fu=fw°(AthWAithtAst---) (15) 


into (13). Then fy° is the classical velocity distribution 
function, which satisfies (14); by separating powers of 
i? from (13), one obtains for A, 


0A 1 OA 1 1 OP 0A 1 
raat ) 


OD ieee ates 


dx =m dx QE 
a*p 0* f° 
24m fy? AxMaxDax® aEOIEDGE® 





In the present paper, attention will be limited to fluids 
in thermal and mechanical equilibrium, for which it is 
known that 


0A,/at=0, fn°=expB(F—8—DopméE?) (17) 
where F is the free energy. Then the right-hand side of 


(16) reduces to 
eas 
a) 


63 0 3 Be’ 0 
—(Ze°. -) é-——— re (5 
24 ox 8m ox 


and the solution of (16) is 


p fa) 2 
(xe ® 


24 Ox 

e Oo’ 
—-—y (——. 
8m Ox Ax 


The coefficients A», A3, etc., in (15) can be determined 
in a similar way, but naturally their complexity in- 
creases greatly with the power of f? which they multiply. 

The density distribution function ny, derived from 
(15) in accordance with (2), is 


ny=ny°(1+hBi+h'Be+ ---), 
where my‘ is the classical function 
nn°=* expB(F—®), 
A= (27/Bm)}, 


N 


By=)-¥ f exp(—BL}mE)A dE (21) 


B Ob Of 
! .). (18) 
3 ax) axl 


(19) 


(20) 


Using (18), one has 


B 
B= (0 
24m 


ab 
=). (22) 
Ax ax 


This is the result obtained by Wigner.‘ It has been 
pointed out by Mayer and Band‘ that the analysis is not 
perfectly rigorous, since the initial terms of the series 
(19) increase rapidly in magnitude. Assuming, however, 


0b df 


ox ox 
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that the free energy can be expanded in powers of h?, 
this defect is corrected in (26) below. 

Now, it will be supposed that the ”, are normalized 
in such a way that 


f they rdx'et = (N—@) the (23) 


with = 1. Then it follows from (19) and (20) that 


XY N 
exp(—B)=— f exp(—®) 


AY N 


ER + ee exp(— B®) 


ih? pe’ ah 
(a- —_ ste a (24) 
24m = ax ax 


after an integration by parts. 

In this section the terms arising from the existence 
of the external potential function x(x) will be neglected, 
except in so far as it limits the spatial integration to a 
region of volume V. Then, substituting from (6) into 
(24), the latter reduces to 





RB? 
24 


exp(— BF) =exp(—6F*) | ™ 
m 


0°¢(r) 
xf fre dxdx® + ae 2 (25) 
Or-or 


where F*¢ and 
Nv 


N-2 N 
No = expB(F°— ®) JJ dx 
* (N-2)! J re 


are the classical values of F and the number distribu- 
tion function m2, and r=x®—x™, Hence 


h?BV ao 
F=Fe+ fre dr+::: 
24m or-or 





(26) 


The thermodynamic pressure and internal energy may 
be derived in the usual way by differentiating with 
respect to V= N/m, and 8, respectively, thus: 


h’B On, 0 
p= pc+ J(« —_ mt) dr+ sta (27) 
24m On, Or-or 


and 


h’BV One® ao 
U=U*+ S(e +2n:') dr+---. (28) 
24m 0p or: or 


These formulas are correct for both liquids and gases. 


_ The classical radial distribution function 2° may to a 
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first approximation be replaced by the actual radial 
distribution function m2 obtained, for example, by the 
analysis of the x-ray scattering experiments. In rare 
gases, 


Bpe=m—}n? f {exp(—8¢)—1}dr-+0(m:), 
(29) 
n= ny" exp(— Bd) +0(°) ; 


Ven? do\? 
p=p°+ [ e-00(=) dr+0(m;°). (30) 
24m or 


This expression, which gives the quantum correction to 
the second virial coefficient, was obtained by Uhlen- 
beck and Beth? by another method, and has been 
evaluated by de Boer’ for a general potential function 
of the Leonard-Jones type. 

The phase space distribution function of f; appro- 
priate to a single molecule in the fluid can be obtained 
from (15) by integrating over all positions and velocities 
except x® and &; 


1 
fi= 


2(N—1) 
oor fo ueateB) 


N 
+h fy°(Ay— By) +: ++} [] d&dx® 
i=2 


2 


=)-! exp(— 3 BmE?) | nha pme 1) 
24m 


2 


oo 
x fe tet} 


r-or 


(31) 


Since 
N-1 
f exp(— B®) -(A:—B,)d* x 
2 


B 
=> —(5bmeE?2— 1) 
24m 


N-1 Fae 
x | ital 


x 9x@ 


N-ly 


The mean kinetic energy of a molecule, obtained from 
(1) with the help of this formula, is 


3 h’p? a 
T= | 1+—— N° 
28 36m 


dr-+-- ooh, 
Or-or 


(32) 


showing that the “kinetic” temperature 7; differs in 
the quantum theory from the “thermodynamic” tem- 
perature 1/(k@). 

Owing to the factor 8 which they contain, the quan- 
tum corrections proportional to /? in the formulas (26)- 
(28) and (32) become very large at very low tempera- 
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tures. It is not hard to verify that this feature is repro- 
duced to an even greater degree in the corrections pro- 
portional to higher powers of h?. The procedure of 
expansion in powers of #? will therefore fail near absolute 
zero, and another method of approximation has to be 
devised. 


IV. VERY LOW TEMPERATURES 


At very low temperatures, the differential equation 
(13) is no longer useful, and it is necessary to return to 
the integral equation (9) in order to determine the 
phase space distribution function. A solution exists of 
the following form: 


N=exp(BF)(Co+Cit+Co+ zis -), 


kN 
C= f Ex(é, Hx) cos(m SH, +x /h) 


k 


XII {X(m)d*ny}, 


l=1 


(33) 
where E;, is a function, to be determined, of &, 
k 
H.=> ni, 
I=1 


and in general the relative velocities n;—n,, as well. 
Since one must obtain the classical solution in the limit 
X(n)—0, 

Co= Eo= exp(—38mQE”). (34) 


Substituting (33) in the integral equation (9), one finds 
that the latter is in fact satisfied, provided 


(mE - Hey 1 Lp yi(E, Hiss) 
= E,(€—3ne41, He) —-Ex(E+3H:, —mi41). 
With the help of (34), 
(mL E® -n)E,(E, n) = —exp{ — 28m (E? 
+4n(%)} sinh GamDEO -n®), 
In this formula it is convenient to write 


sinh(36md E@ -n) = (28m EO -n@) 


(35) 
(36) 


1 


xf cosh($z8m>_E -n)ds. 
0 


Then (33) gives, on substitution from (10), 


1 AN s2em\ 2N/2 
C= -6 f f ( ) 
0 Bh? 


Xexpl—3hmy { (1—2*)EO?+ y?/(6h)"} J] 
Xcos(mz>_E - yO/h)b(x+4y)d% ydz. (37) 


By integrating Eq. (33) over all velocities, one ob- 
tains 


ny=* exp(BF):(1—B8E1+-48°S.—36°S;+- +), (38) 
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N 
AN(—)k, =! f C.dNE. (39) 


The convergence of the series in (38) is satisfactory 
because, although @ is very large at very low tempera- 
tures, it will appear in the following calculation that 
the coefficients #, in this temperature range are of 
order B-*. The value of ®, can be determined im- 
mediately from (39) and (37); it is* 


1 N Qarm 3N /2 
SS Ge) 

0 Bh? 
y‘?2 


xexp( ~ 
26h? 


Equations (37) and (40) can be reduced with the 
help of (6); one obtains 


C= BEL La +2d)Co 


oH = -f f (< mY exp—tam{- stp?-+s?/(Bh)?) 
Bh? 


Xcos(4mzo:s/h)o(r+4s)dsdz, 
o= EEO, 


)otxtd—2)y}a yds (40) 


f= x) a x, 


(SG) 


48m { — 22g (O24 y‘®?/(Bh)?} 
X cos( mak -y /h)x(x-+ by )dy dz, 


Xexp— 


and 


= ID De +O 


= SG) 


xew(-—)i r+(1—2)'s}dsdz, 


4Bh? 


n= fi {(2« o(-=-) 
Bh Bh 


Xx{x+(1—2)ty}dyds, (42) 


The values of @2, ©3, etc., remain to be determined. 
This will not at present be attempted in detail; but it 
can be seen from (41) that, since each term of C; 
differs from Co only by a factor involving the coordi- 


* The formula, 


Jf exp(— 38/0) cos(r8-y)d& = (2x0)! exp(—}o7*y’), 


'$ used here, and on several subsequent occasions, 
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nates and velocities of at most two molecules, ®2 will 
differ from ,;? only in the value of terms, such as 
(¢1°”)? and 2¢;¢,°, whose factors refer repeatedly 
to a single molecule. Similarly ®; differs from ,* only 
in the value of terms such as 6¢;°?,°,%". As such 
terms are statistically much less numerous than the 
others, and in any case involve increasing powers of 
8", it seems reasonable to suppose that 


nn = expB(F—4;) (43) 


is a good approximation to (38). This is especially so 
near absolute zero, where ®; is of order 6. A probable 
exception to the validity of the approximation will 
occur when two molecules are so close that they are in 
the very strongly repulsive region of the field of their 
mutual interaction. 

A few consequences of (43) will be immediately ob- 
vious. The free energy and all the density distribution 
functions will be the same as one would expect on the 
basis of the classical theory, if the potential energy were 
®, instead of . The actual form of the effective inter- 
action ¢;(r) is evidently of interest. From (42) it follows 
that 


Om ff f i o(s)sds ex(-"=) a, (44) 


and at very low temperatures the exponential factor is 
practically unity over most of the range of integration. 
AssumingT 


o(r) = —ypr-*+A exp(—r/ro), 
= — wb-*+A exp(—r/ro), 


so that } is the molecular diameter, one obtains 


r>b, 


r<b, (45) 


$1(1)=——[— wr(80-2— 1-8) 
6hB 


+12A { 2ro—(r+2r0) exp(—r/ro)} J, 


=—| — n(9b-*— 
cee a oe ( 


+12A {2ro— 


— 2r°h-*) 


(r+2ro) exp(—r/ro)} ], r<b. (46) 


The terms neglected are proportional to 6, and the 
approximation is valid only up to moderately large dis- 
tances, and for Bh?> mb”, i.e., at temperatures less than 
2°K in helium. 

The fact that ¢:(r) is proportional to 6, with its 
corollary that #, is proportional to @-*, justifies the 
expansion represented by (38), and shows that the 
method of approximation is particularly well adapted 


to the temperature range near absolute zero. What is 


+ The use of a potential with a strong singularity at the origin 
would lead to difficulties, associated with the lack of definition of 
the hamiltonian operator—see K, M. Case, Phys. Rev. 79, 220 
(1950). 
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chiefly required in this range is to expand the free 
energy in powers of the absolute temperature. 

The effect of the approximation (43) is to exclude the 
contribution to the free energy of quantum jumps 
involving more than two molecules at a time. As the 
amount of energy available for such transitions is small 
near absolute zero, it may be expected that the error 
involved is not large in this region, and there would in 
any event be no difficulty in developing the first- and 
second-order corrections. 

On account of the factor 6“ which it contains, the 
effective interaction is very weak at low temperatures. 
Only the fact the long-range attractive term 4yum/ 
(3h?Bb*r) is effective to moderately large distances (it 
will be remembered that (46) is not a good approxima- 
tion to (44) at very large distances) will indeed explain 
the cohesion of the liquid. Since the minimum of the 
effective potential energy between two molecules is at a 
consideraly greater distance than in the classical theory, 
so one would expect the density of the liquid to be 
abnormally low. The viscosity of the liquid, which 
depends almost entirely on the effective action of the 
intermolecular forces, will also be abnormally low. The 
effective interaction of a molecule with any wall bound- 
ing the fluid may be represented by the last equation of 
(42), and is also proportional to 6“ near absolute zero. 

An estimate of the zero-point energy of the fluid 
can be obtained by computing the mean kinetic energy 
of a molecule directly with the help of (41). Neglecting 
the term containing d“, which becomes important only 
near the boundary of the fluid, one has 


N 
f fu ymEO*dNE 


=ny fx exp —46meo)- L145 fr 
7 
X exp(—3BmE 2?) - (cD + Bob?) dEa 
‘é dmeEO*dEO | (47) 


After some elementary integrations, the right-hand side 
of this equation reduces to 


3 
nv| HE (6x04) | 
28 i 


The mean kinetic energy of a molecules is therefore 


n2 
fl (48) 


gkT y= 48-44 f dr) —o(r) ar. 


ny 


At absolute zero, this tends to the limit 


—} J ny nop(r)dr 
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equal to one-half of the negative potential energy of a 
molecule in the fluid. In passing from the liquid to the 
gas a molecule must lose kinetic energy equal to one- 
half of the potential energy which it gains. The heat of 
vaporization is therefore only one-half of the classical 




































value. A 
To obtain an exact theory, it will be necessary to § 'V 
determine the coefficients 2, ®;, etc., of the series (38) will 
more exactly. Another limitation to the validity of the vest 
results obtained in this section is that classical sta- nz b 
tistics have been employed. The influence of quantum Con 
statistics on the behavior of systems of interacting 
particles is probably less than one would suppose Nle 
from the theory of non-interacting systems; this is indi- 
cated, for example, by the work of de Boer,!® who has 
successfully predicted the values of molar quantities in 
a way which is independent of the statistics. On the 
other hand, there is a significant difference in the super- J whe 
fluid behavior of liquefied He* and He?’ which cannot be A 
accounted for solely by the difference in mass. It is very expr 
desirable, therefore, to examine the effect of quantum tion 
statistics on the theory developed in the last two sec- 
tions. 
V. QUANTUM STATISTICS Ther 

The quantitative effect of quantum statistics on the 

theory of assemblies of identicle particles is most readily 
exhibited in the form of the density matrix. For non- 
interacting particles this has been shown by Husimi." 
In what follows, p(x’, x”) continues to represent the — '™ 
density matrix determined on the basis of classical of 2 ¢ 
statistics, and the corresponding density matrices for J“ 
particles satisfying Bose and Fermi statistics respec- Henc 
tively are denoted by pyt(x’, x”) and py~(x’, x”). 

If J,, is the “space exchange” operator which inter- 
changes the coordintes x’ and x’, the relation of d 
px* and py~ to py may be specified with the help of the 
symmetrization operators wher 

whicl 
St= (1+ yy-1)- ++ (1+Ja2+- ++ +T ye) 
X (14 Tort Dart ++ +1y1) - 
S~=(1—Inwn-1)++ + (1—Is2— + +» —I ye) (2h. 
X(1—In—Isi— +++ —I yi). (49) 
One has, in fact, 
py*(x’, x”) =ctStpn(x’, x”), (50) where 
py (x’, x’’) = cS py(x’, x”), tions. 
Th 
where ct and c~ are constants determined by the normal- & tion 
izing conditions. +x(@ 
N N has, i 
f py*(x, x)d*x= f py~(x, x)d%¥x=N!. (51) C 
12. 

10 J. de Boer, Proc. of the International Conference on the 
Physics of Very Low Temperatures (Cambridge, Massachusetts, i 
1949). aE 


1K, Husimi, Proc. Phys.-Math. Soc. Japan 22, 264 (1940), 
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QUANTUM MECHANICS OF ASSEMBLIES 


The free energies F+ and F- for Bose and Fermi statis- 
tics are related to the free energy F determined on the 
basis of classical statistics by means of 


ct=expA(Ft*—F), c~=expB(F-—F). (52) 


As formulas for Fermi particles are obtainable by a 
trivial modification of those for Bose particles, attention 
will henceforth be restricted to the latter. Some in- 
vestigations concerning the radial distribution function 
n have been made in this connection by F. London.” 
Combining Eqs. (50)—(52), we have 


N! expar—F*)= f (St+pw) (x, x)d*x 
= [St eu)(x, 00%, (53) 


where gw is defined by (4). 

Any term of the symmetrization operator S*+ can be 
expressed as the product of a number of cyclic permuta- 
tion operators of the type 


Crstu...2=L ref sel tu’ . *T ys. (54) 
There are, in fact, 
N! 1 


ky !:- “fg! 2 » -gka 





terms of S+ which factorize into ke cyclic permutations 
of 2 coordinates, k3 cyclic permutations of 3 coordinates, 
etc., and leave k; of the coordinates x’ unchanged. 
Hence 


N Qkyke ++ -kg 
J (Stgy)(x, 0)d*x=N z(———*), (5S) 
key lho!» «Ro! 


where the summation is over those values of the k’s for 
which 


Lgkg=N (56) 


and 
(2#2. ° -g*t)Oxyke: we kq 


N 
“ f (Pbytoks:++kegy)(x, 0)d%x, (57) 


where Px1k2 -- -kg is a typical product of cyclic permuta- 
tions, 


The effect of a cyclic permutation Ci2..., on a func- 


Ption g,(x®,-.-x@; y@,..-y@) of the x@=3(x(’ 


Tx") and y= x’’— x’ is easily determined; one 


has, in fact, 


(Cre. o8q)(x®, ++ +x@;0, «+ -0) 
= g,(x), oe -x(@d ; r{2) | jimi r@)), (58) 


" F. London, J. Chem. Phys. 11, 203 (1943). 


where 


x) =3(xO+4 x) and rid=xM—y, 


The functions g, to which (58) will be applied are de- 
fined by (4); with the normalization indicated by (23), 
one has 


(N—q) !gq(x, y) 


| 


At moderately high temperatures, the value of gw as 
a power series in f? can be inferred from (15) with the 
help of the formula, 


ev(x, y) TL {8(y)dydx}. (59) 
i=c¢H 


gv(x, y)= f f(x, 8) exp(—imCE-y/h)d%E, (60) 


which follows from (3). One obtains 
gn (Xx, y) =A expB{ F—S—3m> (y/ph)*} 


X(1+#D,+h*D.+---), (61) 


where 


B y® fa] 2 
D\= at ai >~—: ) m 
24 h dx 





PQ. 


Ob Ob 
-— B —). (62) 
24m Ox" - Ax 


Ox Ax 
On account of the factor 


exp{ — 38m) (r° /Bh*)} 


which it contains, (C12. ..9gq)(x, 0) will be negligible if 
any of the positions x, ---x@ are far apart. The fluid 
is therefore divided by the product Px ---k_ of cyclic 
permutations into clusters of molecules, and (57) re- 
duces to 


Ok +++kg= (VI,)"- ce (VJ,)*, 


q 
I= f (Crr--aBe(x, dx (63) 


if one neglects the small interference between different 
clusters. 
From (53), (55), (56), and (63) it follows that 


expB(F—F+t)=coefficient of ¢"% in exp(V>~J,¢%) 


1 
= prem exp(V2_J,f%)df, (64) 


2ri. 


where the contour is one surrounding only the singu- 


larity at the origin. By the method of steepest descents! 


13See Born and Fuchs, Proc. Roy. Soc. (London) A166, 391 
1938). 
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this reduces to 
z= exp{V>-J,27+0(InV)}, 
where z is the real root of the transcendental equation, 


9 t=m=N/V. (65) 
Hence 
B(F—F*)=—WN Inz+V>CJ,24 (66) 


It remains to evaluate the J,. From (59), (61), and 
(62) it follows that, at moderately high temperatures, 


hp 


(i) 
8a(X, Y) = nef t=. 


h ax 
—3Bmy_(y/Bh)?}, 


tat | 


Xexp{ (67) 


where 


$,= Sede 
+17 fngesl r+ ocreD)dx'er (68 


is the mean potential energy of the cluster of g mole- 
cules, and the suffix g to >°, indicates that the summa- 
tion is limited to the cluster. Now, 1, is practically zero 
if any two molecules of the cluster are closer together 
than a molecular diameter. But the factor 


exp{ —3Bm(r6* /Bh)?} 


of (Ciz.. .@Zq)(x, 0), as determined from (58) and (67) 
will also be very small if the distance between the mole- 
cules of the clusters is much greater than (28/m)*h. 
Hence the corrections due to quantum statistics are 
completely negligible, except in the very low tempera- 
ture range where the series (61) is divergent. 

At very low temperatures, gy must be determined by 
substituting (33) in (60). One thus obtains 


gn=expBF-(Got+GitGet ::-), 
where, with the help of (34) and (41), 


Go=\* exp{ —38m> (y/Bh)*} 


(69) 


(70) 
and 


G.= BOLLE +LHOG 


S. GREEN 





1 Bm (—*)\ 
4 (1—2) Bh 
X o(r+3s’)ds‘dz, 


aa) 


Xv(r+4s’)ds‘dz. 


om fi [Ee | 
= CS Ge) l- 


From this it follows that 
8a(X, Y= Mq{ 1— BEL edigP+Vgh®) +--+} 
Xexp{ — 38m o(y/Bh)?}. 
The series may be approximated by 
exp— B22 diag? + Leh), 
but it can be seen from (71) that the exponent is 


numerically small at very low temperatures, so this 
factor may probably be neglected. Then 





(71) 


(72) 


qVJ= f Nq exp| —- _- ee 


4 rCo24....47(a02) bday, (73) 


At sufficiently low temperatures, the factor 1, is equal 
to n? in most numerically significant configurations, 
and the J, will have the same values as for a system of 
non-interacting particles: 


= (24Bh?/qm)'+-0(1/V). (74) 


Thus, the effects of quantum-mechanical interaction 
and quantum statistics on the classical theory may, toa 
fair degree of approximation, be superposed. To obtain 
a more exact theory, it will be necessary to proceed toa 
higher degree of approximation in the calculation of 
§4, and also to improve the approximation represented 
by (63). The methods developed by Mayer and his 
collaborators!‘ probably will be very useful in this task. 


4 J, E. Mayer, J. Chem. Phys. 5, 67, 74; 6, 87, 101 (1937). 
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About a metal atom in the Ta¢Cl2**-like structure, one cannot set up spd hybrid orbitals directed to- 
ward all eight neighboring atoms. One can set up spd hybrid orbitals with four orbitals directed toward 
neighboring halogen atoms and with four orbitals directed towards the middles of neighboring faces of the 
octahedron. Using such bond orbitals in the over-all structure and assigning two electrons to each set of 
overlapping bond orbitals, one gets the value two for a. The degree of overlapping seems favorable. 





HE x-ray diffraction data of Vaughan, Sturdivant, 

and Pauling' uphold an octahedral structure for 

the ions TagCly+*, TagBriot*, and NbgClizt*. In this 

structure a metal atom is put at each corner of the 

octahedron and a halogen atom is put symmetrically 

over the middle of each edge. Let us call this structure 
the TagClis** structure. 

About a given metal atom in this structure the sym- 
metry is C4. If the bonds lie along the lines joining the 
atom to its nearest neighbors, then the angular coordi- 
nates of the maxima in its bond orbitals are apparently 
the angular coordinates in Table I. The bond orbitals 
yield a reducible representation?* which may be broken 
down as follows: 

o=2A,4+2B,42E. (1) 


In spdf hybridization all these irreducible representa- 
tions are available. However in spd hybridization, only 
one B, is available* and the arrangement is forbidden. 
Inasmuch as the available f orbitals in tantalum and 
niobium (columbium) are relatively unstable, the ar- 
rangement should be forbidden in complexes of these 
metals. Let us work out a possible solution to this 
problem. 

In a constrained system the maxima in the bond 
orbitals need not lie along the lines joining nearest 
neighbors. An arrangement consistent with the sym- 
metry and constraints of the structure is described in 
Table II. This arrangement might be called a distorted 
tetragonal antiprism arrangement. The corresponding 


Taste I. Angular coordinates of the atoms bound to a given metal 
atom in the TasClr2** structure. 








Atom number® ¢ 


bond vectors are defined in Table III. For the eight 
bond orbitals 
o=2A i+ B,4+- B.4+2E, (2) 


and all irreducible representations needed are avail- 
able® in spd hybridization. 

A ninth valence orbital may be directed along bond 
vector nine. This ninth orbital may very likely be empty 
(free of unshared .electrons) since the ninth valence 
orbital may be considered empty in’ TaFs~ and in OsFs. 
However, the ninth valence orbital is not empty in5 
W(CN)s~ and in W(CN)5~*. 

In the over-all structure we now have three equiva- 
lent bond orbitals overlapping above the middle of each 
face of the octahedron. For an electron on a given 
face the eigenfunction may be written as a linear com- 
bination of the three overlapping atomic orbitals. This 
approximation gives the secular equation,® 


q-E 8 B 
B q-E 8 
B B q-E£ 


where g is the coulombic integral, 8 the exchange in- 
tegral, and E the energy of the electron. The lack of 
orthogonality between the three atomic orbitals is 
neglected. We get the three roots 


E= q-B, (4) 
TABLE II. Possible angular coordinates of the maxima in the 


bond orbitals belonging to a given metal atom in the Ta¢Clis*¢ 
structure. 


=0, (3) 








Bond orbital 
number 7) 





0° 
90° 
180° 
270° 
0° 
90° 
180° 
270° 


0° 
90° 
180° 
270° 
45° 
135° 
225° 
315° 








* Atoms 1-4 are halogen atoms; atoms 5-8 are metal atoms. 


r ame Sturdivant, and Pauling, J. Am. Chem. Soc. 72, 5477 
J. H. Van Vleck, J. Chem. Phys. 3, 803 (1935). 

*G. E. Kimball, J. Chem. Phys. 8, 188 (1940). 

‘J. E. Kilpatrick and R. Spitzer, J. Chem. Phys. 14, 463 (1946). 


5 More examples are to be found in the list of Marchi, Fernelius, 
and McReynolds, J. Am. Chem. Soc. 65, 329 (1943). By the way, 
the trigonal prism arrangement suggested by Marchi, Fernelius, 
and McReynolds is forbidden in spd hybridization. 

6S. Glasstone, Theoretical Chemisiry (D. Van Nostrand Com- 
pany, Inc., New York, 1944). 
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TABLE III. Possible angular coordinates of the bond vectors 
about a given metal atom in the Ta¢Cl.** structure. 


GEORGE H. DUFFEY 








TABLE V. Properties* of some bond orbitals fitting» a metal atom 
in TagClis** and TasBri2*?. 








Bond vector 


number® ¢ 
















Function 


maximized cosB Si Si’ Ss 


cosa 











1 6,’ 0° 
2 6,’ 90° 
3 6,’ 180° 
4 6, 270° 
5 0; 45° 
6 65 135° 
7 65 225° 
8 05. 315° 
9 0° os 








® Bonds 1-4 are directed to halogen atoms; bonds 5-8 are directed to the 
middles of adjacent faces of the octahedron. If there is a ninth bond, it is 
directed away from the center of the octahedron on a line joining the center 
with the metal atom. 


TABLE IV. Colatitudes* calculated from the data 
of Pauling and co-workers. (See reference 1.) 











Ion 6,’ 65” 65’ 
TasClyo*? 81°10’ 135°0’ 144°44’ 
TasBriot* 78°50’ 135°0’ 144°44’ 
Nb¢Cli2*@ 81°15’ 135°0’ 144°44’ 








8 See Tables I and III for the definitions of 61’, 6s’, and 60’. 


E=q+28£. (6) 


Since B is negative, only one of the face orbitals is 
stabilized by exchange. This orbital can hold only two 
electrons. Hence, let us put only two electrons into each 
set of three overlapping atomic orbitals.* 

When we leave the ninth valence orbitals of the 
metal atoms empty and put two electrons into each set 
of overlapping orbitals, we find that @ in the formula 
TasClist* is two. The result should be considered 
tentative. 

Each ninth valence orbital may be used for binding 
an additional atom. To the over-all structure as many 
as six atoms might be added. If a is two, the ion need 
pick up only two halide ions to give the neutral molecule. 

We may wonder whether the proposed arrangement 
about a metal atom is distorted too much from the 
tetragonal antiprism arrangement.’ See Table IV for 
the observed angles. Define the s, p, and d functions as 
before’ and set up the following functions: 


¥i=[1/(8)*]s+ {[1/(8)*] cosp} p. 
+[(1/v2) cosa ]p.— {[1/(8)#] sin8}d, 
+(1/2)dzy+L(1/v2) sina |dz+., (7) 


v2=[1/(8)*]s+ {[1/(8)*] cosp} p. 
+[(1/v2) cose ]p,— {[1/(8)*] sinB}d. 
_ (1/2)dzy+ [(1/v2) sina |dy42, (8) 


vs=[1/(8)*]s+ {L1/(8)*] cosp} p. 
—[(1/v2) cosa ]p.— {[1/(8)*] sin8}d. 
+(1/2)dzy—[(1/v2) sina ]dz4z, (9) 


*In some molecules three atomic orbitals not all equivalent 
may overlap. Thus, in the bridge model for diborane the 1s 
orbital of a bridge hydrogen may overlap a hybrid orbital from 
each boron. Only two electrons are put into this set of three over- 
lapping orbitals. 
7G. H. Duffey, J. Chem. Phys. 18, 746 (1950). 


Sy’ 0.9322 0.2836 2.961 2.656 2.295 
Si'+S;' 0.9048 0.6262 2.930 2.767 2.751 
Ss’ 0.8771 0.7845 2.877 2.786 2.828 








_* Here Si’ is the value of yi in the direction of the i-th bond vector; 
S9=So’. The composition of each orbital could readily be calculated from 


cosa and cosf. 
b In the calculations 0:1’ =80°0’ and 65’ =144°44’, 


¥s=[1/(8)! ]s+ {L1/(8)*] cose} p. 
—[(1/v2) cosa ]py— {L1/(8)!] sing}d. 
= (1/2)dzy— [(1/v2) sina |d,y,., 


vs=[1/(8)! ]s— {L1/(8)!] cosB} p. 
+[(1/2) sine ]p.+[(1/2) sina |p, 
+ {[1/(8)*] sing}d.+ (1/2)ds+, 
—[(1/2) cosa |dz+.—[L(1/2) cosa ]d,,., 


ve=L1/(8)"J5— {1/(8)*] c0s8} p. 
—[(1/2) sine ]p.+[(1/2) sine }py 
+ {[1/(8)*] sing}d.—(1/2)ds+, 
+[(1/2) cosa ]dz+.—[(1/2) cosa |dy,., 


¥7=(1/(8)* ]s— {L1/(8)!] cos} p. 
—[(1/2) sine ]pz—[(1/2) sina |py 
+ {[1/(8)*] sin8}d.+ (1/2)ds+y 
+[(1/2) cosa ]d24.+[ (1/2) cosa ]dy,., 
vs=[1/(8)*]s— {L1/(8)*] cosp} p. 
+[(1/2) sina ]p.—[(1/2) sine |p, 
+ {L1/(8)*] sin8}d.—(1/2)ds4y 
—[(1/2) cosa ]d24.+[(1/2) cosa |d,,., (14) 


Yo= (sin8)p.+ (cos6)d.. (15) 
In these angular wave functions the coefficients of s, p,, 
and d, are not so general as they could be.® The orbitals 
are general enough, however, for our purpose. They fall 
into three groups of equivalent orbitals: Y, --: ys; 
Ws, °°* Vs; Yo 

Some properties of three sets of these bond orbitals 
are given in Table V. Here Sj’ is the value of y in the 
direction of bond vector one, S;’ is the value of ys in 
the direction of bond vector five, and Sy is the maximum 
value of yp», the value in the direction of bond vector 
nine. For 6,’ and @;’, 80°0’ and 144°44’, respectively, 
were used. 

Following Kilpatrick and Spitzer* in part,® we may 
consider S;’ as the effective strength of orbital one. 
Also, Ss’ might be considered a rough measure of the 
overlapping in bond five. Although these are moo! 
generalizations of Pauling’s index, the largeness of 5: 
and S;’ when S;’+S;’ is maximized gives some suppot! 
to the proposed arrangement of orbitals. 


(10) 















(13) 



















8 The general coefficients are like those derived in G. H. Dufiey, 
J. Chem. Phys. 19, 92 (1951). 

® The author has used Pauling’s index of bond-forming power !! 
the form of Eq. (13) of G. H. Duffey, J. Chem. Phys. 18, 510 
(1950). When the bonds to an atom are not all alike, some difficu 
ties arise. Thus, one can only make plausible assumptions 
dividing among the differing bonds the energy needed to form tht 
molecular valence state of the atom (to get W for each bond). 
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Pure rotational spectra have been measured for the molecules 
Si*F;H, Si?F;H, Si®F;H, Si?*F;Cl*, Si?8F;Cl’, Si?®F;Br7, 
Si8F;Br®!, and Si?®F;CH;. Values of By and moments of inertia, 
Ip, are tabulated. The nuclear quadrupole couplings of Cl, Br?, 
and Br®! in these molecules have been determined from their 
hyperfine structures as —43, 440, and 370 Mc/sec, respectively. 
Molecular dimensions, calculated by assuming the first parameter 
mentioned to be within the stated limits, are, for SiF;H, dsin 
=1.5540.05A, dgsir=1.561F0.005A, 2 FSiF=108°6’+30’; for 
SiF;Cl, 2 FSiF = 108°30’+1°, dsir=1.5600.005A, dsici= 1.989 
+0.018A; for SiF;Br, 7 FSiF = 108°30'+1°, dsir= 1.560-0.005A, 


dsipr=2.15340.018A. The special shortness of silicon-halogen 
bonds is discussed and shown to be related to the electronic struc- 
ture of silicon. The spectrum of SiF;CH; shows lines caused by 
molecules in excited torsional vibrational states, which show addi- 
tional splitting caused by the doubling of the torsional vibrational 
levels. From relative intensities the height of the barrier opposing 
free rotation about the SiC bond is estimated as 1200 cal/mole. 
From the variations of Bo with torsional vibration, the separations 
of the doublets in the ground, first, and second torsional vibration 
levels are estimated as 0.1 cm™, 1.4 cm™, and 12 cm™, re- 
spectively. 





INTRODUCTION 


HE molecular structures of few fluorinated silanes 
have been studied. Silicon tetrafluoride and tri- 
fluorochlorosilane have been measured by electron 
diffraction,! and recently the microwave spectrum of 
fluorosilane has been reported.” In a preliminary com- 
munication? we have outlined results for the micro- 
wave spectra of the symmetric top molecules SiF3;H, 
SiF;Cl, SiF;Br, and SiF;CH;. The present paper gives 
a fuller account of the results for these molecules. 


EXPERIMENTAL 


Trifluorosilane, SiF;H, was prepared by the method 
of Emeleus and Maddock.‘ Methyl trifluorosilane, 
SiF;CH3, was prepared in essentially the same way, by 
passing methyl trichlorosilane vapor over antimony 
triluoride and antimony pentachloride.’ Trifluoro- 
chlorosilane, SiF;Cl, was made as described by Booth 
and Swinehart® and trifluorobromosilane, SiF;Br, by 
the method of Schumb and Anderson.’ All samples 
were purified by vacuum fractionation in conjunction 
with gas density measurements. 

The microwave spectra were measured using a video 
sweep spectroscope described in earlier communications 
from this laboratory. All measurements were made at 


* The research reported in this document has been made pos- 
sible through support and sponsorship extended by the Geophysi- 
cal Research Directorate of the Air Force Cambridge Research 
Laboratories under Contract No. W19-122-ac-35. It is published 
for technical information only and does not represent recommenda- 
tions or conclusions of the sponsoring agency. 

+ Present address: Department of Chemistry, University of 
Birmingham, Birmingham, England. 

1P. W. Allen and L. E. Sutton, Acta Cryst. 3, 46 (1950). 

? Sharbaugh, Thomas, and Pritchard, Phys. Rev. 78, 64 (1950). 

* J. Sheridan and W. Gordy, Phys. Rev. 77, 719 (1950). 

(194s) J. Emeleus and A. G. Maddock, J. Chem. Soc. 1944, 293 
°See also H. S. Booth and W. F. Martin, J. Am. Chem. Soc. 
68, 2655 (1946). 

°H. S. Booth and C. F. Swinehart, J. Am. Chem. Soc. 57, 
1333 (1935). 

™W. C. Schumb and H. H. Anderson, J. Am. Chem. Soc. 58, 
994 (1936). 

*E.g., W. Gordy and M. Kessler, Phys. Rev. 72, 644 (1947). 


—70°C and at gas pressures of about 10-* mm. Fre- 
quencies were measured with a frequency standard 
monitored by comparison with station WWV. 


RESULTS 


Table I lists the unperturbed frequencies of the in- 
dicated transitions, the values of Bo, the moments of 
inertia Jz, the distortion coefficients Dyx, and the 
nuclear quadrupole coupling factors egQ for the chlorine 
and bromine nuclei. 

The values of D;x and egQ are those used to calculate 
the hyperfine structures which are compared with those 
measured for SiF;Cl and SiF;Br in Tables II, III, and 
IV. Though the crowding of the lines is too marked for 
a precise evaluation of Dyx and egQ, the values chosen 
give the best agreement with observation. The absorp- 
tion caused by SiF;Cl is quite weak, and insufficient 
hyperfine structure caused by SiF;Cl*’ in natural con- 
centration was observed to obtain the nuclear coupling 
of Cl*’ in this molecule. 

The transitions of Si?*F;H, Si**F;H, and Si*°F;H were 
observed in their natural concentrations, and showed 
no resolvable hyperfine structure, in agreement with 
the accepted nuclear spins of 0, 3, and 0 for Si’, Si?®, 
and Si**, respectively.* 


TABLE I. Molecular constants. 








Unperturbed 
frequency Ip* 
Transi- Mc/sec B; xX10- =6—DyK 
Molecule tion +0.1 Mc/sec gem? __ ke/sec 


Si*F3;H 1-2 28,831.90 7207.98 
Si”F;H 1-2 28,782.65 7195.66 
Si®F3H 1-2 28,734.80 7183.70 
Si#F;CI® 9-10 49,555.75 2477.7 
Si*F;Cl” 7-8 38,608.95 2413.05 
Si*F;Br® 15-16 49,599.5; 1549.9, 
Si#F;Br 15-16 49,092.69 1534.1, 
Si#F;CH; 3-4 29,725.04 3715.63 





116.386 
116.585 
116.779 
338.570 
347.652 
541.23. 
546.82, 
136.033 


—43 

—34> 
+440 
+370 








® Calculated using Planck’s constant =6.62373 X10~?’ erg/sec and 1 amu 
=1.65972 X10-* g, from J. W. M. Dumond and E. R. Cohen, Revs. 
Modern Phys. 21, 651 (1949). In view of possible error in Planck's constant, 
the last two figures quoted for Jz have relative significance only. 

> Calculated from the value for Cl*5, 


965 





966 J. 


TABLE II. Observed and calculated hyperfine structure of the 
J=9-—10 transition of Si?®F;CI*. Lines are calculated for Dyx 
= 1.8 kc/sec and egQ= —43 Mc/sec. 


TABLE III. Observed and calculated hyperfine structure of the 
J=15-—16 transition of Si?*F;Br7. Lines are calculated for 
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Dsx=0.8 kc/sec and egqQ= +440 Mc/sec. 








Observed Calculated oe 
frequency frequency Transition 
Mc/sec Mc/sec FF’ K 


Observed 
frequency 
Mc/sec 


Calculated 
frequency 
Mc/sec 


Transition 


F-F’ 





The principal theoretical components of this 
broad line include all K components for 
F=15/2-17/2, K=0 to 6 for 21/2-+23/2, 
K=0, 1, and 2 for F=17/2-19/2, 19/2 
21/2. These range in frequency from 
49,555.41 mc to 49,556.06 


49,555.72 


49,555.20 


49,554.70 


49,554.10 


49,553.54 
49,553.12 
49,552.70 
49,552.10 


49,555.33 
49,555.19 
49,555.15 
49,555.11 


49,554.69 
49,554.61 


49,554.15 
49,553.94 


49,553.49 
49,553.12 
49,558.71 
49,552.14 


21/2-423/2 
21/2-423/2 
19/2-21/2 
17/2-+19/2 


17/2-+19/2 
19/2-417/2 


17/2-+19/2 
19/2-421/2 


17/2-+19/2 
19/2-+17/2 
17/2-419/2 
19/2-»21/2 
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As at present isotopic substitutions have been made 
at only one nuclear position in all these molecules, it 
is necessary to assume one parameter in each case. 
Table V shows sets of combinations of parameters 
which are in accord with the moments of inertia. Table 
VI shows the most probable values of the molecular 
structure parameters calculated from the Jz values for 
SiF3H, SiF;Cl, and SiF;Br. 

In SiF3H the structure is not very sensitive to the 
value of dgin; and if this is given the wide range 1.550 
+0.05A (which includes the values found in other 
silane derivatives), we obtain, neglecting zero-point 
vibration effects, dsir=1.561-0.002A and /FSiF 
= 108°6’F4’. The structure of the SiF; group can thus 
be rather closely determined. The value of ZFSiF 
agrees well with that found by electron diffraction in 
SiF;Cl, 108.5°+1°.° 

Accepting ZFSiF=108.5+1° in SiF;Cl from elec- 
tron diffraction, we obtain dsir=1.560-F0.005A and 
dsici= 1.989+0.018A. Therefore, dsir is again rather 
closely determined and very close to that in SiF;H, 
but there is more uncertainty in dsici. This length, 
however, must be less than that in SiH;Cl, 2.048A,!°" 
for if dsicj=2.048A, then it follows that dsir=1.550A 
and /FSiF=111°37’. This angle is outside the range 
consistent with the electron diffraction data. Perhaps 
the best set of parameters for SiF;Cl is obtained by 
assuming /Z FSiF=108°6’ as in SiF3H, when we obtain 
dsir= 1.561A and dsici= 1.983A. 

In SiF;Br, the assumption of the same value for 


®R. L. Livingston and L. O. Brockway, J. Am. Chem. Soc. 
66, 94 (1944). 

10 A. Harry Sharbaugh, Phys. Rev. 74, 1870 (1948). 

1 Dailey, Mays, and Townes, Phys. Rev. 76, 136 (1949). 


* 49,603.30 


49,601.56 


49,600.90 


49,599.86 


49,599.22 


49,598.42 


49,597.80 
49,596.60 
49,595.72 


49,594.38 


49,593.00 
49,592.25 
49,591.66 


49,603.43 
49,603.20 


49,601.59 
49,601.41 


49,601.04 
49,600.95 
49,600.86 


49,600.27 
49,600.26 
49,600.05 
49,599.91 
49,599.88 
49,599.88 
49,599.82 
49,599.75 


[49,599.49 
49,599.47 
49,599.28 
J 49,599.21 

49,599.21 
49,599.12 
49,598.84 
| 49,598.80 


49,598.36 


49,597.97 
49,597.69 


49,596.90 
49,596.83 


oe 
49,595.59 





49,594.52 
49,594.06 


49,593.09 
49,592.27 
49,591.44 


31/2-333/2 
29/2-931/2 


31/2-33/2 
29/2-431/2 


29/2-431/2 
29/2-431/2 
31/2-+33/2 


31/2-33/2 
29/2-431/2 
29/2-431/2 
29/2-31/2 
29/2-431/2 
27/2-29/2 
31/2-33/2 
27/2-429/2 


31/2-29/2 
27/2-+29/2 
31/2-433/2 
33/2-435/2 
31/2-431/2 
33/2-935/2 
33/2-435/2 
27/2-429/2 


33/2-35/2 


27/2-+29/2 
33/2-435/2 


27/2-429/2 
33/235 /2 


33/2-935/2 
27/2-429/2 


33/235 /2 
27/2-429/2 


33/2-35/2 
27/2—29/2 
33/2935 /2 
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ZFSiF as given for SiF;Cl, namely, 108.5°++1°, gives 
dsir= 1.5600.005A and dsipr=2.15340.018A. Again, 
dgir is rather closely determined and very close to that 
in SiF3H and SiF;Cl, but a greater variation in dsisr 
is permitted. This length, however, is almost certainly 
shorter than dsipr in SiH3Br, 2.209A,” for if this value 
is assumed, we find dsir=1.550 and 7 FSiF=111°32’. 
Such a greater value of 7 FSiF as compared with that 
in SiF;H and SiF;Cl is very unlikely, since the replace- 
ment of H or Cl by the larger Br should not increase 
ZFSiF. If we make /FSiF in SiF;Br the same as in 
SiF;H, 108°6’, we obtain dsir=1.560A and dsipr 
=2.147A as the other probable best parameters. 

The value of I for SiF;CH; has been shown® to be 
consistent with dgsic=1.88A if the SiF; and CH; con- 
figurations are assumed to be as found in other mole- 


2 Sharbaugh, Bragg, Madison, and Thomas, Phys. Rev. 76, 
1419 (1949). 
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TABLE IV. Observed and calculated hyperfine structure of the 
J=15-16 transition of Si?*F;Br*!. Lines are calculated for 
Dsx=0.8 kc/sec and eqQ=+370 Mc/sec. 








Observed Calculated T in 
frequency frequency ransition 
Mc/sec Mc/sec F-F' 


49,094.20 31/2-+33/2 
49,094.06 29/2-431/2 


{5153.0 29/2-31/2 





49,094.20 


49,093.60 49,093.64 31/2-433/2 


49,093.42 29/2-431/2 


(49,093.19 29/2-+31/2 
49,093.18 31/2-433/2 
49,093.04 29/2-431/2 
49,092.93 29/2»31/2 
49,092.91 29/2-31/2 
49,092.91 27/2-29/2 
49,092.82 31/2-933/2 
49,092.80 27/2-+29/2 


49,092.57 31/2-333/2 
49,092.50 27/2-+29/2 
49,092.40 31/2-433/2 
49,092.36 31/2-933/2 
49,092.36 33/2-935/2 
49,092.27 33/2-935/2 


49,091.60 33/2-935/2 


49,091.24 27 /2-429/2 
49,091.00 33/2-935/2 


49,090.30 27/2-29/2 
49,090.24 33/2-935/2 


49,089.31 33/2-935/2 
49,089.16 27/2-+29/2 


49,088.21 33/2935/2 
49,087.81 27/2—»29/2 


49,092.88 





49,091.70 
49,091.00 


49,090.22 


49,089.18 
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49,088.01 








cules. This is an acceptable value for a C—Si bond, but 
we defer discussion of the dimensions of this molecule 
until Jz values are measured for farther isotopic 
combinations. 

The spectrum of SiF;CH; shows an interesting struc- 
ture which has been concurrently reported by Minden, 
Mays, and Dailey.” For the J=3—4 transition we have 
measured the lines shown in Table VII, which also 
gives their relative intensities at 200°K. The spectrum 
differs from that described by Minden, Mays, and 
Dailey in that certain lines show a doublet structure ; 
this fact, and the spectrum generally, can be accounted 
“i by the theory of torsional vibrations, as discussed 

elow. 


DISCUSSION 
I. Molecular Structures 


The distance dgir, which can hardly be longer than 
1.563A in SiF3H, SiF;Cl, or SiF;Br, is distinctly shorter 
in these molecules than in fluorosilane, SiH;F,? where 
dsip=1.593A. This is similar to the case of CF bonds, 
dcr in methyl fluoride being 1.385A™ as compared with 
about 1.33A in trifluoromethyl derivatives. The con- 


Minden, Mays, and Dailey, Phys. Rev. 78, 347 (1950). 
= Gilliam, Edwards, and Gordy, Phys. Rev. 75, 1014 (1949). 


TABLE V. Parameters consistent with J, values. 








dsix(A) 
Molecule (x=H,Cl, Br) dsgjp(A) ZFSiX ZFSiF 


1.500 1.563 110°45’ 108°10’ 
SiF;H 1.550 SiH 1.561 110°49’ 108°6’ 
1.600 1.559 110°52’ 108°2’ 


2.007 1.557 109°30’ 109°27’ 
1.989 1.560 110°30’ 108°26’ 
SiF;Cl 1.983 SiC] 1.561 110°49’ 108°6’ 
1.971 1.563 111°30’ 107°22’ 
(2.048 1.550 107°14’ 111°37’) 





109°30’ 109°27’ 
110°30’ 108°26’ 
110°49’ 108°6’ 

111°30’ 107°22’ 
107°20’ 111°32’) 


2.171 1.557 
2.153 1.560 
SiF Br 2.147 SiBr 1.560 
2.135 1.563 
(2.209 1.550 








Atomic masses assumed were 

Silicon: 27.99581, 28.98567, and 29.98290 [H. E. Duckworth and 
R. S. Preston, Phys. Rev. 79, 402 (1950); Duckworth, Preston, 
and Woodcock, ibid., 79, 188 (1950)]. 

Fluorine: 19.00452 [M. S. Livingston and H. A. Bethe, Revs. Modern 
Phys. 9, 373 (1937)]. 

Hydrogen: 1.00813. 

Coan. 34.98107 and 36.97829 [E. Pollard, Phys. Rev. 57, 1186 
1940 

Bromine: 78.9417 and 80.9400 [F. W. Aston, Nature 141, 1096 (1938)]. 


traction in the bond Si—F, however, caused by substi- 
tution of two further fluorine atoms, is smaller than the 
contraction similarly induced in the C—F bond. While 
in methyl fluoride dcr is that predicted by the Scho- 
maker-Stevenson rule,’ dsir in SiH;F is already 0.1A 
shorter than the 1.69A predicted by this rule; the 
statement by Sharbaugh, Thomas, and Pritchard? that 
the rule is obeyed in SiH;F arises from their use of 
Pauling’s single-bond radius for fluorine (0.64A) instead 
of the value 0.72A, which should be used with this 
rule. It seems, therefore, that an additional bond- 
shortening factor is already operative in SiH;F which 
is not present in methyl fluoride; and this is explained 
by contributions from state (I) in SiH;F, the analog of 
which cannot occur in methy] fluoride, since the valency 
shell of the carbon cannot expand. We expect state (I) 
to be significant in view of the stability of double bonds 
H F- 
H—Si=F* 
H F 
(I) (II) 


to first-row elements such as fluorine. The further con- 


| 
em 


TABLE VI. Dimensions of SiF;X molecules. 








dsix dsir ZFSiF 





SiFsH 1.55 +0.05A (assumed) 1.561+0.005A 108°6’ +30’ 
SiF;Cl 1.989+0.018 1.560 +0.005 108°30’ +1° (assumed)* 
SiF;Br 2.153+0.018 1.560 +0.005 108°30’ +1° (assumed) 








* This value for the angle is indicated by electron diffraction, reference 9. 
The limits of error are estimated from the effects of zero-point vibration in 
other molecules and from the limits given for the assumed parameter. 
Actually, a much larger variation in dsj than +0.05 would be required to 
shift the other two parameters of S:F3H outside the limits indicated. 


15 V. Schomaker and D. P. Stevenson, J. Am. Chem. Soc. 63, 
37 (1941). 
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TABLE VII. Lines measured in the J =3-—>4 transition 
of Si28F 3CHs. 















Frequency Relative 

Mc/sec intensities 

+0.1 at 200°K 
29,729.14 10 
29,725.04 A 70 
29,724.87 30 
29,704.70 3 
29,704.12 10 
29,690.07 B 15 
29,689.70 20 
29,659.05 C 8 
29,656.06 8 








traction in dgir which occurs as two more fluorine 
atoms are attached to the silicon atom is presumably 
to be explained in the same way as the analogous con- 
traction in CF bonds, for example, by the advent of 
contributions from structures of type (II); since, how- 
ever, SiF in SiH;F has already considerable double- 
bond character, the further contraction is less marked 
in SiF than in CF. 

The angle FSiF in SiF;H is slightly less than the 
tetrahedral angle, as is found also in SiF;Cl*® and for 
Z¥GeF in GeF;Cl."* 

The distance dic; in SiF;Cl is unlikely to exceed the 
lower limit of 2.00A proposed from the electron dif- 
fraction data,® and this bond and the Si—Br bond in 
SiF;Br both appear at least 0.04A shorter than the 
same bonds in SiH;Cl and SiH;Br. The contraction 
caused by substitution of three fluorine atoms for 
hydrogen atoms is presumably due to causes such as 
increased contributions from forms of type (III) or to 
a shrinkage of the silicon bond-radius on account of 
the formal charge in forms of type (IV). The contrac- 


TABLE VIII. Observed bond lengths (d,,,) compared with those 
calculated by the Schomaker-Stevenson rule (reference 15). 











dmr(A) duci(A) dusr(A) 

Molecule obs calc obs calc obs calc 
CF;Cl (CF3:H) 1.323%> 1.38 1.765* 1.74 
SiF;Cl (SiF;H) 1.561 1.69 1.983 2.05 
GeF;Cl 1.688° 1.73 2.067°¢ 2.09 
CF;Br 1.3264 1.38 1.933;%¢ 1.90 
SiF;sBr 1.560 1.69 2.147 2.22 
CH;X 1.384» 1.38 1.7798 1.74 1.9368 1.90 
SiH;X 1.593! 1.69 2.048"i 2.05 2.2093 2.22 
GeH;X cee see 2.147! 2.09 2.297 2.26 
(X=F, Cl, Br) 








«Gordy, Simmons, and Smith, 
Phys. Rev. 74, 243 (1948). 

b Reference 10. 

i Reference 11. 

i Reference 12. 

k Reference 20. 


® Reference 17. 
b Reference 14. 
© Reference 16. 
4 Reference 18. 
e Reference 19. 
f Reference 2. 


16 Anderson, Sheridan, and Gordy, Phys. Rev. 81, 819 (1951). 
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tion is greater than that found when a 





F- F- 

es scien F ite (X=Cl or Br) 
F F 
(III) (IV) 


similar fluorine substitution is made in methyl chloride” 
or bromide,!*'® which is presumably due to the greater 
ionic character in Si—F bonds as compared with C—F 
bonds. 

The nuclear quadrupole coupling factors of chlorine 
and bromine in SiF;Cl and SiF;Br are somewhat greater 
numerically than in SiH;Cl and SiH;Br.'+” While in- 
creased contributions of type (III) would be expected 
to reduce the coupling, it is possible that this is balanced 
by the encouragement of states such as (V) or (VJ), in 
which the coupling would be increased, and the dis- 
couragement of (VII), by the extreme electronegativity 
of the fluorine atoms. It is notable that the Cl and Br 
couplings are also slightly greater in CF;Cl and CF;Br 
than in CH;Cl and CH;Br.'* 


{ F- F 
| 
a Brt F—Si: Brt F—Sit Br- 
| | 
F F F 
(V) (VI) (VII) 


A profitable comparison can be made between the 
available data on bonds from halogens to carbon, 
silicon, and germanium. The lengths of such bonds are 
summarized in Table VIII, which also includes for 
comparison purposes the lengths predicted by the 
Schomaker-Stevenson rule.'® The quantity dots— deste, 
i.e., the deviation from the rule, is plotted for the 
three elements in Fig. 1. While the rule is not usually 
obeyed exactly in these compounds, this figure shows 
clearly the special tendency of bonds to silicon to be 
shorter than might be expected from the position of 
silicon between carbon and germanium. In each series 
of compounds there is an increase in the negative devia- 
tion from the rule with the descent from carbon to 
silicon; and, in all cases where data are available, this 
is followed by a decrease in the negative deviation from 
the rule from silicon to germanium. 

The extra shortening in the case of silicon is ac- 
counted for by silicon’s position in the second row of 
the periodic table. For, in such an atom, the ability to 
expand the valency shell beyond eight (absent in car- 
bon) is combined with a greater ability to form multiple 
bonds than is found in subsequent rows of the table, 
for example in germanium. States of type (VIII) are 
therefore permitted easily with silicon, but not at all 
with carbon, and only to a minor degree with ger 


17D. K. Coles and R. H. Hughes, Phys. Rev. 76, 858 (1949). 
18 J. Sheridan and W. Gordy, Phys. Rev. 77, 292 (1950). 
“— Pritchard, and Madison, Phys. Rev. 77, 302 











. the 
rbon, 
s are 
s for 

the 
deatey 
- the 
ually 
hows 
to be 
yn. of 
series 
evia- 
mn to 
, this 
from 


S ac- 
yw of 
ty to 
1 car- 
Itiple 
table, 
:) are 
at all 
- ger- 


49). 


SiF;X MICROWAVE SPECTRA 


manium. The greater double-bond character present in 
(Hal) 
(Hal)—Si-—=(Hal)* 


(Hal) 
(VIII) 


silicon-halogen bonds is indicated by their extra 
shortening. 

The same peculiarity of silicon is implied in the con- 
tributions of various states which can account" **° for 
the lower nuclear quadrupole couplings of the halogens 
in SiH;Cl and SiH;Br as compared with the analogous 
carbon and germanium compounds. The decrease in 
electronegativity of the central atom as we pass from 
carbon through silicon to germanium would lead us to 
expect a steady fall in the halogen coupling in that 
sequence, caused by a steady increase in ionic character 
of the bond to the halogen. The extra tendency for 
double bonded states to occur in the silicon compounds, 
however, leads to an extra lowering of the coupling in 
their case. 


II. Hindered Internal Rotation in Methyl 
Trifluorosilane 


The spectrum of the /=3-—4 transition of SiF;CH; 
(Table VI) can be accounted for in terms of the ex- 
pected torsional vibration of the molecule about the 
C—Si bond. From their relative intensities and their 
roughly equal frequency separations, the pairs of lines 
marked A, B, and C can be assigned to molecules in 
the ground state and in the first and second torsional 
vibration states, respectively. The other lines are 
ascribed to molecules in other vibrational states. As the 
torsional vibration level rises, Bo falls and the moment 
of inertia Zg increases, presumably on account of an 
increased repulsion between the CH and SiF bonds as 
torsion brings them closer to the “eclipse” position. 
This interpretation is essentially that described by 
Minden, Mays, and Dailey." 

An additional observation, however, which is not 
mentioned by these authors, is that pairs of lines, and 
therefore two By and Jz values, are found for each 
torsional level. These show wider separations as the 
torsional quantum number is increased. This is ex- 
pected if the doublets are due to the anticipated split- 
ting of the torsional vibration levels caused by the 
finite height of the barrier opposing free rotation.” In 
this case we have molecules with K=O, 1, 2, and 3; 
and it has been shown” that the torsional levels will be 
doubled for K=0, but in general tripled for other 
K-values.“ The fact that only pairs of lines are ob- 


**Sharbaugh, Pritchard, Thomas, Mays, and Dailey, Phys. 
Rev. 79, 189 (1950). 

*t G. Herzberg, Infrared and Raman Spectra of Polyatomic Mole- 
cules (D. Van Nostrand Company, Inc., New York, 1945), p. 225. 
a. ‘) S. Koehler and D. M. Dennison, Phys. Rev. 57, 1006 

* See also D. R. Lide and D. K. Coles, Phys. Rev. 80,911 (1950). 
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Fic. 1. Deviations from Schomaker-Stevenson rule for halogen 
bonds to carbon, silicon, and germanium. 


served, however, can be understood, since the SiF; 
group contributes 96 percent of the moment of inertia 
of the molecule about the symmetry axis; and when a 
light group (CH3) undergoes torsional oscillations 
against a heavy one (SiF3), it is predicted* that the 
splitting of a given torsional level will change only 
slowly as K is varied. Accordingly, the pair of sublevels 
which are degenerate when K=O remain very close 
when K=1, 2, or 3; and we observe only two different 
Bo values for each torsional state. 

The height of the barrier opposing free formation 
can be estimated from the relative intensities of the 
lines at 200°K given in Table VI. From the fact that 
lines caused by the third excited torsional state were 
not observable at this temperature, we can estimate 
their intensity at less than 5 percent of that of the 
strongest pair. The splitting within the levels is neg- 
lected here, the intensities being summed for each pair 
of lines. If the torsional vibration frequency is w,, 
application of the Boltzmann relationship to the ground 
and first three excited states gives w,=145 cm™, 2w, 
=255 cm™, and 3w,2416 cm, which yield a mean 
value of w,; of 140 cm™. If we assume a cosine form for 
the barrier, its height, Vo, will be given by™ 


Vo=(w?/9)A/A1A2, 


where A, A;, and Az are the rotational constants re- 
spectively associated with the total moment of inertia 
of the molecule about the symmetry axis, and the 
separate moments of the SiF; and SiH; groups (J; and 
Iz) about that axis. Taking A=0.133 cm, we have 
A;=0.136 cm™, and A2=5.21 cm™ in accordance with 


* Reference 21, p. 226. 
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a probable molecular model; and substituting for w,, 
we obtain V>=410 cm™ or 1200 cal/mole. This agrees 
with the barrier weight very recently reported by 
Minden and Dailey.” 

From the separation of the doublets the extent of the 
splitting of the torsional levels can be estimated. The 
lowering of frequency (and Bo) is approximately pro- 
portional to the energy present in the torsional vibra- 
tion ; each torsional quantum (ignoring splitting), repre- 
sented by w; (140 cm) causes a fall in frequency of 
some 35 Mc/sec. This approximate relationship is 
expected over a limited range of vibrational energy 
because the potential energy curve for the torsional 
oscillation is a cosine curve.”'” The separation of the 
doublet for the second excited state is 3 Mc/sec, which 


25H. T. Minden and B. P. Dailey, Phys. Rev. 82, 338A (1951). 
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corresponds to a separation of 12 cm™ in the energy 
levels into which this state is split. The frequency sepa- 
ration in the first excited state is much smaller, in 
agreement with theory,” being about 370 kc/sec, which 
corresponds to a splitting into components about 1.4 
cm apart. The splitting in the ground level will be 
much smaller than this, and we may estimate it as 
0.14 cm on the assumption that a further reduction 
by a factor of 10 occurs as compared with the splitting 
in the level above. This would correspond to a doublet 
frequency separation of only 37 kc/sec, which is hardly 
resolvable, whereas the separation observed in the 
main doublet, 170 kc/sec, is much larger. The latter 
splitting may therefore by the normal K-splitting, 
which would also be present but unresolved for the 
weaker lines of the other molecular states. 
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The Limiting Negative Pressure of Acetic Acid, Benzene, Aniline, 
Carbon Tetrachloride, and Chloroform 


LyMAN J. Briccs 
National Bureau of Standards, Washington, D. C. 


(Received May 21, 1951) 


The limiting negative pressure of acetic acid, benzene, aniline, carbon tetrachloride, and chloroform has 
been measured in relation to temperature. A centrifugal method was employed, the liquid being contained 
in a capillary tube, the ends or legs of which were bent sharply back parallel to the straight central part. 
The tube was cemented to a horizontal spinner, with its midpoint intersecting the spin axis. Both ends of 
the tube were open, which facilitated filling and cleaning. The volume of liquid was so chosen that the 
menisci were Jocated in the legs of the tube near the bends. 

The maximum values observed were: CH;COOH, —288 bars; CsHe, —150 bars; CsH;NH»2, —300 bars; 
CCl, —276 bars; CHCl;, —317 bars. Excepting benzene, the limiting negative pressure of these liquids 
has not heretofore been measured. All except benzene equal or exceed that of water (—275 bars). Acetic acid, 
benzene, and aniline show a decrease in the limiting negative pressure as the freezing point is approached, 
like water, but the effect is much less marked. 

The higher values observed for the polar liquids in comparison with their nonpolar relatives suggests that 
the dipoles are contributing markedly to the cohesion of the liquid. An investigation of the cis- and trans- 


forms of the same liquid is now under way. 


N a recent paper! I gave the results of direct meas- 
urements, by a centrifugal method, of the limiting 
negative pressure of water at various temperatures. The 
maximum observed was —275 bars at 8°C (1 bar 
= 10° dynes/cm?=0.987 atmosphere). Below 5°C, the 
negative pressure decreased rapidly, and near the 
. freezing point was less than 10 percent of the maximum 
value. 

The present paper presents the results of measure- 
ments of the limiting negative pressure of five organic 
liquids. Inasmuch as their behavior near the freezing 
point was of special interest, the following liquids with 
melting points near that of water were selected: acetic 
acid, CH;COOH, (mp, 16.7°C); benzene, CsHe, (mp, 
5.5°C) ; and aniline, CsH;NHe2, (mp, —6.4°C). This also 


1L. J. Briggs, J. Appl. Phys. 21, 721 (1950). 


afforded an opportunity to compare the limiting nega- 
tive pressure of nonpolar benzene with its strongly 
polarized derivative, aniline. When it was found that 
the maximum value of aniline was twice that of benzene, 
a second pair of nonpolar and polar liquids was ex- 
amined, namely, carbon tetrachloride, CCl,, and chloro- 
form, CHCl. 

The experimental apparatus was similar to that used 
for water, but the capillary tube, open at both ends, 
which contains the liquid, was modified. The legs of 
the Z-shaped tube beyond the bends were greatly 
lengthened, and bent sharply back parallel to the 
straight central part. At the hub of the spinner these 
legs were bent horizontally outward at right angles, 
and after clearing the hub, bent downward 1 cm parallel 
to the spin axis. The Pyrex glass capillary was cemented 





LIMITING NEGATIVE PRESSURE OF LIQUIDS 


to the web of the invar spinner (of channel cross section) 
by flooding the channel with thinned Duco, and was 
so located that its midpoint intersected the spin axis. 
Narrow notches milled in the side walls of the channel 
at the hub provided exits for the legs of the tube. 

The volume of liquid in the tube was so chosen that 
the menisci were located in the legs, about 5 mm from 
the bend. In the centrifugal field, one-half of the liquid 
column pulls against the other. The maximum stress 
is at the center. Here a minute section is visible, even 
at the highest speeds, because the spin axis intersects 
the tube. The rupture of the column is signalized by a 
marked change in the refraction of the tube at its 
center, when viewed by a side light. 

The negative pressure at the spin axis in dynes/cm? 
at T°C is 3pw*r?, where p is the density at T°, w is the 
spin velocity in radians per sec, and r is one-half the 
distance in cm between the two menisci (measured at 
room temperature, but corrected to T°). It is believed 
that the observation error does not exceed 3 percent 
(0.5 percent for 7, 1 percent for w). 

The capillary tubes used in the course of the work 
had bore diameters ranging from 0.6 to 0.8 mm at the 
midpoint, and external diameters of from 1.5 to 1.8 mm. 
The mortality of the tubes is rather high. At the highest 
speeds, the centrifugal load on the empty capillary is 
approaching the values commonly given for the tensile 
strength of glass. As long as the liquid column is intact, 
it does not contribute to this load, save for a small 
amount of liquid in the bends. But when the column 
finally breaks, the tube receives a severe shock. 

Before filling the capillary tube, the liquid under 
investigation was boiled vigorously (reducing the vol- 
ume about one-fourth) to remove as much air as 
possible. The liquid was then delivered directly from 
the boiling flask to the capillary through a siphon with 
the lower end of its outside leg bent upward, into which 
one leg of the capillary was inserted. The liquid was 
permitted to flow through the capillary for some minutes, 
flushing it thoroughly. 

It is known that the solubility of air in a liquid de- 
creases with increase in temperature. Since the liquid 
was boiled vigorously, it is assumed that at ower tem- 
peratures the residual air content is below the saturation 
level and that the remaining air is in true solution. 
Boiling does not remove all the air. After the column 
breaks, the two halves are usually found separated by 
a small bubble. This is often quickly reabsorbed when 
the column is tilted or it may be shaken out. 

The open-ended capillary has the great advantage of 
being easy to clean. Concentrated sulfuric acid freshly 
saturated with Cr2O3 has been used for this purpose, 
first flushing the tube and then letting it stand filled 
over night. The importance of cleanliness cannot be 
over-emphasized. Fouling is indicated by a progressive 
decrease in the readings. If this persists, a new capillary 
should be used. All of which raises the question as to 
whether we are measuring the cohesion of the molecules 
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Fic. 1. Limiting negative pressure of acetic acid. 


in the free liquid or their adhesion to the glass wall of 
the tube. 

The spinner was enclosed in a glass-topped container, 
in which the pressure was reduced approximately to 
the vapor pressure of the liquid under investigation. 
The work done by the spinner on the surrounding air 
gradually raises its temperature. Consequently, there is 
some uncertainty, particularly for volatile liquids, re- 
garding the temperature of the liquid column at its 
center at the instant of rupture. 


ACETIC ACID 


Glacial acetic acid meeting A.C.S. reagent specifica- 
tions was used. After boiling at atmospheric pressure, 
it was cooled until 85-90 percent was crystallized. The 
liquid portion was discarded, the remaining crystals 
melted, boiled vigorously and introduced promptly into 
the experimental capillary. Observed melting point, 
16.58°-16.60°. 

The results are given in Fig. 1. Each point represents 
an individual measurement. A point with an arrow 
attached means either that the column did not break 
at the indicated stress or that the tube broke. The 
graph represents the locus of the highest values ob- 
served, i.e., the limiting negative pressure at various 
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Fic. 3. Limiting negative pressure of carbon 
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temperatures. Observations lower than those shown 
have been omitted. 

Acetic acid, like water, exhibits a maximum (— 287 
bars) a few degrees above its melting point, but the 
effect is not marked. At higher temperatures, the limit- 
ing negative pressure falls off rapidly. This is to be 
expected, because at the critical temperature (or below) 
the negative pressure must be zero. 


BENZENE AND ANILINE 


Benzene is a nonpolar liquid with a flat symmetrical 
molecule. Aniline differs structurally from benzene by 
the substitution of an NH: group for a hydrogen atom. 
It has a dipole moment of .=1.48X10~"* in the gas 
phase. 

The aniline and benzene used were water free, pre- 
pared? by vacuum distillation, discarding the first and 
last quarters. The results are given in Fig. 2. 

Like water and acetic acid, the limiting negative 
pressure of benzene and aniline decreases as the freezing 
point is approached. The maximum for aniline is 300 
bars or 25 bars greater than that observed for water. 


2 Through the courtesy of C. A. Hewitt and T. J. Murphy of 
the Chemistry Division, NBS. 


BRIGGS 


This is in great contrast with the maximum observed 
for benzene, namely 150 bars. It suggests that the 
dipoles in aniline may be contributing markedly to the 
cohesion of the liquid. 

Donaghue, Vollrath, and Gerjuoy* have also measured 
the limiting negative pressure of benzene. These authors 
used sealed tubes and went to great pains to reduce the 
partial pressure of the air in equilibrium with benzene 
to as little as 7X 10~° cm Hg. Their two highest values 
are shown by crosses in Fig. 2 and bracket my observa- 
tions. This agreement lends support to my assumption 
that the gas remaining in the liquid after vigorous 
boiling is in true solution. 


CARBON TETRACHLORIDE AND CHLOROFORM 


The great difference in the limiting negative pressure 
of aniline and benzene suggests that the dipoles in 
aniline may be contributing markedly to the cohesive 
forces. Accordingly, nonpolar CCl, and polar CHC\; 
were selected for further measurement and comparison. 
Both liquids were of reagent quality, meeting A.C.S. 
specifications. The results are given in Fig. 3. 

Again, the polar liquid CHCl; sustains the greater 
negative pressure, 318 bars as compared with 277 bars 
for CCl, with a tetrahedral structure. The difference 
in this case is not so marked, but CHC]; is not strongly 
polarized (u=1.0210~'*). However, these two pairs 
of liquids are of different (though related) chemical 
composition. A more satisfying approach would be the 
comparison of the cis- and trans-forms of the same 
liquid. This is under investigation. 

The freezing points of CCl, and CHCl; are below 
the limit of the present apparatus (— 18°C), and their 
behavior as the freezing point is approached could not 
be studied. 


3 Donaghue, Vollrath, and Gerjuoy, J. Chem. Phys. 19, 55 
(1951). 
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Calculation of Degree of Crystallinity in Polymers 
from Density Measurements 


FRASER P,. PRICE 


Research Laboratory, General Electric Company, 
Schenectady, New York 


(Received April 30, 1951) 


INEAR polymers which crystallize show a variation of 
thermodynamic properties such as heat content and specific 
volume of the general type illustrated in Fig. 1. 

Tm is the melting temperature, T, the glass transformation 
temperature, and 7, is determined by the intersection of the 
extrapolated liquid curve with the extrapolated liquid+crystal 
curve. T, is the temperature where the specific volume of the 
crystals is equal to that of the liquid, and hence equal to the specific 
volume of a mixture of the two. It is, in general, an experimentally 
unattainable point but if the extrapolations are not too long it 
can be determined. The equality of liquid and specific volumes 
at T, is independent of the extent of crystallinity in the sample. 
If it were completely crystallized the volume versus temperature 
curve would lie below the crystal+liquid and crystal+glass 
curves, but would meet the extrapolated liquid curve at T;:. 

At the glass transformation temperature there is a discontinuity 
in the slopes of both the liquid and the liquid+crystal curves. 
This discontinuity will be greater the smaller the fraction of 
crystals present. Since the thermal expansion coefficients of the 
glass and the crystals are substantially identical below 7,, the 
glass, glass+crystal, and crystal curves very nearly parallel each 
other.! 

Now let X=volume fraction of crystals in mixture with liquid 
or glass, V=specific volume of mixture, V/g=specific volume of 
liquid or glass, whichever is appropriate to the given temperature, 
Vs=specific volume of crystals. 
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Fic. 1. Variation of specific volume with temperature. 
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TABLE I. Degree of crystallinity in polyethylene. 








Temp. (°C) 0 40 60 80 90 100) 105 


This method 0.85 0.77 0.72 0.63 0.57 0.48 0.42 
X< H+0? 0.55 0.55 0.55 0.50 0.45 0.40 0.35 
R, R+R3 ‘ 0.70 0.60 0.55 0.45 0.40 











Then at any given temperature 
X= (Vig—V)/(Vig—Vs). (1) 


If measurements have been made below 7,, all the terms in the 
right-hand member of the above equation are determinable. If 
measurements have not been made below 7,, a maximum X is 
obtained by assuming the crystal curve tangent to the liquid+ 
crystal one at 7;, and a minimum X obtained by assuming zero 
coefficient of expansion of the crystals. It should be noted that 
below 7,, X is constant because in the glassy state the polymer 
cannot crystallize in the time of the experiment. 

Using this method the density data on polyethylene? have been 
recalculated and compared in Table I with those from calorimetric 
data® and with the calculations of Hunter and Oakes. 

The method of this note checks the calorimetric method very 
well, but gives higher values of X than those of Hunter and Oakes 
who assumed too low a value of Vs. 

A study of the specific volume of polychlorotrifluoroethylene, 
the details of which will be published later, showed 7, to be very 
near 7,. Here measurements were not made below 7, and the 
limiting degrees of crystallinity shown in Fig.’ 2 were calculated. 
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Fic. 2. Degree of crystallinity in polychlorotrifluoroethylene 
as a function of temperature. 


These curves indicate that a maximum degree of crystallinity of 
between 70 and 90 percent were attained and that approximately 
% of the crystals melt over a 5°C range just below 7;,. These ob- 
servations are in accord with Flory’s predictions on melting of 
crystalline polymers.‘ 

1W. Kauzmann, Chem. Revs. 43, 219 (1948). G. Borelius, Arkiv. Mat. 
Astron. Fys. 33, 1 (1946). 

2 E, Hunter and W. G. Oakes, Trans. Faraday Soc. 41, 49 (1945). 


3 Raines, Richards, and Ryder, Trans. Faraday Soc. 41, 56 (1945). 
4P. J. Flory, J. Chem. Phys. 17, 223 (1949). 





Ultraviolet Absorption Spectrum of Fluoranthene 


WILLIAM FRANCIS MADDAMS AND ROBERT SCHNURMANN 


Physics Department, Manchester Oil Refinery, Limited, 
: Manchester, England 


(Received May 8, 1951) 


HE ultraviolet absorption spectrum of fluoranthene has 
received some attention in recent years in connection with 

work on “aromatic cyclo-dehydrogenation”! and in conjunction 
with the cracking of petroleum. In an attempt to ascertain the 
quantitative aspects of the spectrum of fluoranthene a number of 
measurements were made on solutions of a synthesized specimen? 
in three solvents (isooctane, ethylalcohol, and chloroform). These 
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Fic. 1. Red shift of the absorption bands of a solution of synthesized 
fluoranthene in chloroform B.P. at the wavelengths indicated by the 
abscissas for the absorption bands of the same specimen of fluoranthene 
dissolved in iso-octane. 


show an interesting red shift of increasing magnitude toward 
longer wavelengths of the bands (Fig. 1) with chloroform as the 


solvent and with iso-octane as the reference solvent. There is no 


TABLE I. Absorption characteristics of fluoranthene. 








Fluoranthene 


Synthesized fluoranthene (reference 1) 


(reference 2) in 
Iso-octane Ethylalcohol Chloroform 
A.U. 6 we uu. € 


in 
ethylalcohol 
A.U. € 


2170 = =©23550 


2345 
2619 
2759 
2808 
2862 
3078 
3217 
3414 
3586 





2293 
2357 
2614 
2765 
2820 
2872 
3084 
3234 
3415 
3590 








appreciable wavelength shift on passing from the iso-octane solu- 
tion to the ethylalcohol solution (see Table I) whereas there is a 
similar parallelism in the changes of absorption intensity of the 


bles, 


+0.'0) 


Relative intensity change of absorption bands 
of fluoranthene in various solvents. 





nm 
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Fic. 2. Position of absorption bands of fluoranthene in iso-octane. 
X— in ethylalcohol. @—in chloroform. 


various bands (Fig. 2) as had been previously described with 
phenanthrene in various solvents.’ 
The spectrum of fluoranthene in iso-octane is illustrated by 
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Fic. 3. Ultraviolet absorption spectrum of fluoranthene (G.L. 49) 
in iso-octane. 


Fig. 3 since it shows some appreciable quantitative deviations from 
the spectrum published earlier by Orchin and Reggel. 


1M. Orchin and L. Reggel, J. Am. Chem. Soc. 69, 505 (1947). 

2 The authors express their thanks to Dr. M. Sulzbacher of the Gros- 
venor Laboratory, London, for the preparation of fluoranthene by the diene 
reaction between acenaphthylene and butadiene with subsequent dehydro- 
genation of tetrahydrofluoranthene. The fluoranthene was obtained as light 
yellow needles of melting point 110°C. 

3 W. F. Maddams and R. Schnurmann, J. Chem. Phys. 17, 108 (1949). 





Integrated Absorption of the Fundamental of CO 
from Measurements Using Self-Broadening 
of Rotational Lines* 


D. WEBER AND S. S. PENNER 


Jet Propulsion Laboratory, California Institute of Technology, 
Pasadena, California 


(Received April 26, 1951) 


HE results of quantitative infrared-intensity and line-width 
measurements on CO have been described in recently 
published articles.! 

Quantitative intensity measurements were carried out for the 
first overtone of CO by two independent series of investigations. 
In one group of tests an infrared-inactive gas was used to produce 
adequate pressure-broadening of the rotational lines in order to 
facilitate quantitative intensity measurements. In another series 
of investigations, it was shown that self-broadening can be used 
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gas absorption cell. 
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Fic. 2. The quantity B/2.303 as a function of optical density 9/. 


toachieve the conditions necessary for quantitative measurements. 
The agreement between integrated absorption measurements ob- 
tained by the two independent methods was within the limits of 
experimental error.! 

The results of quantitative infrared intensity studies on the 
fundamental of CO have been described only for measurements 
using infrared inert gases to achieve pressure broadening. Absorp- 
tion cells suitable for quantitative studies on intense vibration- 
rotation bands must be exceedingly short. However, in view of the 
large discrepancies between values for the integrated absorption 
on the fundamental of CO reported by different investigators, it is 
evidently desirable to obtain an independent check of the mixed 
gas studies reported previously. Accordingly, a small infrared 
absorption cell, with variable path length, has been constructed 
for use at elevated pressures. 

A sketch of the small infrared absorption cell used for the present 
studies is shown in Fig. 1. Accurately machined stainless steel 
gaskets served as spacers. Experimental results obtained for the 
fundamental of CO using self-broadening are shown in Fig. 2 
together with the mixed gas data used to obtain the value 237 
cm™ atmos for the integrated absorption’ of the fundamental. 
The abscissa in Fig. 2 represents the optical density pl, whereas 
the ordinate is 


B/2.303= f log(To/T,)dv, 


where To, and T, denote, respectively, the apparent incident and 
transmitted intensities in the wave number interval between v 
and y+dy. In accordance with the analysis presented previously,} 
the integrated absorption ao; is given by the relation 


d(B/2.303) 
d(pl) 


as pl goes to zero or as the total pressure is increased without limit. 

Reference to Fig. 2 shows that as the cell length is reduced, the 
data utilizing self-broadening approach the mixed gas data ob- 
tained previously. For the smallest absorption cell (cell length 
=0.0506 cm) B/2.303 appears to exceed the mixed gas data for a 
given value of pl by perhaps 15 percent. Since special precautions 
were not taken to assure the absence of small surface cracks for the 
sodium chloride windows under pressure, the agreement between 


ao= 2.303 


experimental results must be considered to be satisfactory. Our 
estimate for the integrated absorption of the fundamental of CO 
remains unchanged at 237+-12 cm™ atmos". 

* This paper presents the results of one phase of research carried out at 
the Jet Propulsion Laboratory, California Institute of Technology, under 


U. S. Army Ordnance Department Contract No. W-04-200-ORD-455. 
1S. S. Penner and D. Weber, J. Chem. Phys. 19, 807, 817 (1951). 





Erratum: Structure and Dipole Moment of 
Isothiocyanic Acid 
[J. Chem, Phys. 18, 1437 (1950)] 


C. I. BEARD* 


Research Laboratory of Electronics, Massachusetts Institute of 
Technology, Cambridge, Massachusetts 


AND 
B. P. DartLeyt 
Department of Chemistry, Harvard University Cambridge, Massachusetts 


HE identifications of the first two lines in Table I are inter- 
changed and should read: 


11,0;4:%211; HNCS 23,499.5 
11, 1;0 —21,2;-1 HNCS 23,424.5 


Likewise, in Fig. 4 the frequencies of the lines labeled B and C 
should be interchanged. 

Because of an arithmetical error, the values of the rotational 
constants B and C given just above Table I are in error. With 
3(B+C)=5865.5 mc/sec and (B—C)=37.5 mc/sec, as given in 
the article, the correct constants are: 


B=5884.3 mc/sec 
C=5846.8 mc/sec 
I p=142.58X10-* g cm? 
Ic=143.49X10-* g cm?. 


The value of J4 obtained from the relation J4a=Ic—Ip (if 
applicable, as mentioned in the article) is 14=0.9X10~ g cm’, 
and A=900,000 mc/sec. 


* Now with Applied Physics Laboratory, The Johns Hopkins University, 
Silver Spring, Maryland. 

+ Now with Department of Chemistry, Columbia University, New York, 
New York. 
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Evidence for the Noncubic High Temperature 
Phase of BaTiO; 


ELIZABETH A. Woop 
Bell Telephone Laboratories, Murray Hill, New Jersey 
(Received May 8, 1951) 


ARIUM titanate crystals grown by B. T. Matthias at 
1200°C from melts of barium chloride, barium carbonate, 
and titanium dioxide, with small amounts of boron trioxide! are 
of two types: (a) Cubic-habit, multiply-twinned crystals a few 
hundredths of a millimeter on an edge and (b) irregularly shaped 
thin plates, relatively untwinned, which may be several millimeters 
in diameter. Their major faces are normal to the optic axis (c) of 
the tetragonal crystal. Many of the plates show etch pits, like 
those shown in Fig. 1, the arrangement of whose facets is found 
to have only a twofold axis of symmetry, which is normal to the 
plate. Most of these platey crystals are pitted and embayed as 
though by solution; whereas the very small cubic-habit crystals 
have crystallographically perfect shapes—that is, they are 
euhedral. 


Fic. 1. Low symmetry etch pits on (001) face of tetragonal 
barium titanate. 


This evidence indicates that the symmetry of the platey crys- 
tals at the time of their crystallization was not that of the cubic 
system since the symmetry of the etch pits is at least as low as 
orthorhombic; that the platey crystals were subsequently sub- 
jected to conditions unfavorable for their existence and began 
to disintegrate; and that, at some time, probably during the rapid 
cooling of the melt at the end of the experiment, there was a 
“shower” of truly cubic crystals, a great many nuclei forming at 
once. What is suggested is a noncubic form of barium titanate, 
stable at a higher temperature than the cubic form, with a sluggish 
transition to the cubic form. 

This suggestion was made by the writer at a meeting of the 
American Society for X-ray and Electron Diffraction at Cornell 
University in June, 1949, and the above evidence was presented 
there at that time. Others at the meeting considered the existence 
of a high temperature noncubic phase very unlikely on theoretical 
grounds and since efforts to obtain crystals of it by quenching 
were unsuccessful the writer did not publish the observations 
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described above. However, W. O. Statton? now concludes that such 
a phase exists and this letter is offered as supporting evidence for 
his conclusions. 

The lower limit of the stability range of this phase in a pure 
BaTiO; melt, according to Statton, is about 1450°C. In the pres- 
ence of fluxes, however, that limit might be much lower. Matthias 
found that the addition of small amounts of B2O; resulted in the 
production of the large, relatively untwinned plates. The fact that 
the tetragonal axis is oriented normal to the plate throughout 
suggests that the crystal “remembers” a noncubic symmetry 
which it had during growth. Apparently imperfections or impuri- 
ties included in the platey crystals during their growth in the 
lower symmetry form gave them a preference for a single c-axis 
direction when they underwent the cubic-tetragonal inversion at 
about 120°C. 

The very small, cubic-habit crystals, however, growing with 
cubic symmetry, were free to choose any of their three cubic 
axes for the c tetragonal axis at 120° and were therefore multiply 
twinned. 


1 For example: 59 g BaCl2; 26 g BaCOs;; 5.6 g TiOe; 2 g B2O:. 
2W. O. Statton, J. Chem. Phys. 19, 33 (1951). 





Rotational Isomerism in 2-Methyl Butane 
and 2:3-Dimethyl Butane 
J. K. Brown AND N. SHEPPARD 


Department of Colloid Science, Free School Lane, Cambridge, England 
(Received May 2, 1951) 


HE crystallization of liquid straight chain hydrocarbons 
produce a very marked simplification of their infrared and 
Raman spectra.'~* These molecules exist in a number of rotational 
isomeric configurations in the liquid state, each configuration 


having its own set of infrared and Raman frequencies. In the 
crystalline state only one form exists, and consequently the fre- 
quencies of the other forms disappear from the spectrum on 
crystallization of the liquid. However, previous spectroscopic 
investigations of the simple branched chain hydrocarbons 2-methyl 
butane and 2:3-dimethyl butane** have shown that all the infra- 
red and Raman frequencies remain on passing from the liquid to 
the solid state. This observation has been interpreted in two differ- 
ent ways,® either (a) there is a large energy difference between 
the configurations in the liquid state, i.e., virtually only one form 
exists in the liquid and solid states or, (b) there is a small energy 
difference leading to the presence of two forms in the liquid state 
which persist on solidification. 

The alternative (b) might give rise to either an ordered or toa 
disordered solid solution,’ and this has important thermodynamic 
consequences.® 7 

During an infrared investigation of other molecules existing 
in isomeric configurations we have found that rapid freezing of 
the liquid sometimes leads to a glassy solid,* both liquid and glass 
having virtually identical spectra. On controlled warming of this 
glass to near the melting point a slow transition to the crystalline 
state takes place which is easily observable. It seemed possible 
that glasses had also been produced in the previous studies of the 
spectra of the two branched paraffins in the solid state. We have 
therefore applied this method in the re-investigation of the infra- 
red spectra of these substances, and have been able to crystallize 
both of them. The infrared spectrum of liquid 2:3-dimethyl 
butane was greatly simplified on crystallization, a number of 
strong absorptions disappearing, and the spectrum of the crystal- 
line state indicated that the configuration stable in the lattice 
has a center of symmetry. There is thus little doubt that, for this 
molecule, the interpretation of a small, approximately zero, 
energy difference between the two isomers in the liquid state is the 
correct one. 

The evidence for 2-methy] butane is less clear cut. On crystal- 
lization the infrared spectrum showed a change in the relative 
intensity of-a few absorption bands when compared with the spec- 
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trum of the cold liquid, and one well-marked band at 912 cm™ 
disappeared. Although the simplification is not as extensive as that 
for 2:3-dimethyl butane, this might arise from overlapping of 
absorptions due to different configurations in the liquid state, 
particularly as both possible forms have low symmetry in this 
case. It is not thought that the changes observed are extensive 
enough to justify unequivocally the assumption of a small energy 
difference. On the other hand, the observation of some simplifica- 
tion does not allow us to rule out this possibility on the spectro- 
scopic evidence alone, particularly as the existence of two strong, 
polarized Raman lines between 700 and 800 cm in liquid 2-methy] 
butane is very readily explained in terms of two isomers present 
in comparable concentration.5 A re-investigation of the Raman 
spectrum in the solid state under conditions of complete crystal- 
lization may settle this problem. A marked weakening or complete 
disappearance of one of the aforementioned lines would certainly 
be in favor of a small energy difference in the liquid state, but if 
both of these persisted a single form would be indicated, and then 
the two strong Raman lines would probably be attributable to 
Fermi resonance.® A more detailed account of the work on these 
and other branched paraffins will be published shortly. 

1 Rank, Sheppard, and Szasz, J. Chem. Phys. 17, 83 (1949). 

2S. Mizushima and T. Simanouti, J. Am. Chem. Soc. 71, 1320, (1949). 

3D. W. E. Axford and D. H. Rank, J. Chem. Phys. 18, 51, (1950). 

4 Brown, Simpson, and Sheppard, Disc. Faraday Soc., September, 1950 
(to be published). 

5G, J. Szasz and N. Sheppard, J. Chem. Phys. 17, 93 (1949). 

i Scott, McCullough, Williamson, and Waddington, J. Am. Chem. Soc. 


7J. G. Aston, Disc. Faraday Soc. April, 1951 (to be published). 
8 J. K. Brown and N. Sheppard, Disc. Faraday Soc. September, 1950 


, (to be published). 





The Pyrolysis of iso-Propyl Bromide 
ALLAN MACCOLL AND P. T. THOMAS 


University College, London, England 
(Received April 30, 1951) 


N continuation of the work in this Laboratory on the pyrolysis 
of organic bromides, ? the kinetics of the decomposition of iso- 
propyl bromide have now been investigated. Previous work on this 
substance by Lessig? showed that the reaction may be repre- 
sented by 
C;H;Br>C;H,+HBr, (1) 


although the ratio of the final to initial pressure was found to be 
less than the two, as demanded by Eq. (1). Lessig used clean ves- 
sels and found that the rate constants were not particularly re- 
producible. The reaction was concluded to be of the first order, 
and the rate constants would appear to depend upon the initial 
pressure of the iso-propyl bromide. 

In the present work, in which the reaction was followed both 
by the measurement of the rate of pressure increase and analyti- 
cally by the estimation of the HBr produced, the first-order char- 
acter of the decomposition has been confirmed. Reproducibility 
was only obtained when aged vessels were used and all traces of 
oxygen completely excluded. In particular, care was taken not to 
allow oxygen into the reaction vessel between runs. The reaction 
is uncomplicated in that no products uncondensable in liquid air 
were obtained. However, considerable evidence was found for the 
existence of the equilibrium 


C3;H7Br—C;H,+HBr. 


In the first place, the first-order constants began to fall off after 
about 50 percent of the reaction had taken place. For this reason 
only the first 30 percent of the reaction was used for the calculation 
of the rate constant. Secondly, the falling off was more marked at 
high initial pressures, and also in those runs carried out in the 
presence of added propylene. 

In the initial pressure range 30 to 450 mm, there was no varia- 
tion of the first-order constants. Similarly the addition of propyl- 
ene did not affect the initial rate. The addition of either allyl 
bromide or bromine had no marked effect upon the rate. For these 
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reasons, it is concluded that iso-propyl bromide decomposes by a 
unimolecular splitting off of molecular HBr. The rate constants 
were well represented by the expression, 


k=4.07 X 10%¢~47, 800/27, 


This raises the question as to why a chain mechanism is pre- 
ferred in the case of n-propyl bromide, whereas a direct unimolecu- 
lar split is of prime importance in the case of iso-propyl bromide. 
A relevant factor may lie in the chain propagating step 


Br+C;H;Br—~C;H-Br+HBr. 


For in the case of n-propyl bromide the principal attack of the 
bromine atom is upon a secondary hydrogen atom, whereas in the 
case of iso-propyl bromide it would be upon a primary hydrogen 
atom, and there is a certain amount of evidence for the secondary 
C—H bond strength being less than the primary. This point will 
be taken up again elsewhere in a subsequent publication. 

The mechanism of the oxygen-catalyzed reaction is by no 
means clear. It seems probable that chains are started on the 
walls and ended in the gas phase, since partial inhibition of the 
catalyzed reaction may be brought about by the addition of 
propylene. 

The behavior of the butyl bromides is of interest. Kistiakowsky 
and Stauffert have shown that ¢-butyl bromide decomposes by a 
unimolecular splitting out of HBr. Here again, attack of a bromine 
atom can only be upon a primary C—H bond, and so that chain 
mechanism would be rendered energetically unfavorable. The 

pyrolysis of the butyl bromides is at present under investigation. 

1A. Maccoll, J. Chem. Phys. 17, 1350 (1949). 

2 P, Agius and A. Maccoll, J. Chem. Phys. 18, 158 (1950). 


3 Lessig, J. Phys. Chem. 36, 225 (1932). 
4 Kistiakowsky and Stauffer, J. Am. Chem. Soc. 59, 165 (1937). 





Studies of Zeeman Effects from Solutions of 
Europium and Neodymium Salts 
GEORGE J. RoTartiu* 


University of Illinois, Urbana, Illinois 
(Received May 15, 1951) 


HE effect of a high magnetic field on solutions of salts of 
trivalent europium and neodymium was investigated spec- 
trographically in the hope of checking the J-values of the energy 
levels between which the absorptions occur, and arriving at an 
understanding of the symmetry of arrangement of ions in solutions. 
Gobrecht! has interpreted the spectra of the trivalent europium 
ion in crystals at 4650A as due to a J=0 to a J=3 transition. A 
partial check on this assignment has been made by Schmillan? who 
obtained five lines in this region from an inverse Zeeman effect 
on europic sulfate crystals using a magnetic field of 40,000 gauss. 
An earlier work by Freed and co-workers? on aqueous solutions of 
europic nitrate showed that a Zeeman effect can be obtained from 
these solutions with a field of 33,000 gauss; four lines were obtained 
which checked in position four of the five lines Schmillan obtained. 
An attempt was first made to check this latter result for solu- 
tions. A transverse inverse Zeeman effect was sought at room 
temperature (23.0°C) using a 1.21M aqueous solution of europic 
nitrate in a 23.52-mm-long Pyrex cell. A Littrow-type, Hilger 
quartz prism spectrograph was used which had a dispersion of 
2.22A per mm at 4650A; the electromagnet used‘ gave a field of 
31,000+-1200 gauss with two-inch-diameter polefaces separated at 
a distance of 4.7 mm. This solution did not appear to exhibit a 
Zeeman splitting under these conditions. 

Lower temperatures were resorted to in the hope of sharpening 
up the lines. Absorption Zeeman spectra were then taken of a 
0.233M solution of europic nitrate in absolute ethyl alcohol at 
room temperature, at —22°C and at —80°C in a paraffined, 
silver-plated, copper cell built within a copper bar. This solution 
did reveal such an effect in the 4658A component. A lowering of 
the temperature to —80°C in the no-field cases caused the original 
doublet to change into a triplet; this indicated a change in the 
structure of the alcohol about the europic ion from the alcohol- 











type at room temperature to a “‘water-type”® which possesses 
less symmetry than the former. This can possibly be explained 
in the increased stability of the hydrogen bonding in the alcohol 
as the temperature was lowered. At —22°C and at —80°C, the 
spectra of this solution, both with and without the field of 31,000 
gauss, seemed to reveal a fine structure in each of the three com- 
ponents (4648A, 4652A, 4658A). This would indicate a still lower 
symmetry in the alcohol at these temperatures than suspected. 

Recent work by Moeller and Brantley*® and Moss’ has revealed 
that formation of the ethylenediamine tetraacetate (Sequestrene, 
S) complexes of neodymium chloride, erbium chloride, and gado- 
linium chloride splits the original bands into more components. 
However the bands of praeseodymium chloride were not split by 
such complexing. This complexing agent was used in the hope of 
obtaining further splitting of the europic ion lines at 4650A similar 
to the results obtained by Freed and Weissman with europic 
acetylacetonate. A 1:1 aqueous mixture of 0.466M europic 
nitrate and 0.466M ethylenediamine tetraacetate was photo- 
graphed in the 4500-5300A region. Only one line (1.6A wide) was 
obtained at 4652A and no lines in the 5250A region. No definite 
statement concerning the symmetry of this europic complex can 
be made, although if the same selection rules for the transitions 
hold, the symmetry indicated is very high. The magnetic field of 
31,000 gauss did not alter this spectrum. 

X-ray photos also indicate the existence of a 1:1 Eu*++—S 
crystalline compound (insoluble in water), and spectral evidence 
points to the existence of a probable 4/3 Eut*+*+—S complex 
(soluble in water), both of which are supposedly analogous to the 
neodymium complexes. This latter solution exhibited essentially 
the same spectra as that for the 1:1 compound mentioned above. 
No effect of the field of 31,000 gauss was observed in the room 
temperature spectra of any of the Eut+*+—S mixtures. 

The spectra of a 0.466M aqueous solution of neodymium nitrate, 
investigated in the region of 5300-6300A, revealed two sharp lines 
at 6256A and 6222A, in addition to the main band at 5770A 
(200-300A wide). A solution of 4/3 mole ratio of Nd*+*—S in 
water exhibited a spectrum with lines at 6270A, 6252A (?), 
6235A, and at 6222A. These lines appear as sharp as the europic 
ion triplet at 4650A; furthermore, the middle component (6235A) 
seems to be made up of 3 or 4 very sharp lines itself. A 1:1 aqueous 
mixture of 0.466M neodymium nitrate and 0.466M S revealed a 
spectrum which resembled that of the 4/3 complex in intensity, 
but with lines at 6274A and at 6230A (?). No effect of the field of 
31,000 gauss was noted in the spectra of these neodymium solu- 
tions. The main band at 5770A for the neodymium ion seemed 
unaffected by the complexing and by the influence of the high 
magnetic field at the exposure times used. 

The author wishes to acknowledge the guidance and aid of 
Professor W. H. Rodebush, under whom this work was conducted, 
and the generosity and assistance of Professor G. W. Almy 
(Physics). 

* Submitted as partial fulfillment for the degree of Doctor of Philosophy, 
University of Illinois, Urbana, Illinois, October, 1950. Present address: 
Department of Chemistry, University of California, Berkeley, California. 
1H. Gobrecht, Ann. Physik 28, 673 (1937). 

2 A. Schmillan, Ann. Physik 39, 502 (1941). 

3 Freed, Weissman, and Rotariu, J. Chem. Phys. 8, 291 (1940). 

4E. J. Shaw, Rev. Sci. Instr. 2, 611 (1931). 

5 Freed, Weissman, Fortess, and Jacobson, J. Chem. Phys. 7, 824 (1939). 
6 T. Moeller, and J. C. Brantley, J. Am. Chem. Soc. 72, 5447 (1950). 


7F. Moss, private communication (Professor Moeller’s group). 
8 Freed, Weissman, and Fortess, J. Am. Chem. Soc. 63, 1079 (1941). 





Errata: Contributions to the Theoretical 
Treatment of Ammonium. II 
[J. Chem. Phys. 16, 857-864 (1948)] 
J. I. HorvAtTH 
Department of Theoretical Physics, University of Debrecen, 
Debrecen, Hungary 

N Part I, I have discussed the problem of the stability of the 
neutral ammonium molecule, which is experimentally un- 
known. Equation (23) gives the binding energy of the valence 
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electron, which is by definition negative. Unfortunately I have 
not noticed this trivial fact and so the first term of this equation 
has a negative sign, which causes a mistake in Table I. 

Paragraph C of this Part, where the energy of the binding of the 
valence electron is calculated numerically, contains a further 
error of calculation, which is important in point of view of the 
discussed energy. The effective charge Z* with increased r tends 
to +1 and the function, by which Z* is approximated, decreases 
exponentially. The analytical approximation of the effective 
charge is correctly 

Z*=14+B-/>-e*, 

where 
B=540.38087, b=1.80142, B=4.09740. 


The calculations show in this case that we have a nonbinding 
state, consequently the neutral ammonium molecule is unstable, 
which is in excellent agreement with the experimental facts. 

Finally we have to remark that the mentioned errors and cor- 
rections do not influence the principal part of our investigation, 
which deals with the theoretical treatment of the ammonium 
molecule-ion. 

I am very indebted to Professor A. Kénya and Dr. T. A. 
Hoffmann who kindly called my attention to this fact. 





Dielectric Constant and Loss Factor of Ethyl 
Alcohol and Water at 2=3.24 cm Obtained 
by Free Wave Method 


Masasi YAsumi, HIDEO OKABAYASHI, MICHIO SHIRAI, 
AND SAN-ICHIRO MIzZUSHIMA 


Institute of Science and Technology and Faculty of Science of 
Tokyo University, Tokyo, Japan 
(Received May 7, 1951) 


E have measured the dielectric constant (e’) and loss factor 

(e’’) of ethyl alcohol and water at several temperatures by 

improved free wave method, which removes the difficulties in the 
earlier measurements and yields reliable values of e’ and e’’. 

If the linearly polarized plane wave of the wave length X is 
emitted to free space and is reflected by the liquid dielectric layer 
of the thickness d placed on mercury, the reflection coefficient will 
be expressed as 


: 2arkd 1 ) p 2xnd x) 
sinh( x +5 InRie2 —COs a 


.,(2akd 1 ) o(Pznd vyV 
sinh( 274 5 InRie +cos ob 9 








r 
where n is the refractive index, k the absorption coefficient, and 
(n—1)?+F 
R,2=——__— 
(n+l P+e 
2k 
tany= 


(@—1) +2 


At each of the three temperatures shown in Table I, about forty 
measurements have been made to determine the values of R? 
for ethyl alcohol in the range of d/X from 0 to 0.523 and about 
thirty measurements for water in the range of d/d from 0 to 0.15. 

In Table I are shown the values of ” and k which explain most 
satisfactorily the experimental relation of R? vs d/X. The probable 
error of # is 0.3 percent for ethyl alcohol and 0.4 percent for water. 
The error of & is estimated as 1 percent for ethyl alcohol and 2 per- 
cent for water. 











TABLE I. 
Ethyl alcohol (A =3.24 cm) Water (A =3.24 cm) 
t(°C) 10 18 24 6 11 19 
n 2.00 2.05 pe K 7.50 7.51 7.60 
k 0.48 0.54 0.61 2.22 2.11 1.96 
é 3.77 3.91 4.08 51.3 51.9 53.9 
é’ 1.92 2.22 2.58 33.3 31.7 29.8 
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From these values of u and & the dielectric constant ¢’ and loss 
factor e”’ are calculated according to the following formula, 


é' —ie!’ = (n—ik)?, 


and tabulated also in Table I. 

Discussions of these experimental data on the basis of molecular 
theory will be given elsewhere, with detailed description of experi- 
ment and method of calculation. 





New Absorption Bands of the NO Molecule in the 
Extreme Ultraviolet Region 
Y. Tanaka,* M. Seya, AND K. Mort 


Optical Institute, Tokyo University of Education, Tokyo, Japan 
(Received April 30, 1951) 


HE 6000A bands of the NO molecule which appear strongly 
in a Geissler discharge of NO2 or NO gases have the ap- 
pearance of a triplet structure. At first Grillet! and his co-workers 
attributed these bands to the NO* molecule. Very recently, 
however, Feast? studied the same bands with large dispersion 
equipment and after making a rotational analysis of them he 
came to the conclusion that these bands are due to the transition 
between a new electronic level (H*=*) and the upper state of the 
y-bands of NO. According to him, the apparent triplet structure is 
due to the closeness of the bands in the sequence (0,0), (1, 1), 
and (2, 2), each of which consists of a P and a R branch. 

Recently, in a series of studies* on the absorption of NO in the 
extreme ultraviolet region, we observed a band progression which 
corresponds to the v’—O progression in the electronic transition 
between the ground state X22, $ and the upper state of the 6000A 
band (E22+). These bands are very similar to the y-bands in their 
appearance, each one being composed of 4-heads shaded toward 
the violet. Avy between the shortest wavelength head (Q;) and the 
third head (Q2) is about 120 cm which is nearly equal to the 
doublet separation of the ground state 27. 

In Table I, the observed wavelengths and wave numbers are 
shown in the second and third columns respectively. In the last 
column, the expected locations of the band origins are shown which 
were calculated using the general formula and the molecular con- 
stants obtained by Feast. As shown in Table I, there is good 
agreement between observed and calculated values for the lower 
members of the progression, but the discrepancy becomes great 
for the higher vibrational bands. The measurements were done on 


TABLE I. 








Calculated 
band origin 
»(cm~) 


(A) v(cm~) 
head head 


~ 





1646.92 
46.30 
43.62 
42.97 


60719.4 
742.3 
841.3 
865.4 60862.8 

1585.86 
85.15 
82.71 
82.15 


63057.3 
085.5 
182.8 
205.1 63204.8 

1529.98 65360.3 
389.8 
470.7 
501.2 65514.9 

67640.2 
679.6 
780.5 
804.4 67793.4 

1431.83 
31.40 
29.42 
29.07 


1386.52 
85.82 
84.01 
83.45 


69840.7 
861.7 
958.4 
975.6 


72123.0 
159.4 
253.8 


283.1 72255.0 
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the head of the bands so that such a discrepancy is to be expected. 
The first two bands appear free from obstruction by other bands 
but the following four are obscured, so that the accuracy of the 
measurement of the latter is not good compared with the other two. 


-_ Present address: Physics Department, University of Chicago, Chicago, 
inois. 

1M. Duffieux and L. Grillet, Compt. rend. 201, 1338 (1935); 202, 938 
(1936); 205, 39 (1937). 

2M. W. Feast, Can. J. Research A28, 488 (1950). 

3 Y. Tanaka, Sc. Pap. I. P.C.R. 39, 456 (1942); 43, 160 (1949). 





The Nature of the Scale Factor Occurring in the 
Quantum-Mechanical Treatment of Systems 
by the Variational Method* 


P. TORKINGTON 
British Rayon Research Association, Urmston, Lancashire, England 
(Received April 16, 1951) 


SOMEWHAT unsatisfactory feature in the quantum-me- 

chanical treatment of all systems governed by central force 
fields, other than the hydrogen atom or hydrogenlike ions, is the 
arbitrary scale factor found necessary in the wave functions. The 
accepted interpretation of this factor is that it is an effective 
nuclear charge. Thus, in the helium atom,! to approach the true 
binding energy the real nuclear charge Z=2 must be replaced by 
Z' = 1.6875 and in the hydrogen molecule? Z=1 must be replaced 
by Z’=1.17, in the first improvements on the simplest functions. 
In the first case, the usual explanation is that each electron par- 
tially screens the nucleus from the other, and in the second that 
the mutual repulsion of the two electrons effectively increases the 
repulsion of the nuclei. It is suggested here that if there is not a 
correspondence between parameters in the wave function and 
those occurring in the hamiltonian of the system, then the electron 
distribution given by the function is actually for a “ghost” having 
the same energy as the real system, the deviation of Z/Z’ from 
unity being a measure of the difference between the ghost and 
the real system; if the scale factor were really an effective nuclear 
charge, then one would expect that a better approximation would 
be attained by using a common Z’ in the function and the hamil- 
tonian. The fact that this is not sof is surely an indication that 
functions in which scale factors occur should not be interpreted 
as due to there being an “effective” nuclear charge. In the treat- 
ments of the hydrogen molecule-ion and helium atom outlined 
below, the scale factors arise from very simple considerations in 
a quite straightforward manner. 

In the ion H* it is significant that in two of the functions 
found satisfactory, two scale factors (Z’ and Z’’), occur.* The best 
of these, due to Guillemin and Zener, gives the binding energy 
correct to within 0.01 ev; it has the form, 


y=exp(—Z’ra)-exp(—Z”rg)+exp(—Z”ra)-exp(—Z’rz), (1) 


where ra, rp are the two electron-nucleus distances. The best 
values of the parameters are 1.13, 0.23. It will be noted that 
|Z’—Z”| is approximately unity. Now if we assume that for 
each value of the internuclear distance R there is a critical ellipsoid 
u=1+20°/R (where yu is the elliptical coordinate (ra+rz)/R and 
R+2@° is the major axis of the ellipsoid) within which the 
electron-density is higher than that given by the simple function 
y=exp(—ra)+exp(—rzg), and outside which it is lower, and 
further that the deviation from the simple function is governed 
by an exponential law, the function obtained is 


¥=exp[¢e(R+2a°—pR) JLexp(—ra)+exp(—ra)], — (2) 
where ¢ is a positive constant. The expression a° is presumably a 
function of R; it is related to the eccentricity e of the critical 


ellipsoid by 
2ea°= R(1—e). (3) 


Equation (2) reduces to 


¥=N(¢ads)(oat+¢s), (4) 
where ¢4 and ¢z are the two 1s hydrogen orbitals and N is a 
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Fic. 1. The hydrogen molecule-ion; plot of binding energy against inter- 
nuclear distance R for the hypothetical system with y= ara +rp)]. 
(R in units of ao, AE in units of (e2/ao).) AEmin = —0.477, Rmin =1.65 
Values in real system: AEmin = —0.1025, Rmin =2.00. Values hk 1s hydro- 
gen functions: AEmin = —0.065, Rmin =2.49. Values with effective atomic 
number 1.23: AEmin = —0.083, Rmin =2.00. The binding energy (total energy 
minus energy of 1s hydrogen atom) is given here by the formula: 


=R-1—6(2R +1) (4R?+6R +3) 71. 


normalizing factor, including the term in a°. Equation (4) reduces 
to Guillemin arid Zener’s function (1) to a very good approxi- 
mation if c has a value of the order 0.18+0.05; presumably 
|Z’—Z"’| is not quite unity because the critical surface is not an 
exact ellipsoid. The single scale factor in the Wang-type treatment 
would on the above view arise from a critical spherical surface 
around each nucleus, within which the electron-density was higher 
and outside which it was lower than that given by the hydrogen 
functions, the two nuclei being treated independently. Clearly, 
this approximation can only be expected to hold for intermediate- 
to-large nuclear separations. The analog of Eq. (2) is 

¥=oa-exp[e(—ra) ]+¢8-exple(r—ra) ], (5) 
where ?, the critical radius, is again presumably a function of R, 
but is absorbed in the normalizing factor. The relation to the 
scale factor is Z’=1+<c; variation of ¢ with R is to be expected 
here, as it is, of course, not justifiable to treat the two nuclei 
independently. 

Finally, it may be observed that the polarization, producing a 
charge-density characteristic of the bond, should give rise to 
functions in which the density is in‘inverse ratio to both elliptical 
coordinates w and v. The form of James’ function‘ and the present 
considerations suggest that in this function the yu-component 
exaggerates the contraction normally reached by using a scale 
factor (which is used as well, however), and that this effect is then 
corrected by balancing against the term in v*, which effectively 
sends charge towards the nuclei. (Compare the hydrogen mole- 
cule,5 in which a scale factor Jess than unity is used in addition 
to a term in v.) This suspicion is at least not removed by calcu- 
lations with the simple elliptical function y=exp[—(ra+ra) ]. 
The curve obtained is shown in Fig. 1; it is effectively that of a 
highly unstable system with a strong contraction. The presence 
of this elliptical component in the molecular orbital (presumably 
for He as well as for H2*), will thus easily give the energy; and 
it flattens the minimum. In He, the simple combination of hydro- 
gen functions gives too sharp a minimum, and this defect is 
increased when a scale factor is used.® 

The helium atom is complicated by electron-repulsion, which at 
first sight is not allowed for in the simple scale-factor function. 
If we take the ratio p of the electron-densities given by the 
functions with and without scale factor, we obtain the result 


p=(Z'/Z)* exp[2(Z—2’)(ri+r2) ], (6) 
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where 7; and r2 are the two electron-nucleus distances. It is found 
that p=1 at 73+72= —3[Z(1—a) J Ina, where a=Z'/Z. Substi- 
tuting Z’=27/16, given by the simplest variational treatment, 
we obtain p=1 at 7;+r2=1.63a9 (ao is the Bohr radius). Thus, 
there is a critical spherical surface of radius 0.815a9 within which 
the electron-density is always lower than in the system with 
hydrogen functions (Z=2) and another with radius 1.63a 9 outside 
which it is always higher, and the scale factor is seen to be a first 
approximation for electron-repulsion, not a screening factor. It 
might be observed that in any case the screening here would be 
more likely to be that of one electron with respect to the other, 
by the interposing nucleus. 

* This letter arises from part of the program of fundamental research 
undertaken by the British Rayon Research Association. 

+ Unpublished calculations of the author. 

1L. C. Pauling and E. B. Wilson, Jr., Introduction to Quantum Mechanics 
(McGraw-Hill Book Company, Inc., New York, 1935), pp. 184ff., or any 
other standard text on quantum mechanics. 
2 Reference 1, p. 345. 
3 Reference 1, pp. 331ff. 
4 Reference 1, p. 333. 


5 Reference 1, p. 350. 
6 Reference 1, p. 349. 












Solvent Induced Frequency Shifts for 
Cata-Condensed Aromatics 


NorRMAN D. COGGESHALL AND ABBOTT POZEFSKY 
Gulf Research and Development Company, Pittsburgh, Pennsylvania 
(Received May 23, 1951) 


AYLISS! has discussed the interaction between solute and 

solvent whereby electronic transition frequencies are reduced 

by electrostatic interaction effects. The purpose of the present 

note is to present certain data on this effect observed for cata- 

condensed aromatics. These data were obtained with a Beckman 
DU spectrophotometer. 

In the first phase of this work the low frequency band of 
naphthacene (circa 22,000 cm™) was correlated with the index of 
refraction of the solvent. For this the solvent was varied to have 
values of mp between 1.3915 and 1.6219 by using 2,2,4-tri- 
methylpentane, benzene, styrene, naphthalene, a-methylnaphtha- 
lene, anthracene, and phenanthrene in various combinations and 
concentrations. The results may be seen in Fig. 1. Here are plotted 
the observed frequency versus (1/2) (1—1/np?), which corresponds 
to Bayliss’ Eq. (2), and versus (np?—1)/(2np*+1), which corre- 
sponds to his Eq. (3). Here K, the dielectric constant, has been 
replaced by mp. It is seen that there is a definite relation between 
the frequency and the mp of the solvent. Throughout the central 
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Fic. 1. Dependence of the frequency of naphthacene on 
the refractive index of the solvent. 
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TABLE I. Assignment of frequencies in cm~! observed in 
2,2,4-trimethylpentane solution. 











Compound "Le "Lo "Bo 
Phenanthrene 26670 28900 34130 
28090 29540 35590 
30300 
30960 
31700 
Anthracene 26670 
28090 eee eee 
29500 
30960 
1,2 benzanthracene 27970 26010 34780 
29330 26700 36180 
30670 
31950 
9,10-dimethyl-1,2-benzan- 26280 33730 
thracene 27590 35030 
28940 
1,2,5,6-dibenzanthracene 28740 25410 33610 
29990 26080 34970 
31250 26810 
27510 
Methylcolanthrene 27820 25450 33730 
29240 26390 35090 
30630 26880 
Naphthacene 21320 25310 
22780 eee 
24180 








portion of the data the curves are linear in accordance with 
Bayliss’ equations, and the representations are essentially equiva- 
lent for the data at hand. It would be necessary to have the vapor 
phase frequency to obtain a more complete check of the theory. 
There is a question regarding the appropriateness of the mp values 
used rather than index of refraction values for frequencies in the 
range of the absorption band. This introduces doubt as to the 
absolute value of the slopes of the curves. However, the de- 
pendence of frequency upon index of refraction is definitely 
displayed, and the concept of the effect as originating in the 
polarization of the solvent is thereby confirmed. 

The second phase of this investigation was concerned with the 
correlation of magnitude of frequency shift with type of transition 
being observed. The terminology used in identifying the transi- 
tions is that described by Platt? in his classification of the spectra 
of cata-condensed hydrocarbons. In this work a series of aromatics 
Was examined in 2,2,4-tri-methylpentane solution and in benzene 
solution. The shifts toward lower frequencies induced by the 
change of solvent were then correlated with type of transition. 

In Table I are given the observed frequencies in the paraffin 
solution and the tentative assignments using Platt’s classification. 
The transitions are from the ground level to the state indicated. 
As these data were obtained at wavelength points separated by at 
least 0.5 my on the instrument named above, they do not possess 
the precision obtainable with more refined equipment. However, 
they are adequate for the purposes of this note, which is to point 
out the order-of-magnitude variations in the shifts observed for 
the different transitions. 

In Table IT are given the average values of Av for each transi- 
tion induced by the change in solvent. These are averaged in 
each case over the individual values obtained for the separate 


TABLE II. Average frequency shifts between paraffin and benzene 
solution for the assigned transitions. 





—e 











Compound Av(‘La) Av('L») Av(’Bo) 
Phenanthrene 295 118 310 
Anthracene 275 eee eve 
1,2 benzanthracene 312 155 570 
9,10-dimethyl-1,2-benzanthracene 313 eee 470 
1,2,5,6-dibenzanthracene 297 150 440 
Methylcolanthrene 340 210 470 
Naphthacene 323 120 eee 
—_—=— _. 
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TABLE III, (Av) ay values observed for paraffin solutions. 











Compound (Av)ay(’La) (Av)ay(’Ls) ~~ (Av) ay(’ Bo) 
Phenanthrene 1320 705 1460 
Anthracene 1430 see eee 
1,2-benzanthracene 1350 690 1400 
9,10-dimethyl-1,2-benzanthracene 1325 eee 1300 
1,2,5,6-dibenzanthracene 1250 697 1360 
Methylcolanthrene 1410 725 1380 
Naphthacene 1430 eee see 








bands as listed in Table I. It is clear from the table that the Av for 
any transition remains of the same order of magnitude throughout 
the series of materials. Note also that Av(’L,) is generally of the 
order of twice the Avy(’Z,) and that Av(’B,) is of the order of three 
times Av(’Z;). The approximate constancy of Av for a given transi- 
tion thus provides a basis for the assignment of the bands to the 
various transitions for molecules not yet investigated. 

Another correlation which may also serve in the assignments for 
further molecules resides in the separations between individual 
bands for any particular transition. In Table III are given the 
values of (Av)ay for the various transitions for each material. Here 
(Av)ay is the average frequency separation between the individual 
bands for any transition, as examined in the paraffin solution. 
Here it is evident that (Av), is always of the order of 1300 cm™! 
for either ’L, or 'B, transitions whereas Aj is always of the order 
of 700 cm™ for the ’Z, transitions. 

Following the reasoning of Jones,’ the (Av) gy values as observed 
for the ‘L, and the ’B, may tentatively be assigned to in-plane 
C—H bending vibrations. The (Av), values as observed for the 
‘I, transitions are then tentatively assigned to out-of-plane C—H 
bending vibrations. 

Acknowledgment is made to Mr. A. S. Glessner, who aided in 
obtaining some of the data. 

1N. S. Bayliss, J. Chem. Phys. 18, 292 (1950). 


2J. R. Platt, J. Chem. Phys. 17, 484 (1949). 
3R. N. Jones, Chem. Revs. 41, 353 (1947). 





Concerning Cyclic Polyenes 
JOHN F. TINKER 
Converse Laboratory, Harvard University, Cambridge, Massachusetts 
(Received May 10, 1951) 


UCKEL has suggested that,! for optimum stabilization of 
a resonating system, 4n—2 electrons (m is an integer) be 
involved. Applied to neutral compounds, this “rule” requires the 
presence of an odd number of conjugated double bonds, as in 
benzene. It is interesting to note that recent values? for resonance 
energy (in excess of benzene resonance) in styrene, a system of 
four double bonds, is about zero; that of stilbene, a system of 
seven, is about 6 kcal. This criterion augurs that heptalene and 
pentalene be less stable than azulene, contrary to some other 
calculations.? One attempt to prepare a heptalene‘ yielded instead 
an azulene, although the conditions were not mild. The criterion, 
applied to the proposed cyclic polyenes of Sworski® suggests that 
I would be more stable than II (Fig. 1). 

Besides the consideration of resonance stabilization, steric 
effects must be taken into account. Figure 2 illustrates qualita- 
tively the importance of resonance energy (A£Ez in the figure) and 
destabilization due to unfavorable steric requirements (AE,). The 
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Fic, 1. Proposed polyenes of Sworski (see reference 5). 
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Fic. 2. Energy diagrams for the formation of three cyclic 
polyenes from acetylene. 




















three sections of Fig. 2, referring to cyclobutadiene, benzene, and 
cyclooctatetraene are on different scales, so as to be more readily 
comparable. The energy level near the center of the figure is the 
calculated energy content of the nonresonating system. The 
resonance energy is drawn small for the first (2 double bonds), 
large for the second (3 double bonds), and small for the third 
(4 double bonds); in the last case, the nonplanar form, with less 
strain and no resonance stabilization, is more stable than the 
planar, resonating form. 

These considerations might be applied to various other cyclic 
polyenes. For instance, 1,3,5,7,9,11,13-tricyclo [9.3.0.0] tetra- 
decaheptaene (III, Fig. 3) might be a stable compound, since 





Fic. 3. Proposed cyclic polyenes. 


(a) its steric requirements are the same as those of azulene, and 
(b) it has a system of seven conjugated double bonds. The reso- 
nance contributor IIIb has a sextet of electrons in each ring, 
and is analogous to phenanthrene. 

Cycloheptatrienylidine cyclopentadiene® (IV) might similarly 
be considered the azulene analog of biphenyl. 
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Fic. 4. Ultraviolet absorption spectra of aged (refer- 


nce 7); — -— -— -— 4,4’-dimethylbipheny] (reference 8) ; and - ------- 
3. 2  dimethylbipheny! (reference 8). 
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Cycloheptatrienyl cyclopentadiene (Va) would itself afford little 
resonance stabilization; but it might be in equilibrium with the 
fragments formed by breaking one bond, cycloheptatrienylinium 
cyclopentadienate (Vb); both fragments have a sextet of z- 
electrons. 

None of the proposed compounds III, IV, V, have steric require- 
ments different from those of azulene. The steric destabilization 
resulting from ring-size smaller than five or larger than seven 
might be assessed by studying compounds embodying an odd 
number of conjugated double bonds. Such a compound, containing 
a four-membered ring, is 1,3,5,7,9,11-tricyclo [7.5.0. 0%] tetra- 
decaheptaene (VI). That the fused four-membered ring of VI 
might not entirely inhibit resonance is indicated by the ultraviolet 
absorption spectrum of biphenylene,’ which shows absorption due 
to the increased contribution of the form VIII (Fig. 4). 

A similar compound containing an eight-membered ring is 
1,3,5,7,9,11-tricyclo [9.3.0.0%7] tetradecaheptaene (VII). The 
resonance contributors with separated charges (VIIb) have two 
sextets and one pair of z-electrons, although they bear two like 
charges. 

Syntheses of several of these new compounds are under way. 

1E. Hiickel, Z. Physik 70, 204 (1931); Chem. Abstracts 26, 25 (1932). 

2j.L . Franklin, J. Am. Chem. Soc. 72, 4278 (1950). 

3D. P. Craig and A. Maccoll, Nature 161, 481 (1950). 

4Horn, Nunn, and Rapson, ee = 829 (1947); D. H. S. Horn and 
W. S. Rapson, j. Chem. Soc. 1949, 2 

5 T. J. Sworski, J. Chem. + 16, *350 (1948). 

6 First suggested by James H. Gardner III. 

7 Carr, Pickett, and Voris, J. ‘Am. Chem. Soc. 63, 3231 (1941). 

8M. T. O’Shaughnessy and W. H. Rodebush, J. Am. Chem. Soc. 62, 
2906 (1940). 





Kinetic Energy Matrix Elements for Linear 
Molecules 


SALVADOR M. FERIGLE AND ARNOLD G. MEISTER 


Spectroscopy Laboratory, Department of Physics, Illinois 
Institute of Technology, Chicago, Illinois 


(Received May 24, 1951) 


, I ‘HE elements of the g matrix, as given by Wilson,! are 


w 
&mn= 2 HiSmi* Sni, (1) 

i-1 
where the sum is extended over the N atoms of the molecule, 
ui is the reciprocal of the mass of the ith atom, and s,,; is defined by 


N 
Rn=Z Smirk; (2) 
i=1 
where R» is the mth internal coordinate and r; is the displacement 
vector of the ith nucleus from its equilibrium position. Wilson,’ 
Decius,? and Lohman’ have given expressions for the s vectors; 
and g matrix elements have been tabulated for the most common 
type of coordinates used in vibrational frequency calculations.** 
As pointed out by Decius,? a deficiency occurs in the tables when 
a molecule contains a chain of three or more collinear nuclei. The 
expressions for the s vectors given by Wilson! cannot be used, 
since for the bending coordinates the denominator becomes zero. 
However, it is possible to obtain expressions for the s vectors for 
linear molecules in a very simple manner. 
The following nomenclature will be used: 
Q;;= reciprocal of the equilibrium distance between the ith and 
the jth nuclei; 
qij=change in the bond distance between the ith and jth 
nuclei from the equilibrium value; 
ix'= equilibrium value of the angle having the ith nucleus as 
its apex and the jth and sth nuclei at the ends; 
ajx'= change in the j—i—k interbond angle from its equilibrium 
value; 
e j=unit vector directed along the i—j bond from the ith 
nucleus to the jth; 
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f;,‘= unit vector in the plane i—j— perpendicular to the bond 
i-j and directed towards the kth nucleus. 

For small displacements of the nuclei from the equilibrium 
configuration the following approximate relations given by 
Eliashevich* follow from geometrical considerations: 


ij =i; (t7—"i), } 
oejx' = Qi j(ti— rj) jn? +-Qin(ti— te) - fej*. 
From Eqs. (2) and (3) one obtains 


(3) 


and 


Sdij, J= Cij, 
Sajx*, = —Qisfix', 
Sax, k= — Qirki;', 
Sorju’, = Qi ifn? +Qinki;*. J 
When the nuclei i, 7, and & are not collinear, one obtains 
f jx = (1/siny jx‘) (€:x— 1; — 
f.j*= (1/siny xe‘) (€:;—€:x COSY jx‘). 


Substitution of Eq. (5) into Eq. (4) leads to the s vectors given 
by Wilson :? 


Sain", J= (Qij/siny jx") (€ij COSY jx'— eix), 
Sajx', k= (Qix/siny jx*) (€ix COSY jx*— €:;), 
Saje', i= (1/siny jx*)[Qi;(€:x— ei; COSY ;x*) 
+Qix(eij— eix Cosy jx*) ]. 


For linear molecules the expressions given in Eq. (6) no longer 
hold, because the equations (5) for the f vectors are not valid. For 
this case it is difficult to define the f vectors, because an infinite 
number of planes can be passed through the nuclei 7, 7, and k. 
However, for linear molecules, normal coordinates corresponding 
to bending vibrations are formed by combination of displacements 
of the nuclei in a plane. Hence, one may define the f vectors in 
this plane, the f vectors of all the bonds being in the same direc- 
tion. Equations (3) and (4) then hold for linear molecules, and one 
also has f;,*=f;,;'=f, where f is a unit vector, perpendicular to the 
axis of the molecule and in the plane in which the nuclei move for 
a particular normal vibration. From Eq. (1) one obtains the 
following expressions for the g matrix elements for the bending 
coordinates : 


84¢°= Me(Qi2+Qis)?+u3Qes?+ u1012?; (7) 
86675) = — w1(Qi2+Q14)Q12— u2(Qi2+Qes)Q12; (8) 
8o6'(3) = mr1Qi2014. (9) 


The numbering of the nuclei and the angles involved follows that 
of Decius and is shown in Fig. 1. 

One notices that Eqs. (7)-(9) agree with the corresponding rela- 
tions given in the Decius tables, providing one lets y;4*= 180° and 
7=0°. However, this substitution is not permissible in the tables, 
since the Decius relations were obtained from Eqs. (6), which are 
not valid for -y;.4= 180°. The reason for the agreement is that the 
Decius relations can be obtained directly by use of Eqs. (4), which 
are valid for linear molecules and also are easier to work with than 
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Fic. 1. The numbering of the atoms and bond angles 
involved for Eqs.}(7)-(9). 
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the more complicated Eqs. (6). Then, and that has been done in 
this communication, the difficulty in treating linear molecules 
disappears. However, the present justification seems necessary. 
1E. B. Wilson, Jr., J. Chem. Phys. 7, 1047 (1939); 9, 76 (1941). 
23. C. Decius, J. Chem. Phys. 16, 1025 (1948). 


3 J. B. Lohman, Technical Report No. 17 ONR (1951). 
4M. Eliashevich, Compt. rend. acad. sci. U.R.S.S. 28, 604 (1940). 





Effect of a Gaussian Distribution on 
Flow Birefringence 
Haroitp A. SCHERAGA 
Department of Chemistry, Cornell University, Ithaca, New York 
(Received May 24, 1951) 


HE use of Sadron’s equations! for the extinction angle, x, 

and the magnitude of the birefringence, An, in double 
refraction of flow measurements in polydispersed systems is 
relatively simple for a small, discrete number of particle sizes? 
(e.g., a binary system of monomers and dimers). For systems 
having a wide distribution of sizes as in the case of gelatin*® or 
soap micelles‘ the calculations become quite extensive; besides, 
it is conceivable that a unique solution for the distribution may 
not always be possible in some cases. To obtain some idea of the 
behavior to be expected from varying degrees of polydispersity 
some calculations involving a gaussian distribution of elongated 
ellipsoidal particles are presented. 

Since measurements over a wide range of velocity gradients 
are required to characterize a polydispersed system, the dis- 
cussion is restricted to the case of rigid ellipsoidal particles for 
which a theory for both small and large gradients exists, viz., the 
orientation theory of Peterlin and Stuart® with the numerical 
solutions of Scheraga, Edsall, and Gadd.* Also, since many poly- 
dispersed systems are polymers of some single fundamental unit, 
it seems reasonable to assume that all particles in such systems 
possess the same optical factor,5 thereby enabling the birefringence 
for any single species of particles to be characterized by its volume 
fraction and the orientation factor it would have if present alone 
in the system. 

The distribution function for the volume fraction may be 


written as 
(h/x4) exp[—h*(AL/Lo)*], (1) 


where L is the length of the particle, Zo the mean length, AL 
=I—L», and hk is a constant characterizing the spread of the 
distribution. For a monodispersed system h= © ; as the system 
becomes more polydispersed, # approaches zero. 

For such a distribution Sadron’s equations require the evalua- 
tion of 


A=(h/n') { f sin2g-exp[—H(AL/Lo)* aL (2) 
and 


B=(h/n) { f cos2g-expl—H(AL/La)*ML, (3) 
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Fic. 1. Dependence of extinction angle on velocity gradient for 
several values of the parameter /, 

















where f and ¢ are the orientation factor and extinction angle, 
respectively, for each particle length if present alone in the solu- 
tion. The resultant extinction angle is given by 


tan2x=A/B (4) 


with a similar expression for the orientation factor. For low 
gradients the limiting laws of Peterlin and Stuart may be used 
to obtain f and ¢ as functions of L. For a wide range of gradients 
the data of Scheraga, Edsall, and Gadd may be used, performing 
the integration graphically. This latter procedure is illustrated 
for a particle distribution where Zo=2000A, minor axis=50A, 
and h=1, 2, and . Figure 1 shows the calculated dependence of x 
on velocity gradient, thereby illustrating the effects to be ex- 
pected in polydispersed systems having the assumed distribution 
of particle sizes. The behavior of the birefringence shows the 
orientation character of a monodispersed system of rigid particles 
with similar deviations due to polydispersity. 

The available data® are not sufficiently extensive for calcu- 
lations for values of 4 close to zero. However, it may be inferred 
that as h approaches zero, the relative concentration of extremely 
long particles (for which L— ©, or rotary diffusion constant, @—0) 
becomes large, so that the observed birefringence is due essentially 
to the long particles. Thus, the value of 6 at G=0 and 4=0 is 
probably zero, so that the x vs G curve for 4=0 has a vertical 
tangent at G=0. 

For small / the x vs G curve becomes relatively horizontal 
as G increases. For a gaussian distribution, all experimental 
curves would lie lower than the curve for a monodispersed system 
of particles of length Ly showing the effect of the longer particles. 
Thus, in a polydispersed system the experimental data give a 
rotary diffusion constant smaller than that corresponding to Lo; 
therefore, one knows at least the maximum value of Ly. As G 
approaches infinity, all the curves approach the one for h= © 
and the mean rotary diffusion constant results. 

In treating experimental data such calculations can give some 
idea of the distribution in polydispersed systems, the existence of 
the polydispersity in a system of rigid particles being suggested 
by the variation of @ with G. It should be kept in mind that the 
precision of the experimental data may not always permit the 
choice of a unique pair of parameters /: and Ly to characterize the 
distribution. 

1C, Sadron, J. Phys. Radium (7) 9, 381 (1938). 

2C, Sadron and H. Mosimann, J. Phys. Radium (7) 9, 384 (1938). 


3 J. T. Edsall and J. F. Foster (unpublished results). These results were 
referred to in Scatchard, Oncley, Williams, and Brown, J. Am. Chem. Soc. 


66, 1980 (1944), and reported at the Fourth Conference on Gelatin, Sub- 
— on Blood Substitutes, National Research Council, March 3, 
1 . 

4H. A. Scheraga and J. K. Backus, J. Am. Chem. Soc., to be published. 

5 A. Peterlin and H. A. Stuart, Hand. u. Jahrb. chem. Physik (1943), 
Vol. 8, Part 1B. 

6 Scheraga, Edsall, and Gadd, submitted to J. Chem. Phys. 








The Dependence of the Diffusion Coefficient on 
Concentration in Dilute Polymer Solutions* 


LEO MANDELKERN AND P. J. FLory 
Department of Chemistry, Cornell University, Ithaca, New Y ork 
(Received May 22, 1951) 


NSAGER and Fuoss! have shown that the diffusion coeffi- 
cient, D, is related to the frictional coefficient f, and the 
activity coefficient y2 by 


D=(RT/f)(1+d Iny2/d Inc2), (1) 

where ¢z is the concentration in moles per unit volume. For a 
binary system it follows that 

D=(M/f)dx/dc, (2) 

where M is the solute molecular weight, c the concentration in 


grams per cc, and w the osmotic pressure. 
A recent statistical treatment of dilute polymer solutions? has 
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led to the following relation: 
(w/c) =(m/c)oL1+T2c+§P2%c?+---] (3) 


for (x/c)/(a/c)o<3, where I'2 depends explicitly on the molecular 
weight and thermodynamics of polymer-solvent interaction. The 
application of this equation to the interpretation of osmotic 
pressure, and of the related equation to light scattering data, has 
been discussed recently. Equation (3) can be combined with 
Eq. (2) to give 


Df/RT=[1+21 c+ (15/8) 0 2%c?+- - - J. (4) 


The right-hand side of Eq. (4) is equal to (c/r)/(c/r)o, where r is 
the excess turbidity of the solution over that of the solvent. 

If I: for the given polymer and solvent is established from 
osmotic or from light scattering measurements, the diffusion 
constant at a given (low) concentration may be computed accord- 
ing to Eq. (4) from the frictional coefficient determined at the 
same concentration. The latter ordinarily is determined from 
sedimentation velocity measurements, and may be expressed 
satisfactorily at low concentrations by 


f=fo(it+hic). (5) 
It follows that 
D/Do=(1+2P2¢+ (15/8) 0 22c?]/(1+4:c) (6) 


providing the solution is sufficiently dilute to justify use of 
Eqs. (3) and (5). Although diffusion coefficients generally have 
been assumed to vary linearly with concentration, Eq. (6) indi- 
cates that this assumption may introduce a serious error in the 
extrapolated Dp. 

Values of D/Dy have been computed as a function of concen- 
tration from this equation for fractions of polystyrene in toluene 
and in methyl ethyl ketone. The values of the parameters used 
are listed in Table I. The I2’s, in units of 100 cc per gram, were 


TABLE I, Values of I'2 and 1 used to calculate the diffusion 
coefficient of polystyrene in solution. 











T2 in Riin 

Molecular weight Solvent 100 cc/g 100 cc/g 
1,240,000 Toluene 2.45 4.0 
254,000 Toluene 0.84 1.5 
1,240,000 Methyl ethyl ketone 0.78 2.3 








obtained from the osmotic pressure data of Mark and Frank,’ 
and of Bawn, Freeman, and Kamaliddin,** while the values of fi, 
in the same units, were taken from the sedimentation studies of 
Newman and Eirich.’? Plotted in Fig. 1 are the results of this 
calculation; D/Dp is decidedly nonlinear with ¢ at very low con- 
centrations, although it is approximately linear over a limited 
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Fic. 1. D/Do as a function of concentration for polystyrene solutions. 


M =1,240,000 in toluene ( @); M =254,000 in toluene (@); M =1,240, 
in MEK.(@). 
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portion of the curve at higher concentrations. The value of Do 
obtained by linear extrapolation through this portion would be 
appreciably in error. In fact, for polystyrene in methyl ethyl 
ketone, the initial slope (2T'.—#;) is negative, as has been noted 
previously ;* ® a minimum is reached at a rather low concentration, 
beyond which the curve rises with concentration. 

The above analyses cast serious doubt on the reliability of Do 
values reported in the literature for randomly coiled polymers, 
since these invariably have been obtained by Jinear extrapolation. 
Equation (6) can be rewritten as 


(1+2P2c+(15/8)P2*c?]/D=(1+hic)/Do. (7) 


If I; is known and diffusion measurements are made in the con- 
centration range for which Eq. (7) is valid, a plot of the left side 
of (7) against ¢ should be linear and the intercept should equal 
1/Dp. In this manner reliable values of Dy can be obtained. Having 
established I’, from thermodynamic measurements, values of f and 
of s, the sedimentation velocity constant, can be obtained from D; 
experimental determination of both D and s is unnecessary. 


* This work was carried out at Cornell University as part of a research 
program supported by the Allegany Ballistics Laboratory, Cumberland, 
Maryland, an establishment owned by the United States Navy and 
operated by the Hercules Powder Company under Contract NOrd 10431. 
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CORRELATION between the proportion of copper and the 
proportion of chlorine incorporated in ZnS:Cu phosphors, 
prepared in an atmosphere of HS and HCl, has been reported by 
Kroeger, Hellingman, and Smit.! This letter presents the result of 
analyses for incorporated chlorine made on a series of cubic and 
hexagonal ZnS:Cu phosphors prepared with 2 percent NaCl by 
weight. The present study was undertaken (1) to determine if the 
incorporation of chlorine is independent of whether NaC] or HCI 
is used as a source of chlorine, and (2) to obtain values for the 
proportion of chlorine incorporated over a wider range of copper 
proportions than that previously reported. The luminescence 
characteristics of the phosphors used in this study have been 
previously published.? 
_ Approximately 2 grams of the sample to be tested was placed 
in a Soxhlet extractor in which it was washed about once every 
two minutes with hot water which was originally triple-distilled. 
The sample was washed in this way for six hours and was then 
dried at 150°C. The dried sample was treated with dilute HNO; 
until about 10 percent of the sample by weight had been dissolved. 
This treatment with HNO; was suggested by H. W. Leverenz to 
remove any chlorine bound too tightly to the surfaces of phosphor 
particles to be removed by water washing. The sample was then 
washed three times by decantation with triple-distilled water, 
dried, and returned to the extractor for four more hours of hot 
water washing. Finally, the sample was dried, and a portion was 
completely dissolved with HNO;. One drop of 1N AgNO; was 
added to a 3-ml solution of the sample. The turbidity of the re- 
sulting solution was compared with standard 3-ml solutions 
Containing known amounts of NaCl and one drop of 1 N AgNO. 
The variation of the proportion of chlorine incorporated with 
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TABLE I, Determination of chlorine concentration. 








Cubic 
Cl conc. 
Cu cone. 


Hexagonal 
Cl conc. 
Cu conc. 


Cl conc. 
mol ppm 


Cl conc. 
mol ppm 


Cu conc. 
mol ppm* 





130 87 125 83 
250 17 13 
150 3.3 4.1 
cee eve 2.4 
360 0.78 s 1.3 
1530 445 0.29 eee eee 
4590 2070 0.45 x 0.36 








*1 mole part per million (mol ppm) =1 microgram atom per mole of 
phosphor. 


the proportion of copper is given in Table I for both the cubic and 
the hexagonal phosphors. The values of chlorine concentration 
have a possible error of about +20 percent. The blank spaces in 
the table occur for samples which had been used up in previous 
measurements. 

These results are a confirmation of the major thesis of Kroeger, 
Hellingman, and Smit, that chlorine is actually incorporated in 
ZnS:Cu phosphors, and that the proportion of chlorine incor- 
porated is a function of the copper proportion. Approximately the 
same results are found regardless of whether NaCl or HC] is used 
as a source of chlorine. The analytical procedure used to obtain 
the values given in Table I insures that the chlorine detected is 
incorporated as a part of the phosphor crystal, and is not simply 
adsorbed on surface layers. 

These results also support a previously reported hypothesis? 
correlating the luminescence emission of ZnS:Cu phosphors with 
the location of the Cu ions in the crystal structure. It was pro- 
posed that, at low copper proportions, interstitially located copper 
ions are responsible for a green luminescence emission and for the 
formation of deep electron traps. The location of copper ions 
(possibly Cu*) in interstitial positions is expedited by the in- 
corporation of at least an equal number of chloride ions. If the 
copper proportion exceeded a certain limit, however, a blue 
luminescence emission was found together with the green emission, 
and the deeper traps were destroyed. This blue emission is associ- 
ated with the substitutional location of copper ions (possibly 
Cu**) for which corresponding chloride ions are not available in 
the crystal. 

If this hypothesis is correct, the blue band should appear when 
the ratio of chlorine to copper concentration becomes less than 
unity. For very low copper proportions, for which the ratio of 
chlorine to copper concentration is much greater than unity, the 
major portion of the incorporated chloride ions are involved in 
the formation of host crystal emission centers. 

The blue luminescence emission appears for a copper concen- 
tration between 155 and 460 mol ppm for cubic phosphors, but 
between 460 and 1530 mol ppm for hexagonal phosphors. It may 
be noted from Table I that the ratio of chlorine to copper concen- 
tration has fallen below unity for a Cu concentration of 460 mol 
ppm for the cubic phosphors, but does not fall below unity for the 
hexagonal phosphors until Cu concentrations of greater than 
460 mol ppm have been obtained. 

Kroeger, Hellingman, and Smit report approximately one 
chlorine for each two copper atoms in the range of copper pro- 
portions for which a blue emission is found. The data of Table I 
indicate that a ratio of approximately this value is found for the 
phosphors analyzed in the present study. Inasmuch as only a green 
emission is found for the phosphors with 4590 mole ppm of copper, 
however, it does not seem that a definite association between the 
blue-emitting centers and the ratio of one chlorine to two coppers 
can be claimed. 

The author wishes to thank Dr. S. M. Thomsen for assistance 
in organizing the analytical procedure. 


1 Kroeger, Hellingman, and Smit, Physica 15, 990 (1949), 
2 R. H. Bube, Phys. Rev. 80, 655, 764 (1950); 81, 633 (1951). 
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Energy Transfer between Complex Molecules 
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ECENTLY, observations have been made!~ of the transfer 

of energy absorbed by one kind of molecule to a different 
molecular species from which it is subsequently emitted as light. 
Experiments hitherto reported, whether made on absorbing 
crystals containing impurities or on substances dissolved in 
absorbing solvents, have one feature in common. The process 
can always be visualized as a succession of transfer steps between 
adjacent molecules; and it is impossible unambiguously to decide 
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Fic. 1. Emission of suspended naphthacene crystals in the presence of 
varying uae of dissolved anthracene. The anthracene emission (on left 
in picture) shows little variation as its concentration increases from 1074 
mole/liter i in the bottom picture to 7.5 X10~4 in the top one. The naphthacene 
emission (on right in picture) shows a very large increase in intensity as the 
anthracene concentration increases, although the amount of naphthacene 
is the same in all cases. Hilger E2 spectrograph. Exposure time—S minutes. 
Source—General Electric A.H. 6 mercury arc. Slit 0.2 mm. Scale in 
hundreds of A. 


” or 


whether the mechanism is one of “resonance fluorescence 
involves an electron transfer step. 

In order to study possible energy transfer processes over greater 
distances the authors have examined the low temperature emission 
spectra of systems containing two different substances dissolved 
in a rigid glassy medium, irradiated with light of a wavelength 
absorbed by one of the substances, but not by the other, or by 
the solvent. It has been found that when the emission region of 
the primary absorber overlaps the absorption region of the second 


substance, a transfer of energy may occur. 
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Lack of reproducibility in our earlier experiments has been 
traced to a surprising phenomenon. When the second substance 
is present in microcrystalline form rather than in true solution, 
the efficiency of the transfer process is enormously increased, 
Figure 1 shows the effect of increasing amounts of dissolved 
anthracene on the emission of an ether-isopentane-alcohol glass 
containing suspended microcrystals of naphthacene. Although the 
emission observed lies in the same region as that of crystalline 
naphthacene alone, it is not identical with that of the crystals, 
showing that the process is not the trivial one of absorption 
followed by re-emission. In fact, the band occurs exactly where 
the 0—O transition of the crystal band is predicted by com- 
parison of the absorption and emission spectra. This transfer 
process appears to be more efficient by a factor of at least 1000 
than that occurring when both substances are dissolved. 

Examination of several other pairs of substances shows that the 
phenomenon is quite a general one. Energy transfer has been 
shown to occur to such molecules as dibenzanthracene, rhoda- 
mine G, and pinacyanol. In a few cases—e.g., that of p amino- 
azobenzene—no emission is observed in the spectral region 
examined (up to 7500A) although the emission of the primary 
absorber is quenched. Whether this is because the emission lies 
in the infrared or because of some kind of quenching process has 
not been determined. 

The explanation of the highly efficient transfer to microcrystals 
must be either that the dissolved absorber molecules become 
oriented in the field of the crystal before the glass has become 
rigid, or that the effect is actually due to adsorption on the micro- 
crystal surface. We have as yet found no evidence for the latter 
process. If the former one is correct—i.e., there is orientation but 
no local concentration of absorber molecules around the micro- 
crystals—transfer of energy must be occurring over distances 
greater than 100A and is therefore probably taking place by the 
mechanism suggested by Forster.* 

It is felt, in view of the above result, that the importance of 
the state of aggregation of the components of the biologically 
important systems concerned with energy transfer (e.g., in photo- 
synthesis or the respiration process) has not in the past been 
sufficiently well appreciated. Conflicting results (such as those 
concerning the possible long-lived phosphorescent state of chloro- 
phyll)§ may be attributable to the neglect of this fact. We propose 
to reinvestigate such processes using the technique described 
above. Details of the above work including lifetimes and (it is 
hoped) absolute quantum yields will be given in a forthcoming 


paper. 


( — Mikiewiez, and Smith, Proc. Phys. Soc. (London) A62, 26 
1949} 
2H. | Kallman and M. Furst, Phys. Rev. 79, 857 (1950) ; 81, 853 (1951). 
3A. J. Dekker and F. Lipsett, private communication. 
4C. Forster, Ann. Physik 2, 55 (1948). 
5 J. Frank and W. E. Loomis, Photosynthesis in Plants, p. 182. 
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